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Lol tua

Thud con 12 mot hoc sinh trung hoc tré twéi, t0i vAn mang mot sy ton
kinh gin nhy thdn thdnh ddi voi chc cudn séch gido khoa. Khi d6, dGi vdi
t6i, cac cudn sach gido khoa, ma it ddu nam hoc lai dugc m{t ban tay
min can boc lai cdn thin, ¢é ¥ nghia nhu th€ ndo thi toi cang khong thé
n6i 12n chinh xdc duge : didu chic chin 12 ching chita dyng Chan ly. Ching
han, 10i cho ring chi c¢6 thé phét biéu mot dinh 1y theo ding timg cau ch
nhu trong sach gido khoa. Lic d6 céc gido su chura sit dung thudng xuyén
cAC 1 sao chup (0n tap va bd sung 1y thuy&t, d& bai tap...) ; ngay nay thi
tdi nghi ring tinh hinh d6 13 do nhang kh6 khan vé sao chup hon 12 vi céc
gido sw d6 lai khong mudn dé lai d4u 4n c4 nhin qua viéc lya chon nhtng
bai tap doc ddo. Cac gido su khi d6 thuomg xuyén tham chi€u d€n céc sach
gido khoa, tuin thd trung thanh trinh fy cda sach gido khoa, 14y bai tap
sdch gido khoa. Tuy nhién t6i vin con nhd da rat hing ting khi thdy gido
Todn, & I6p cudi cfp Trung hoc phd thong, ma toi cang rdt tdn sang, ddi
khi lai phat bi€u mot s¢ 1o phé phan d6i véi mdt cudn sdch ma chinh Ong
ta da khuyén ching toi st dung! Con cdc tdc gih clia cdc cufn séch do thi
lai cang bi 4n : ho 13 ai, céc vi thin linh ndm gitt Tri thic d67 Sau nay,
t4t nhién 12 c4c mdi quan h¢ cla t6i vdi tu cach sinh vién dGi voi céc cudn
gido trinh da thay d6i din, nhung hinh nhu toi vin gitr lai cich ti€p cin
vira ham thich vira ton kinh dd, chic 13 do ngay tho, céch nhin v6n 43 ngédn
cAn 10i khong 1am nhtmg viée ching han nhur ghi nhin xét & 18 trang sdch
- t0i s&¢ khong nhai viéc 1am clia mot Pierre de Fermat! - va ci céi dinh
ki€n ton trong s&¢ khi&n cho t0i khé ma soan thdo dugc mdt ban nhin xét
khéch quan.

Khong mot gido su ndo, dit cho 12 mot tac gid da vi€t gido trinh, lai nghi
dén vige thay viéc gidng day sGng dong bidng mdt cudn sich. Nhung mit
gi4o trinh dugc xuft ban, néu trung thanh v6i ndi dung va tinh thin ciia
chuong trinh cfia mdt 16p, ¢6 thé gip fch rdt nhidu cho nh@ng sinh vién
cham chi. Ngudi sinh vién, nhat I3 c4c sinh vién mdi bit ddu hoc, s& cim
thdy yén tam khi ¢6 dugc mot luge dd sdng sla, chinh xdc, chit che, mot
cdch trinh bay that chau chudt, véi cdc kiu chir khic nhau dugc xen ke



" mot cach hop 1i, mot cach nhin todn cyc dGi v6i cic vin d¢ dugc khao sat

trong cudn sich. Ngudi sinh vién s tin chic 12 s& tim dugc trong cudn
~ sdch d6 mot phép chimg minh chra thfu hiéu, mdt thi du hay phén thi du
gitip cho viéc ndm ving hon mot khdi niém, caw gidi ddp cho mot cau hoi
mj anh ta khong dam néu ra...

Pé cudn sdch c6 thé hoan thanh vai trd trg 1y d6 - tuy thy dOng nhung
ludn ludn c¢6 mit - t0i cho ring cudn sich phdi thit gin g0i v&i nhéng
khic mdc truc ti€p clia ngudi sinh vien, khong doi hoi nhing hi€u biét chira
th#u hidu, khong 1am cho ngudi sinh vién chan nén do thudmg xuyén dua
ra nhomg khdi nigm qua tinh t€ ; tuy nhién cudn sach d6 vin phéi chita
dung mdt ndi dung 44 d& c6 thé tao nén duge nhang co s chic chin lam
nén tdng cho tri thic khoa hoc.

Nhu th€ ching ta d hinh dung dugc rdng vigc bién soan mdt bd gido
trinh danh cho sinh vién cac lop du bj hay sinh vien hoc phan 1 bac dai
hoc, s doi héi, cing voi sy hiu bi€t chuyén mon cén thi€t, mot trinh do
su pham chdc chin, duege rén luyén qua kinh nghiém gidng day 14u nam &
c4e cp hoc d6, mdt dic tinh kién tri va ty mi to 16n.

Jean-Marie Monier da di dang cam dé thuc hign cong viéc 16n lao do,
va nhitng cudn sédch ma ong ta cho ra mt ching ta hom nay - nGi i€p cic
tap bai tap vOn da gat hdi thanh cdng ma ching fa déu biét - da ching to
ring Ong ta da di ding hudng; t0i nghi ring ong ta da dat dugc muc tidu
¢ ra, tic 12 bidn soan nhimg gido trinh hoan chinh danh cho tdt ci cic
sinh vién, chit khong riéng cho nhing sinh vién tyong lai ciia Truong Bach
khoa. Tt nhidn sau ndy ho s& doc va thudng thnic nhimg cudn sich chuyén
sau..., nhomg ngudi s& GEp tyc hoc 18n. Trudc mdt, san khi hoc xong lép
cudi cdp, ho cAn phai thdu hiéu ddy di nhtng khai niém co s& mdi (tinh
lign me, sy hoi ty, cdu tric tuyén tinh..) | ngudi doc s& dugc mot ban tay
chic chin din.ddt tng budc, ban tay d6 s& 1a chd tya ving chdc m&i khi
xudt hign nguy co : nhimg doan nhan xét dsi vdi mot sO sai 14m chinh |3
k&t qua ciia sy quan st nhidu 1in cic sai 1dm ma sinh vien mic phai.

Sudt trong qud trinh hoc, thuomg xuyén c6 nhtng bai 1ap dé nguoi sinh
vién tap dugt : vai chuc trang sau d0, anh ta s& cam thdy hai 10ng khi nhén
ra ring minh da dat dugc két qué dang din do di ding hudng, hodc thu
lrom dwgc mot chi din quy bau @€ ti€p tuc nghitn ¢ty thém : that vay
cudn sdch da tao nén mot cai gi hodn chinh, c6 hifu qua va chat che.



Toi d3 n6i v& vai trd co bidn md mot cudn gido trinh, duoc sk dung
trong mot thoi gian dai nhu mot cong cu tra o, c6 thé c6 trong vigéc hinh
thanh mot tri tué khoa hoc tré trung. Nhu vay cfu tric, cich bién soan va
trinh bay mot cudn gi4o trinh 12 nhttng y&u t§ co ban : & day chung ta chi
duoc phép tao ra mot cdi gi hoan hdo. DG chinh 12 y nghia cla cong vige
ma J-M. Monier da hoan thanh, véi mot trinh d¢ hiéu bit, mot cich lya
chon va su kién tri tuygt voi, tir ban thio ddu tién toi nhing cdng viée sira
chita cudi cang, t6i timg chi ti&t, trude khi hoan chinh. Cdc tap sach nay
d4p tmg ding modt nhu cdu thyc sy hién ¢6, va tdi tin chic ring ching s¢
dugc dén chio ndng nhiét tir d6i tugng ciia ching 1a cdc sinh vién - va
chic chin 12 ca nhimg ngudi khac nfra - nhitg ngudi sau ndy s noi ring :
“Tai da hoc dugc nén ting Todn hoc trong cic cufn Monier !

H.DURAND
Gido s Todn ddc bigt
Truiomg Trung hoc
La Martiniére
Momtplaisir - Lyon



L3i néi dau

Bé gi4o trinh Todn méi nay, v6i nhiéu bii tip 6 151 gidi, duge bién soan
danh cho sinh vién giai doan I cic trudng dai hoc cong nghé qudc gia (nam
thit 1 va thtt 2, moi chuyén nganh), cho sinh vién giai doan I dai hoc khoa
hoc, viv cho cic thi sinh du thi tuyén gi4o su trung hoc ph6 thong.

B6 cuc clia bd gido trinh nhy sau:

Tapl:Giaitichl L < .
Tap2 : Gidi tich 2} Gidi tich nam thit-1
Tap 3:Giaitich3 s on X .
Tap4 : Gidi tich 4} Gidi tich nam tht 2

Tap 5: Pai s0 1 Paisd  nam thy 1
Tap 6: Dai 56 2: Paisé¢ namthi2
Tap 7: Hinh hoc: Hinh hoc nam thi 1va thi 2.

D¢ kiém ching mic do Iinh hoi kién thic, trong méi chuong doc gia sé thdy
nhiéu bai tap cé 101 gidi in & cudi sdch. Trir mét vai trudmg hop dac biét, cic
bai tap ndy déu khéc véi nhitng bai da 6 trong bo bai tap ¢4 15i gidi gom tim
tip mdi xudt ban.

Nhiéu vén dé & ranh giGi ciia chuong trinh duge dé cap § cudi chuong, dudi
dang cdc bd sung c6 gidi.

Téc gia rit mong nhan dugc nhiing 10i phé binh va goi ¥ cia doc gia. Xin
vui 1dng giri cdc ¥ kién dén Nha xuét bdn Dunod, 5, phd Laromiguiére,
75005 Paris.

Jean-Marie Monier



Ldi cam on

Toi xin bay to tai day long biél on dén rit nhiéu bun déng nghigp dd vui
Jong nhan kiém tra lai timg phén coa pan thio hoac cla bitn ddnh mdy, 1a
Robert AMBLARD, Bruno ARSAC, Chantal AURAY, Henri BAROZ,
Alain  BERNARD,. Isabelle BIGEARD, Jacques BLANC, Gérard
BOURGIN, Gérard-Pierre BOUVIER, Gérard CASSAYRE, Gilles
CHAFFARD, Jean-Yves CHEVROLAT, Jean-Paul CHRISTIN, Yves
COUTAREL, Catherine DONY, Hermin DURAND, Jean FEYLER, Nicole
GAILLARD, Marguerite GAUTHIER, Daniel GENOUD, Christian
GIRAUD, Alain GOURET, André GRUZ, André LAFFONT, Jean-Marc
LAPIERRE, Jean-Paul MARGIRIER, Annie MICHEL, Rémy NICOLAI
Michel PERNOUD, Jean REY, René ROY, 'Philippe SAUNOIS, Patrice
SCHWARTZ va Gérard SIBERT.

Cudi cﬁﬁg, t61 cAm on sau sac Nha xudt ban Dunod, Giséle Maius va Michel
Mounic, ma trinh d6 chuyén mon va tinh kién tri da tao diéu kién hoan thanh
céc tap sdch nay. '

Jean-Marie Monier
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Chudng 1
S8 thuc

1.1 Mo dau

Tap hop N = {0, 1, 2, 3,...} cic 6 tr nhién thude vé co s& cha phép d€m. Do
trong N khong ¢é cdc phin tir ma t6ng véi | hedic véi 2,... bing 0, nén ngudi
ta d3 xay dung tap hop cdc s6 nguyén (tuong d61) Z ={..., -2,-1,0, 1, 2,...}.
Sau d6, do trong Z khong ¢6 c4c phén tir ma tich v6i 2 hoic 3 bang 1, nén
ngudi ta di xAy dung tap céc s6 hitu ty Q, tap nay duoc trang bi mot cau tric
thé giao ho#n sip thi tu toan phdn, nghia ta c6 hai luat hop thanh trong +, -,
va mot quan hé thi tu toan phén < sao cho:

{Q,+,) 12 mét thé giao hodn:

a<h Da+crsh+e
Ya,h,)e Q> {a<h

=Sa-c<h
O<¢

Ta thdy ngay, ching han 12 khong t6n tai s6 hitu ty ndo ma binh phuong

2
bang 2. That vy, néu tén tai (m, 1) € IN*? sa0 cho 2= [E] thi cac s6 mi
n

ctia 2 trong céc dang phén tich (thanh thira s6) nguyén t6 clia m* va 2n® s& ¢b
tinh chén lé khéc nhau.

Nhimg "s6" ¢6 ich khac trong Giai tich c6 dién nhu e, n cling khéng phai 1a
$6 hitu ty.
Do d6 c4n phii xay dung mot thé s6 réng hon Q: dé & 1a thé céc s6 thue.

Bai tap
¢ 1.1.1 Chimg minh tinh vo £ cia V2 theo bdn phuong phiap

Ta gia thi€t tn tai (m, n) € N*? a0 cho m* = 2n%, vi ta lim céch ddn d&n mau thuln.

2-GTT-T4



4

Chuong 1 S8 thyc

) Chimg minh ring tén taip € N* saochom=n+p,r8i10ntaiq € N*saochon=p + ¢
suy ra g’ = 2p?, sau d6 suy ra miu thulin bing cdch iap lai thi we nay.

b) Chitng minh ring 2 chia hét m, 81 2 chia hét 1, tir d6 din d&n mau thufin néu ta gia thigt
UCLN{m, n) =1

¢} Gia thi€t UCLN{m, n} = 1. Ching minh ring n chia h&t (m ~ n)(m + n), vd mat khdc
UCLN(#n, m — n) bing UCLN(n.m + n) = 1, tir 46 diin d&n mau thudn.

d) Gia thi€t m va n nguyén 16 cling nhau, chimg minh ring m’ # 2’ 13).

1.2 S¢ thuc

1.2.1 Su ton tai va duy nhat cia R
Ta thita nhan sy tdn tai v duy nhat, khong ké dén céch ky hiéu, clia tap hop
R dugc trang bi hai lut hop thanh trong +, - va mot quan he < sao cho:
(1) (R,+,) 12 mot thé giao hodn
2} £ 1a mot quan hé thit ty toan phén trong R
ash =a+cshb+e
$3)V(a,b,c)e R ,{a<h
0<e
4) Moi b6 phan khong réng va bi chin trén clia R
du c6 mot bién trén (hodc cén trén ding) thude R

}:>a-c£b-c

Ta nhic lai ring:
(R, +, -) 12 mot thé giao hodn, nghia 14:
+cétinh kéthop: V(a, b, c) e R’, (a+hy+c=a+(h+0)
+ ¢6 tinh giao hodn: V(a, b) € RLa+bh=b+a
R ¢6 phén tir trung 1ap doi véi phép +, ky higu 12 0:
VaeR, a+0=0+a=a
" moi phin it a thuée R déu cé phén tir d6i, k¥ higu 1a —a:
VaeR, a+(-a)=(-a)+a=0.
- ¢6 tinh két hgp: V(a,b,c) € R, (@-h)-c =a(h-c)
- ¢6 tinh giao hodn: ¥V (a.h) e R®, ab=h«a



12 86 thye

R c6 phén tir trung 12p d&i vé6i phép -, ky hieu 1a 1}
YVaeR, al=la=a

moi phén tlf @ thuéc R — {0} déu c6 phén tir nghich dao, ky hiéu a™';
Vae R-{0}, aa'=a'a=1

a-(b+c)=a-b+a-c

- phan phsi d6i véi phép cong:  ¥(a,b,c)e R,
(b+c)-a:b-a+c-a

< la mot quan hé thit tu toan phdn trong R nghia 1a:

A

< cétinh phanxa: Ve e R, a<a

1A

¢6 tinh phan d&i xing:  v(a,b)eR?, H;jb =>a-= b]
<a

1A

<
¢6 tinh bac cdu:  V(a,b,c}e R?, [{: ; b =ax c}
<c

A

1a thit tu todn phdn: via,b)eR?, (a<bhoach<a).
Cho mét b phan A cha R va mot phdn tir x cia R

* Ta n61 x la mét chan trén (hay can trén) ciia A trong R khi va chi khi
Yae A, a<x

® Ta néi x 12 mot chan duéi (hay can duéi) cua A trong R khi va chi khi:
VYac A, x<a

* Ta néi x 12 phan tir 16n nhit clia A khi va chi khi x € A va x 1a mot
chin trén cla A trong R

¢ Ta néi x |2 phan tir bé nhat cia A khi va chi khi x € A va x 13 mot chin
dudi cla A trong R.
Néu A c¢6 phdn tir 16n nhét x, thi A c6 mét vd chi mot phdn tir 16n nhit
(vi < c6 tinh phan d6i xitng) khi dé ta ky hiéu x = ptln(A) hay x = Max(4).
Tuong tr, n€u A c¢é phidn tir bé nhét x thi ta ky hiéu x = ptbn(A) hay
X = Min(A).
Khi A 12 mét tép hitu han khong réng, gém cdc phin tir ay,...,a,, ta thudng
ky hiéu Max (a,,....a,) hay Maxa; thay cho Max{q,...,a,}; cling ky hiéu

1<ign

twong tu d6i véi phdn tir bé nhit.

Mot bo phén A ciia R duge goi 1a bi chan trén (twong ng: bi chan duéi)
trong R khi va chi khi tén tai it nhdt mot chan trén (twong tng: chan dudi)
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ciia A trong F. Ta néi A bi chén khi va chi khi A bi chdn trén va bj chan
dudi.

Cho mot bo phan A clia R:

e Ta goi phdn tir bé nhat trong céc chan trén clia A, néu t6n tai, 1a bién
trén (hay: can trén ding) clia A trong [¥; phén tir nay dugc ky hi¢u 1a
Sup (A) hay Supg(A).

« Ta goi phdn tir I6n nhét trong cdc chan dudi cia A, néu t6n tai, 13 bién
du6i (hay : can dudi ding). Phin tir nay duoc ky hicu Inf(A) hay
Tnfo(A).

Véi (a, b) e B}, a<bcSnghia: ¢ <bvaa#b Ta co thé vidt b2 a
(tuong tmg: b > a) thay cho a < b (twong tng: a < b).

Cc phén tir cha F. dugc goi 1a cdc sd thuc.

Ky hiéu 1 12 phdn tif trung 12p cla phép nhan trong K. Véimoin € Z,taky
hiéu s6 thuc xdc dinh béi:

1+1+..+1 (nldn) néunell*
n-1=20 néun=>0

(~D+(~D+.+(~-D  (nlin) néuneZ’
la n-1.

. . e - m .

Véi moi g € I, ton tai (m, n) € 7. x 7* sao cho ¢ = —, va ta ky hiéu
f

m m

n

g-1=(m-1)(n-1)""; dinh nghia nay la hop 1&¢ vi néu g= v6i (m, n),

n
(m’, n") déu thuoc Z x Z*, thi mn’ = m’n, tr d6: m1)(n’-1) = (m’-1)(n-1) va
(m- 1) 1" = (- 1) 1)

Véi moi g € T, ta ¢6 thé ddng nhat g vdi g-1, va dong nhat Q véi {g-1; g T}
va nhyt vay ta coi T 12 mt bo phén cua R.

Vi moi x € B* ta thudmg ky higu 1 thay chox™\.
x

Ta ky hieu .= {x € E; x 2 0}, B = {x e B; x <0}, R*= B - {0},
E'= B - {0} E>=2_-1{0}.

Véi(a, b) € 52 saocho a<b; ta dinh nghia trong R chin loai khoang:

la; b} = {x € F; a < x < b} dugc goi 1a khoang déng bi chan hay con goi 1a
doan.
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[a; P[ = v e R, a<x< b}, Ja, Bl ={x € R; a < x < hj}
Jo; bf={r e R a<x < b} o af = {x € R x <a}
- ¢l ={x e R; x < al Jet; +oof = {x € R; ¢ < x}
[a; +oo[ = {x € Ri e <x} ' J-o0; +oo[ =

Céc khoang [«; ], }—o0; a}, g, +oo[, |-, +oo] dugc goi la dong.

Céc khodng Yu; b, ]-o0; al, Ja, +oof, }—o0, +oof dugc goi 1a mo.

Céc khoang [«; [, Ja, b] duge goi 13 nita déng hodc nira mo.

Véi cdc ky hiéu trén, cic s& thue a (hodc b) duoc goi la cdc mitt cua khoang.

Cho 7 la mét khoang cua R, bao déng cia [, ky hiéu 7. 1a mot khoang cing
¢6 c4c miit véi f va chifa ca nhitng miit thyc cda f, néu ¢é.

4]
Phan trong ciia 7, ky hiéu 7, 12 khoang thu dugc tix / bang céch bo cac mit,
néu co.
Nhu vay, v6i moi (¢, b} € R?saocho ¢ < b

[a;0)=[a: b] = )a:b] = la; bl =& b], |-wsia]=]- o0 =]-=a],

Jaq+o] =[a;+o0] = [a;+0], ]—oo;+eo] =]~ oi+a] ,

F‘]—ﬂ Tm~m—]a,b[ o7l = Foos al = |- l,
[ 791 = [ 4991 = 15 +o0], |75, ¥ = Jopsoo].

Poc gia s& thiy mot sy khao sat ddy du vé su ton tai va duy nhat cha R trong
Gido trinh Todn hoc tap 2, Dunod, cia J.—M. Amaudiés va H Fraysse.

1.2.2 Cac tinh chit so cap cia so thuc

1) YxyzeR, x<yo>x+z5y+2)
X<

2) YaxyuveR, H y:x+u£y+v].
u=vy

Tir d6 bing phép quy nap don gian, véi moi ne ¥ x(,..x,, ¥y € R

H #
(vie {1,...,n},x,- éyf):le- SZyl- :
i=} i=1

. 1
3) YvxeR*,(0<x < 0<—)
X
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4) Yx,yeR, VzeR, (x<yo xz <y2).

0<xg
5} Vx,y,u,veR,H X y:xuéyv).

O<ux<y

sy < . |usv <
Xut < yu, va =y yv,
y 0<y yusy

<
Thyc véy, {; =7

< U

Tir d6 béng phép quy nap don gidn ta cé:
Vi moi ne N*, x|,..x,, ¥y, € R:

(Vi € {1,...,n} => fo < Hy,

Trudng hop riéng: Vn € N* V(x,y) e R, 0 <x <y = ¥ <y,

8) Yix,y) e (R:)z,[x<y<:>l<l}
y x

X=y
7} YxyuyveR, =D x+u<y+vi

u<v

Thyc vay: (y+v) —(x+ ) =(y— )+ (v—u) > (y - x) + ";“ >0.
Tir d6 suy ra véi moi n € N*,xl,...xn,y],...,yn e R:
Yi e {l n} x; €y
{Bioe{l ) s Xiy < Vi = fo ny'
Tinh chét nay duoc sir dung moét cdch thuan tién hon dudi dang sau:
Vie {1,...,n}, X, <y,

" »” __"> Vie 1,---;” )x;' =yr'
;x;:;% ( { } )

Ta cling suy ra: Vn € IN*, V(x, y) € Ri Jrgsye X <y

Gia tri tuyét doi cua mot sd thuc
¢ Dinh nghia Gid tri tuyét d6i cia x € R 1a mét s6 thuc, ky hiéu ¥,

x néuxz0
x| =

xac dinh bai: , .
—-x néux<0
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Ta cé céc tinh chat sau:
1) ¥YxeR, | x | = Max(x, —x).
2) vxeR, |xlz0.
3) VxeR, (Ixl=0ox=0).
4 Y, y»eR, (lol=lxllyD

h
[1=

i=1

]

= 11}

i=1

Suyra: Vne N*, VX1, oo %€ R,

. * n n
Trudng hoprieng: Vr e N, vxeR, [X"|=|xI".
1
X
6) Yir,y) € B |lx+yls |xl+ |yl bat ddng thic tam gidc (quy vE 4)
bang cach binh phuong).

5) VxeR, ]l
x

n n
Ta suy ra: Vn € N¥,Vx), ..., x, € R, Zx,- < ) x|
i=1 i=1
Max(x,y)=l(x+y+|x—yD
7) Yy eR : .
Min(x,y)=—2-(x+y—|x—y|)
Ta dugc k&t qua sau cing ndy bing cdch phan thinh hai trudng hop x <y,
yEx
8 Vix,yeR, lxl-lyll< Ix-yl
vilxl=lx—y+yl<ix—yl+lylnen [x|-lyl< [x=yl va wong tu
lyl-lxl< ly-xi=lx-yl

Khoang cich théng thudng trong R

+ Dinh nghia Khoang cich thong thudng trong R 12 4nh xa
dERxR - R
(x,yy|x=¥|
Véi (x, y) € R?, s6 thye d(x, y) duge goi 1a khodng cich tir x dén y.

Pidu niy tng v6i hinh 4nh tryc quan vé khoang céch giita hai diém clia mot
dudmg thing.

Ta c6 céc tinh chat sau, suy ra truc ti€p tix cdc tinh chét clia gid tri tuyét di:
I) Y, eRL@dx n=0 & x=y.
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.2) ¥Y(x,y) e R d(y, x) = d(x, y).
(ta néi d ¢é tinh doi ximg).
3) Y(x,y,2) e R, d(x, 2) <dix, y) + d(y, 2).
(ta néi d thod min bat ding thitc tam gidc).
4) Yix,y,2) €
(bat dang thirc tam gidc nguoc).

Bat ddng thirc Cauchy-Schwarz

2
VneN ,Vx,,.x,,¥,..5, €R, (iny,) < [ )(ZJ’.)
i=1

Ta sé trinh bay ba cdch ching minh b4t ding thic quan trong nay:

o (BEaHE)

= 3 (xfylf+xfy,2—2x,y,xij)= > (x,y;—xjy,)zzo.

l5i<15h Isi=ysn

T M::

(ii) B4t ding thirc 12 hién nhién khi ny =0, nén ¢6 thé gia thiét

1=t
>y #0
1=t
n H 2
Khi dé: 052((2;;3);;}_ ( XV, )yjj
4=l i=1

(e )

(iii) Chi § ring: VA € R, 3 (1 x, +,)} 20, nghia 1a (VAcR, TQV) 2 0)
=1

1M=

trong d6T: R —» R xdc dinh boi:

YAeR, T(k):[iﬁ}f +2(ix‘yJ7k+[iyfj.

]
e Né&u Y x7 >0 thi do tam thic thyuc T ¢6 gid tri > O trén R nén ¢6
i=l

2 " "
biét thite < 0, tir do: (2 x,y,.) - (Z x’ ](Z yf] <
i=l i=1

i=l
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n
o Néu Y x7=0 thi (Vi € {1,.., n}, x;=0), va bit diing thiic cdn
i=1

chiing minh 13 hién nhién.

Trudng hop ding thic trong bat ddng thitc Cauchy—Schwarz

1} Cho (x,....x,(¥1,...y,) 12 hai phén tir cha R" sao cho ding thiic xay ra
trong bit déng thitc Cauchy—Schwarz, nghia la:

Feo) (£ 8

Lap lai cac phép tinh & (i), ta duge: V(i, j) € {1,..., ni?, XY= XY

Gia st (x,...,x,) # (0,...,0); thé thi tén tai i, € {1,..., n} sao cho xp, # 0.

Tasuy ra: vj € {1,...n}, y, =)iix..

I
fn

Nhu vay, t6n tai @ € X sao cho (¥;,...,5.) = &(X),..., X,).

"2) Ngugc lat, gia sit ton tai @ €X sao cho: Vj € {1...,n}, ;= ax;. Khi d6

(o] (]
(B1E B g )-(84)

Cudi ciing: bét ding thitc Cauchy—Schwarz trd thinh ding thic khi va chi
khi:

tacod: <

(X150 X, ) =(0,...,0)
hodc

Jae R » (}’1,—--,)’,1.) = C((X‘l :---axn)

nghia 13: khi va chi khi ((x),....%,).(Y1,..¥,)) phu thude tuayén tinh trong 2"
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Bai tap

01.2.1  Tim mot vi du vé 4nh xa f: R?=R sao cho khong 16n tai cap 4nh xa (g, A) tr I vao
F. thoa min V(x.y) & R%, fx, ¥) = g(x) + A().

01.2.2 Giii cic he phuong trinh sau v6i fn 1 (x,y.2) € B

X+y=z x3+2yz=x
a) l+l=l b)) Iy242m=y
X ¥y z 2 +2xy=z
x+y?+2° =3

xz+y=7z 3 3
iyzex=8z gy {yrE =3
xty+z=12 z+xt+y’ =3

x>0,y>0,z>0
01.2.3 Gidi céc phuong trinh sau, véi dn Ia (x, y, 7) € B:
@) I+ + 7 =2y + 2) b) 352+ dy* + 182% — dxy — 1242 = 0.

$1.2.4 Chimg minh ring véi mei (x.»,z.f) € R

x2+y2=2 2at=2
2422 @+t =2.
xz=y xy=zt

01.25 ChoneH-(01},x,.. %, €R; ching minh:
(X} + 53+t X3 = X1 Xp + X203 F ot Xy X F EF) D = e Ty

¢1.2.6 Ching minh ring véi moin € Nvax e R-{1}:

2R+I 3u+l

L 2 x -1 2 2.3% 3 X -1
a)r_[ % +1]|= N b)H x4 41l —
=0 - £=0 x=

©1.2.7 Chiing minh: ¥x € E, xﬁ—x5+x4—x3+x2—x+ %>0.
¢1.2.8 Chiing minh cdc bat ding thic sau day vi khdo sét cdc trudng hop xdy ra ding thiic:
@) Vabe(R,), d®+b3+222ab+a+h
b) V{a,b)e(]R:_)z, Yne N, (n—1)a" + b* 2 na"-1b
c) Viabc)eR3, a2 +b2+cr2ab+ac+be
d) VYaboe(R,), abc2(@+b-clb+c—a)c+a—b)
e} Yabo)e®R, )P, @+ +c32alb+bic+cla

f Yabc)eR3, abe(a+b+c) S ab? +a%c? +52¢2 S at + b4 + ¢t
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2
g) V{a,b,c)e(l{+)3, %_+c_22£ .2

e a b ¢
h;'.V(a,b,c}e(R:)’, L, v, 3

a(l+b} bl+e) cl(l+a)l l+abc
11 a8 +p%4c8
f) V(abC}E(R )] ;+-g+:££:;bs'-‘—‘%—

X+ y+z=5 3

¢ 129 Cho(x,y z) € R sao cho: : chifng minh ring: ~1 £z € 13 .
xy+yz+zx=3 3

¢ 1.210 Cho (a,b,c) e (R:)] Lax=a+ % B=h+ l y=c+ J—:chl’mgminhrﬁng:
e a
Max(a. S22

H i
01.211 Chon e N* a,,..4, € R,; ching minh ring: n(l+a,-)2 1 +Za,-
i=] i=1
vi khdo sit trudng hop ding thite.

L "
¢1.212 Chone N a,..4, < |1; +x| ; ching minh ring: n+l_1a‘ 21 +Za,-
=1 i=1

vi khéo sat trudmg hop déng thic. (Sirdung bai tap 1.2.11).

01.213 Chone N a,...4, € |1; +x0| ; chulng minh ring: l_[ I+a

M 2” H
r=|( ‘.)Zn.'.l 1+§a:‘

1 2n+]

(Sir dung bai tap 1.2.11),

01.2.44  Ching minh ¢hng: n e N°, Vx € |0; 1{ v |1; +of, =2(2n+ D"

01.215* Véine N-{01}, tinh:  Max Z(xj—x,‘).

hrein R 1gic iz
0=y = <x,%l

2
"
01.216 Chitng minh ring véi moin e N: [n[]+ 2»' 1)] >2n+3.
=0 i+

1 1
¢1.217 Chu-ngmmhrang‘dxel{Jr‘VneN Z <—-

i=] (x+1} x x+n

"
01.218* Chon e N, (x;,...x,) € R" sa0 cho Z|x,-| =1 va Zx‘- =0
=1 =]

. s 1 1
«) Chimng minh rang: ¥i e {1,...,n], F_—]——nﬁl——.
i L] "

1)
2 4]

n .
Z -
i j
i=]

h) Tir do suy ra:

13
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1.2.3 Cac tinh chit co ban coa R

1) Bién trén

Ta nhic lai tién dé vé bién trén {can trén dt’mg) trong R: moi bd phan khong
réng va bi chan trén clia R déu ¢6 mot bién trén trong R.

Chu ¥ dén tap cdc phdn tir d6i cia cdc phdn tir thuge by phan dang xét, ta
ciing ¢6: moi bo phan khong réng va bi chan dudi cila R déu c6 mot bién
dudi trong R.

Bai tap
¢ 1.2.19 Tim céc bién dudi va bién trén trong R, néu chung tén tai, cla cdc 13p E sau day:
-1 " .
ME:{LJ h ;neN*} h) E:{M—anz:nel\'
21 n n

¢ 1.2.20 Cho A, B 14 hai bd phan khong rong ciia R; k¥ higu:
A+B=lreR:IabyedxBx=a+bl AB=lxeR:iI(ab)eAx B x=ab
-4=lxeR;-xe Al, e ={xeR.EIaeA,ax=1}
a) Gia sit A v B bi chan trén, chimg minh ring A + B c6 bién trén trong R va
Sup(A + B) = Sup(A) + Sup(B).
h) Gia st A bi chan én, chimg minh rang -A c6 bién dudi wong R v
Inf(-A) = —SupiA}.
¢) Giasit A va B bi chan trén, ching minh réng A B ¢6 bién trén trong R va:
Sup(AwB) = Max{Sup(A), Sup(B)).

d) GiasitA va B bichin, kj hituA,=A "R, A_=ANR_,B,=BAR,,B-=B R

@) Chimg minh ring néu A,z & va B, = & thi A,B, cd bién trén trong R v
Sup(A,B,) = Sup(A,)Sup(B.).

A Khio sit tuong wr voi Sup(A,B-). Sup(A_8,). Sup(A_B8_).
¥} Suy ra ring AB c6 bién trén trong R vi:
Sup(AB) = Max(Sup(A,}Sup(B,). InfiA,)Sup(B_), Sup(A_)Inf{B.). Inf(A_Ynf(8 )
& day, theo guy udc, fa khong xét cac bién doi vdi tap réng.
&) Cho két qua twong wr d6i véi Inf{AB).
¢} Giasir {0} =A c R, va A bi chan wrén; hay chimg minh ring A™' ¢6 bién dudi trong
1
Sup(A)

Rvi Inf(4 )=

2) Su tén tai cua cic can bac n
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Cho a € ]1; +oof v ne N*; chiing ta sé chitng minh ring tén tai mot phén tr
b thuse R, sao cho b"=«.

pat E = {x € R,; +" < «); E khong rong (vi 1 € E), bao ham trong R va bi
chan trén béi @, vi néu x € E thi " < a < ¢". Theo tién dé vé bién trén trong
R, E ¢6 mot bién trén b trong R.

ehz1>0vil e E
e Gii thiét " < ; ta s& ching minh ring ton tai @ € R} sao cho
(b+ o) <a
Cho a €]0; 1] bit k¥; khai trién theo cong thic nhi thiic Newton:

n
(B+o) 5" = chp" ok
k=1
Véimoi ke |1,..n}: P d <hlavibz1va0<a < 1. Dodo:

(Bb+a)’ -b"< [Zc }b"' o ~1pma

M
T6n tai $6 thuc & saocho 0 < a< Min[] a-b 1 va do dé:

.izﬂ _]ié !?‘--l
(b+a)' <b™ + (27 ~Dp" o <b” +(a—b”)=

Vay b+ @ € Eva b + a> b, mau thulin véi dinh nghia b 1a bién trén cua E
trong R.

o Gii sit "> a; ta s& chiing minh rang t6n tai S thuéc ]0; b[ sao cho
{p- By >a.
Cho 8 € )0, b[ bét ky; khai trién theo cong thitc nhi thic Newton:

k=0 k=1
KB
Véi moi ke {1, (-1} 1pn Kz k =(_1)k+‘b”[%] <b” g—b”_lﬁ Vb2
B & . 1
va L-ej0:1{ . Do do: b - G-ps| Y8 :(2" —1]1;.”—,-5’ :
k=)
' , b -a . )
Tén tai mot s6 thuc f sao cho: 0 < f < Min| b, el va do dé:
-1 -

(h_3Y »p" -7 —1)p7 g » " —(b” —a)= a.
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Viay b — f 1a mot chan trén cia E trong R, di€u d6 mau thuin véi dinh nghia
b 12 bién trén cla £ trong R. Diéu ndy chimg té »" = a.

Miit khdc, {x € R,; " = a} chi ¢6 nhiéu phdt mot phin tir, vi néu "= g = y"
n=t . ’
thi (x —y)ZJnc‘y”_l“l =0,v6ix20,y>0,suyrax=y.
i=0
Trutmg hop 0 < @ < 1 ¢6 thé quy vé trudng hop trén bang cdch xét l; céc
43
trudmg hgp ¢ =0, a = 1 ¢6 thé thiy ngay.
Tém lai:
*| Ménh dé-Dinh nghia Vé&imoi (o, n) € Ryx N, tén tai b € R,
1
duy nhét sao cho " = @; phin tir b nay duge ky hiéu la fa , hay an,
va goi 1a ciin bac # cua a. Véi n =2 ta ky hiéu Ja thay cho Ya.

Trong mot chwong sau, chiing ta s& khdo sat téng quat hon vé P véiyeR.

Bat dang thirc Minkowski
Véimoin e N, x,..0, ¥y, € R
] 1 1
n 2 (a2 (& 2
2
[Z(xi+yi) 1 g[zxf] +[Z}’?] -
i=1 i=1 i=l

Chimg minh: Binh phuong hai v€ clia bét ding thic ndy, ta quy vé bit déng thic
Cauchy-Schwarz.

Tam thirc bac hai

Véi(a, b, ¢} e R'xRxR, xéttam thicT: R >R
x> axl+bx+c

r

va hiét thitc A= h*— 4ac.
o NéuA<Othivdimoix e Rial(x)>0.

. b .. .
e NéuA=0, Tcé6motvd chimot khéong diém la ~5a va vol moi
a

xeR: al(xy=0.
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e Néu A > 0 thi T c6 hai khong diém thyc 12 x'=_b—2_@
[4)
. —b+ A . Vxe]—w;x'[u]x”;wo[, af(xy>0
X=——"" vi: .
2a Vxelx';x"[, aT{x) <0

- - ) " b 1 "
Taciing ¢6: x+x'=——, XY x'=

[l

a a l
Ta duoc cdc két qua trén bing cach viét T(x) duéi dang chinh tde:

2
T(x)=a [x+~b—] —»A—
2a 4a®

1
(nfu x’ < x™).

¢

Bai tap

¢ 1.2.21 DPon gidn:

a) 3\)5 2+?-—QJ5\5—7 h) 3J3+ ‘94.1_22?5_*“ ‘9+]2i:,

0 1.222 Giditrong R: y3_x—-vx+1> 12 )

¢ 1.223 GisivongR: {313 +x+¥313-x=6.

¢ 1.2.24 Gidi trong R

2 2
a) 11' +xp+y =1 b) x+y+ x+y=56’
(x-—y)2=x+y -yt Jr—y=30
¢ 1.2.25 Giditrong R
x2+y2+z2=49

all,lil h)Jx +2Jy-1+3Jz— =%(x+y+z+1!) .
x y z

x-y+z=1

¢ 1.2.26 Giai trong R*:
x<y
a) i<t by x+yrt=y+ax=z+ixy=t+xyz=2.
Mayr=tar?

x+y++t=0

0 1.2.27 Ching minhring: Vne N, %n < 1+J§ .
n

17
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¢ 1.2.28 Chox|...xs ¥.¥y € R, saocho: Vie (1.4}, x+y=1
V&i moi phép the o e &, ta k¥ hiéu zg = Xg(y¥o2V0(3)Y0ay Chimg minh ring khi o chay

khip cdc tri trong &, thi it nhat < mdt trong cic 25 kKhong 16n hon !

01229 Chone N {01}, (u)) ., 12 mol cap &8 cong voi cdc phén tlr thuge R:_
(nghia la: 3r € R, ¥/ e |1...,n-1} g,y = g, + r. Chimg mich rang:

"

ST S s B

¢ 1.2.30 Ching minh rang:

u}  ¥ne I\",V(xl,...,x,,)e(l{+)", ix,- < i,f;
=1 i=1
b) Viabye R Ja-4 z‘ﬂ—ﬂl.

¢ 1.2.31 Xéi dav Fibenacci (8,), ., o xic dinh bai:

H=0.d=L(VneN, ¢, =9, .+ ¢} Takyhitw =%(l+\/§).

a) Chitng minh ring: vne N, o < b, <ol
b) Kiém ching: vueN.(n24:>n2w>(n+I)2)-
¢} Kiém chiing: vaeN, (1213202 >n?).

d) Tirdé suy ratap cée n € N sao cho ¢, = n’.

6 1.2.32 Chon e N*, (ay....,a,) € R"; chimg minh réng: Zkaf 2 —L[Zak] .
k=t

k=1 2‘{;

DE gidi cde bai tap tr 1,2.34 dén 1.2.37, ¢4 thé sir dung s so sdnh gifta cde trung bink cong
vét trung binh nhan (xem bé sung dit 3)

¢ 1.2.34 Chimg minh ring vdi moi (x, ¥,2) € (R,,)j',
a) xp(x+y)+ypz(y+ )+ x(z+ x) 2 6xpz
hoxt ey +2 23wz,
¢ 4.2.35 Chimg minh rng: ¥n e N', ¥(ay,...a,) € (R : Y.
a .22

Ay a,
+ 22, 4ol a5y,
a4 dn aq
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L
¢ 1.2.36  Xét ddy diéu hoa (H,), _ . xdc dinh bi: ¥Vn € N H,= Z% Chimg minh ring
- k=1
1 1
YneN-{01} aln+ 1) —nsH, <n—(n-n "1,
¢ 1.2.37 Ching minh rang, vdi moin € N":

a) (n+1)" 2275l by (n+1Y' 20+ 1" 2 67 ()2

3) Tinh chdt Archimeéde, phian nguyén cha mot so thuc
¢! Dinhly R 1a mot thé Archimeéde, nghia i2 mot thé thoa mén tinh
ch&t Archiméde:

Vee R*,VAe R ,3n e N, ne> A.

Chitng mirh: Cho Ve € R,.VA e R’:, , ta 14p ludn phan chiing, nghia 12 gia thi€t
Yn € N*, ne <A. Khi dé, tap hop £ = {ng; n € N} 1a mot bd phén cha R khéng
rdng vi bi chan, vdy c6 bién trén b trong R ( Tién dé vé bién trén trong R).
Vih - s<hnén b-gkhong phai 13 mot chan trén cba £ trong R. Do d6 tdn tai
mot n € N* sao cho ne > b — & vy (n + )& > b, didu ndy trdi véi dinh nghia cta b.

Véi moi x € R, 4p dung dinh 1y trén v6i £= 1, ta théy ring (n € Z; n < x} lamo1 bd
phan khong réng v b chan trén ciia Z nén ¢4 phdn & i6n nhat. Tir d6 ta thu duge:

o| ‘Ménh dé — Pinh nghia Vi moi x € R, t6n tai n € Z duy nhat
sao cho n < x < n + 1; n duoc goi 1a phidn nguyén cta x, ky hiéu la
E(x), hay Ent(x), hay [x], hay LrJ .

Bai tap
¢ 1.2.38 Chdng minh réng:
a) Y, v e RE, (x<y= B(x) < E(¥).
by ¥YxeR-Z, E(-x)=~Elx)- |
¢) Vi y) e RY, E(e+y)— B -E»e {01}
d VYyeR, VaeZ, Elx+o)=Elx)+a

¢ 1.2.39 a) Ching minh ring: ¥n e N, (Jn+l _J;)< ﬁ:: < [J;—Jn—l].
n
10000
b) Tirdd suy ra gid tr cia Bl — —|.
2 E Jk

. 3y .
¢ 1.2.40 Chimg minh ring: Vae 7., E[§]+E[n22)+ﬁ(”+4):E[£)+E(H+ }

¢ 1.2.41 Xicdinh Inf (E(r)+E[—I—]],
x

.
xeR

3-GTT-T1
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<

3 n 3 1 I
1.2.42 Chimg minh ring: VaeN, E (—2-} >[EJ -1

+F.
k+3\ﬁ:}

L]

1.243 Véimoia e N tinh: S, = ZE[ .

k=1

¢ 1.2.44 Véimoin e N, hiy IfnhiE(ﬁ], !

z E((Hﬁ)zn]ﬂ.

n-1
¢ 1.2.46 Chimg (6 ring: Vo e R, ¥ e N, ZE((;H u ] =E{a).
P A

<

1.2.45% Chiing 16 ring: ¥n € N7, 2"

4) Tinh tra mat

+ Dinh nghfa Mot b phan D ca R duge néi 1a tri mat trong R khi
va chi khi: ¥(x, y) € R* (v <y = (3d € D, x < d < y)).

Cho D 13 mot bo phan ciia R 1rd mat trong R va (v, y)eR2 a0 cho v < y. Thé thi tén

tai moL day (d,),e-- nhimg phin tir cda D khdc nhau timg d6i mot, suo cho:

vneN vad <y
That vay:

e Tén tai dy & D sao cho x <dp< ¥
o Néu tdn tai d, & D sao cho v < d, <y, thitdn tai d, € D sao chod,<d, (<

Céc phin tir d,, xéc dinh nhu vay khdc nhau timg d6i mot. boi vi day (d,), ex 12 diy
tang nghiém ngat. Diéu nay chimg 16 rang tdp hop [ viy [ M D lavd han.

¢ Dinhly
Q trl mét trong R
Clung mini: Cho {x, y) € Risaochox <vvig =y — x>0 ViR cdtinh
Archiméde nén 16n tai n € N suo cho ne> 1, nghia la —]—4 e bat m=E(ny) + 1
"
N " . a n 1
vir=2 tadugc:m -1 SavamtIdésuyd x<—Sx+—<x+ L=y
n n n
S
Bai tap
0 1.2.47 Ky hieu £ = {¢% g € Q) vd D = E W (—E); chilng minh riing D b mit trong R.

o 1.2.48 Cho D, £ 13 hai bo phén cita R sao cho: D el mat trong R va D < E: chiing minh
ring £ i mat rong R.

4 1.2.49 Nguoi ta goi moi s¢ hitu ty ¢é dung ”—; e . n e N la so dyadic: ching
2

minh ring t4p hop céc 56 dyadic trit mat rong R.
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0 1.2.50 Cho D I mot b phan cla IR va el mat trong R, vi F 1a mot bd phan hint han cita
D: chimg minh rang D — £ tril mét trong R.

5) Sovoty
Mot s¢ thye duge goi vé ty khi va chi khi n6é khong phai 12 s6 hitu ty; vay tap
cicsvotylaR-Q.

Tap hgp nay khong én dinh d6i vdi phép cong (Ji eR-Q, - J2eR-GQ,

J§+(—Ji)gR—Q)vavdiphépnhan(\/5eR—Q, J2-J2¢ R-Q).
Tuy vy tachi y rang:

vxe R-Q. Vye Q, x+¥ye R-Q.
vxe R-Q, vye Q xye R-Q.
vxe R-Q, B eR-Q.
X
¢| Ménh dé
R - Q tri mat rong R

Cluing minh: Gid st {x, )& R sa0 cho x < y. Tén tai ¢ € Q sao cho 7% <g< A

J2

néug =0 thitdontaig'e Qsaochog<g < -j’.— . Diéu d6 ching to Q42 {0}
2 .

mat trong R (0 day QJ— = {q@ cqe Qb iR- Q chifa Q\E ~{0}nénR-Q
1rit mat trong R.

Bai tap
6 12561 Chimg minh: @) 2+ +J62Q nifs-{ed
6 1252 Chove R (o b code O sao cho v ¢ Q vh ad - bc # 0. Ching
minh: ax+b FANR
cx+d

. i x4+ 5
& 1.2.83 Ching minh rang véimolve Ry, 2x+
x+2

[ngh’la 12 ;\2: A< .x - ﬁl] '

2

gén véi Jg hon 14 x

a 1

o 1.2.54* Cho (a.h) € N2 sa0 cho ﬁ - % >, ching minh: ﬁ ——>—.

21
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6) Dac trung cia cac khoang cia R :
+| Ménh dé Mot bo phan / ciia R 1a mot khoang khi va chi khi:
Y(x,yv) € ]2, (r<y=>foylc D
Chimmyg mink: (1) N&u J 13 mot khodng clla Rvay, velsaochox £y, thi [x; y] < 1,

1 thily 16 didu ndy bing cdch nhan xé1 timg trudng hop tity theo loai khoang cua {
{c6 9 trudmg hop)

(ii) Nguge fai, gid st 1a mot bo phin cta R sao cho:
viny) e P (v g y=>lwyleh.
Vi O 13 mot khodng, nén ta <6 thé gia sir [ # @. Xét mdt phén tir ¢6 dinh ¢ chal va
angG,=lvelivsal= |l—oo, a| ~Iva D=y & xza)=fa+xl ni

e N¢u D, khéng bi chan trén, thi véi moi b € lu; +ol ton tui ¢ € D, sao cho
h< e trdésuyrabelviagh<c Vay D, =l +ool.

o N&u D, bi chan wén thi D, 6 mdt bien trén f trong R va D, |a: bl. V&i
moi h € jan Bl 16n tal ¢ € D, sao cho b < ¢ (theo dinh nghia caa 8, vdy b € Ivi
a < b <o Tudd fa glabD.cle B\ vado dsé D= a: 1 hay D, = la; S 1.

Do vay D, 1a mét trong ba khoang e + [ las Bl p 1. Ta thu dugc két qua
wong tu d6i voL G G, la moL trong céc khoang |- al, fas al. \ee al trong do
a = Inf(G,) néu G, bi chan dudi.

Vil =G, w D, nén ta thdly ngay [ 1a mot Khodng trong R.

Bai tap

o 1.255 Cho hai khoang /. J trong R. khong réng va khong thu vé mot diém; ching 10
ring (6n tai mol song anh tir f 12a J.

1.3 Duodng thang sd mé rong R
Ta thém vao R hai phdn tir riéng biét va Khong thuoc R, ky higu 1a — Vi +o0, VA md
rong céc luat hop thanh trong +, - v quan hé thit iy <ra R = RuU{- oo;+a0} nhu
sau:
x + (+00) = (400) + x =+%
vx e,
x+ (o) =(-x)+ x =0
(+00) + (+00) =+, (~0) + (—x)=—®
Vxe R: . x(#00) = (+00)x = +0, x(—w0) = (—o0)x = -0
Yxe R*_ , x{(+o)= (+o0)x = —00, x{(—o) = (—c0)x =+
(+00)(+00) = (~o0)(~0) = +%0, (+o0)(—0) = (~o0)(+%0) ==
vxe R, o0 < x < 400, — 0 € —0, + 0S40

T duge goi 12 dudng thang so mé rong.
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Ch § ring céc luat +, - trong R chua dugc dinh nghia cho t4t ci céc phin
10t (+90) + (—00), (—00) + (40), O(+0), (+)0, 0(—w), (-e0)0. Trong giai tich,
ching tng véi cdc dang v6 dinh.

Y = - = - - =2
Trong R chi ¢6 4 loai khodng [@51], [ b[1a;81, 1a:BL. v6i (ab) e(R)

sao cho a<b
¢| Ménh dé Moi bo phan khong rong cha R déu c6 mot bién trén v
mot bién dudi trong R.
Vi DU: Supg (R) = 40, Infg (R) = —o, Supg ([—; 0f) = 0 = Sup (}—o0: 0f)-

4
Bo sung

¢ C 1.1 So sanh trung binh cong va trung binh nhan: phép chimg minh clia Cauchy
Véi neN’ va (a),...a,)€(R,)", ta dinh nghia:

n
n |
T binh ¢§ s, A = D>
rung binh cong cua G, ... &y an

i=l

l
N
Trung binh nhan clia 4, ... &, : Hq-

i=1

.

ma ta k¥ hign ldn luot 2 _4d(ay...., a,) va §(ay.... p)
1} Chiing minh bing quy nap theo m:
YmeN, V(a,....am) € (R,,)l“ A@yyeen ym )2 G(@pyes@ yu )-

2) Cho n € W', (ay,....ap) € ®,)". Tén tai m € N sao cho 2 << 2
Bt a= _4(ay,...q,) vhvGimoii € {1_r:+l,...,2m+1 } ¢, = a. Ap dung ket qua & 1) ddi
v6i ho (@),....d pea ), ching minh: _&ay,...ay) 2 Glag, o ay)-

Nhur vay ta da ciking minh duge bt déng thifc so sdnh gifia frung binh cong va frung binh nhan.
}

Vi € N, V(ap..a0 € R\, 1Y a2 {Hﬂ] :

i=1 i=1

¢ C 1.2 Tinh khong dém duge clia R
Mot tap hop E duge goi 13 d€m duwge kiha va chi khi t6n tai mot song dnhirNlen E.
A 1} a) Chimg minh rang moi b6 phan vo han cla mdt tap hop d&m duge 13 dém duce,
b) Chiing minh ring n&u hai tap hop déu dém duoc thi hop cla ching cling dém duge.

2} Chiing to ring &nh xa f NxN— N* 12 mot song 4nh
(m. A) 3 {2me 2"

3} Suy ra ring N2, Z?, Q déu dém duoe.
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B 1) Nguoi ta biét rang m&i s& thuc déu c6 mot bidu dién thap phan duy nhét
(xem 3.2.2, 2)).
Gid sir 16n tai mot song &nh 8 : N™-»{0; 1[; véi mbi neN' 1a goi 8(x) =0, 4,8, 5.-ay ;- 1 bidu
dién thap phan riéng clia 6(). Vi mbi neN', xé& mot 36 nguyen b, sao cho 0 < b, < 8 v
b, * 4y, Chitng minh ring () nhd hon s6 thie x = 0,bybybs... vGi moi nelN*.
2) Két luan: R khong dém duge.

¢ € 1.3 Md dan vé giai tich cic khodng
Ky hi¢u .S 14 tap hop cdc doan cia R nghia 13 t4p hop cdc khodng déng bi chan [a;: alciaR
khi (a,; a) chay khip R” vk ay < a,. Vi hai phén tir A vi B olia S ta kY hiéw:
A+B={xeR: Ha,b)c AXB, x=a+b}
{AB:{xeleﬁ(a;b)eAxB. x=ab}
A 1)Dbat A= [ag; a3}, B=[by, b,y). Ching minh ring;
A+B=la,+b;a+bh)e S
AB = [Min(a, by, a,by, ayby, ayby); Max(a by, a1by, azhy, arby)) € S.
2) Kiém ching lai ring v6i moi A, B, C thute St
a) A+B=B+A
B) (A+BY+C=A+(B+C)
¢} AB=BA
di (ABYC = A(BC)
e) A+[0,0]=4
H Alli1]=4
g) AB=[0;0] = (A=[0; 0] hay B=[0; OD)

k) Ac6mot phin tir 481 xing A% véi phép + (tuong 1ng: 'y khi va chi khi A 1a don tif
(tuang vng: don tit khac [0; O]).

i) A(B+ C) G (AB) + (AC) va cho vi du khi bao ham thife ny la nghiém ngat.
i A(B + C) = (AB) + (AC) <= (V(b,c) € Bx C, bc 20).
B Giéi cdc phuong trinh sau, véi dn R X € St

1312 31X=[-1; 2] 2)[1; 21X=1(2; 4] 3) [LaX=[1:2]
4)[-3% 11X=[1; 2] 5)1-1; 21X =1-2; 4],
Nhdn xét
s |a1| < lazl
Vi moi A = [ay:ay] € S khdc [0:0], ta ky higu  x(4) = Z

a néu |a1| > |ay|

véi A B € .S cho tewde v xét phuong trinh (1) AX= B, énfa X e Stac6 thé ¢chiing minh
rang:

o (1) ¢6 ft nhit mot nghiem khi va chi khi: x(A) 2 x(B)

e (1) c6 it nh4t hai nghiém phan biet khi va chi khi: y(A) = y(B) < 0.
Tham khdo: G.Alefeld va J.Herzberges, Introduction to Interval Computations, Academic
Press, London, 1983,



Chuong 2
So6 phic

2.1 Mo dau

Chung ta da thay (1.2.3, 2)) rang cdc tam thic thuc aX® + bX + ¢ ¢6 biét thiic
A=b —dac <0 khong cé khéng diém thue. Tuy nhién s& rét tién loi néu ¢
thé thira s6 hod céc tam thirc nhu vy thanh dang a(X — a)}(X — ), trong d6
a va 12 nhitg s6 khong thuc (“40™) va thuc hién nhimg phép tinh tuong tur
nhu cdc phép tinh d8 duge st dung khi ¢ va f1a s6 thuyc.

Nhéim muc dich dy, ta thém vao R mét phan tir méi, ky hiéu 1a i (chi ddu clia
tir “imaginaire” (30)) va két hopi vdicdc s6 thye x, y d€ c6 cdc s6 phic
X+ iy.

2.2 Thé sé phic

2.2.1 Dinh nghia
Ta trang bi cho R hai luat hop thanh trong, k¥ hiéu 12 + va - (hay khong viét
dau déi vai rudng hgp thit hai) xdc dinh bdi:
) Y=+ x,y+
Y(x,y) e R, {(x P+ Y=ty y)
(o, p Y, ¥y = (ex'= ', xy'+ yx').

Ta kiém chitng dé ding ring (R?, +, -) 12 mét thé giao hoan, nghia 1a:

+ c6 tinh giao hodn, k&t hgp, ¢é phén tir trung lap (0, 0) va moi phén tr (x, )
thuoe R” déu cé phén tir d6i xing (—x, —y) d6i v6i phép +.
¢6 tinh giao hodn, k&t hgp, phan phéi d6i véi phép +, c6 phin tif trung lap
(1, 0) vA moi phdn tif (x, y) thuge R* - {(0, 0)) déu c6 phan tir d6i xiing
{

2

s -2 | d6i v phép -
LTy xT+y
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Anh xa ¢ : R = R? 1a don 4nh v 12 mot déng cfu thé. Vay ta c6 thé
x > (x,0)

déng nhit (x, 0) v6i x, thé con R x {0} cia R véi R.

Ta k¢ hieu tap hop R” 12 C va trang bj cho n6 hai luat hop thanh trong +, - da
dinh nghia trén day; cdc phdn tit cia C dugc goi 14 cdc s6 phidc. Vay:

[C 12 mot thé giao hodn|

Ky hiéu i = (0, 1); i thoa mén i- = —1. Ta c6:
Yix, y) € R, (1) = (x, 0)(1, 0) + (3, OXO, 1) = x1 + yi = x + iy.

Céch viét z = x + iy, (%, y) € R? goi 12 dang chinh téc (hay dang dal s6) clia
s6 phiec z.

R6 rang C 1a mot C —khong gian vecto 1 chidu ¢6 mot co s la (1), va la mot

R-khong gian vecto 2 chidu ma mot co o 1a (1, i). Anh xa R? - C I
(x,¥) B x+iy
mot ding c4u R—-khong gian vecto.
Ta k hieu C *= C-{0}.
AP 4 : , x=x
Chd ¥ ring véimoi (x, y, X', ¥y) e R tach: x+iy=x"+iy < { ;
Y=y

Bai tap
¢ 2.2.1 Xay dung C biing ma tran

10 0 -t
Ky hiéu I-—»{O }, Jz[l 0),}5: I+ phi(x, M € Rl}.Kiém chﬁngrﬁngf:—l

va chitng minh ring 4nh xa 8 : C > E, cho ing & phitc x + iy, (x, ¥) € Rz, viixl + ¥/, 14
mot ding cdu thé. N6i cdch khdc J d6ng vai 1rd cia i trong C.

¢ 2.2.2 Xay dung C bang da thic
a} Chtng minh ring X2+ 1 1 bt kha quy trong R[X].
b) Xét idean I cla R[X] cim sinh bii X~ + 1, nghia la:
1 =+ HRIX) = {(X + 1) Q € RIX)),
va vanh-thuong € = R[X)/I. § day quan hé nrong duong duge xée dinh bai:

VPO e RIX]), PRQ=X+1[0-P)
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Lap, theo modulo R coa mot phén tir P cia R[X] duoe ky hieu 1a P céc luat hop thanh
trong clia C 1a ¥, *, dugce xdc dinh bdi:

VP, Q € RIX], {Jﬁ.’*?’P*Q
P =PQ

Hay chitng minh rang (C, +, 7 ) 12 mot thé giao hodn, va 4nh xa 8 : C— C, choiing mdi s&

phifc x + iy, (x, ¥) € Rz, véi x + yX 1a mot ddng cdu thé. Néi khdc di, trong C, X ¢6 vai ird
nhur & trong €

¢ 2.2.3 Hiy tim 141 cd cdc 4nh xa f: C — C sao che:
Ve fin+zfl-z)=1+z
0 2.24% V&imoi(mn)e N va moi (x, Y) € C 2 sa0 cho x + y = I, ching minh rang:
n mn
)m+lzykcir+k +yﬂ+lzxfcia+f =1,
k=0 =)

0 2.25 Cho&, F,G, H 1a nhiing bo phan ciia R%, xdc dinh bdi céc hé (hife sau:

E: xz—y2= 2x R F: 2xy+ 2)’ 7 =3
x“+y x4y
G: 13—3xyz+3y=1. H: 3x2y—3x~»y3=0.

Ching minh: E~F=Gnn H.
0 2.2.6 Cé616n1ai hay khong (x, ¥) e €% sa0 cho:x+y:l,x2+y1=2, x3+y3=3?
0 227 Timtdtcdcic(r, v, 7)€ C’ sao cho:

X, ¥ Z khic nhau timg doéi
Mx—=1)+2yz=yWy—-1}+2zx=z(z— 1)+ 2xy.

¢ 2.2.8 Giii hé phuong trinh véi 4n (x. y, 2) € C:

Xy=z, YI=X, ZX=Y.

-y

2.2.2 So phic lién hop, phan thuc, phan ao

¢ Dinhnghla 1 Vi moiz = x + iy, (+, y) € R, 1a dinh nghia (s6) lién
hop Z clia z boi: z=x—-1y.

Ta ¢6 cdc tinh chit sau:
1) Vz el E =z

2) V() eCl z1+7=7+7
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3) ¥z, ) ECZ. 77 =77,

Hon nita, vi 1=1, nén ta thdy ring anh xa “chuyén sang s6 lién hop”
y: C > C Ia mot ty déng c4u d6i hop cia thé C ; y1a R-tuyén tinh, nhimg
z = i

khéng 12 C—tuyén tinh.

# n .

4) Yn e N, ¥(zyz,) € C7, [sz =Y uva[]x =TTz
k=1

Tinh chét nay suy ra tir c4c tinh chét 2}, 3) bang mé

55 VzeC,vz e CT, (i'}=i
z =

- =
I
o
1]
—
e
I
—

phép quy nap don gian.

Thirc vay, [l.];'—-l—lz‘: 1,suyra [ll}t(} vi (-l—'] L
z z z z

6) Vze C, {EZZQZER

z=—z<>zeilR

s

Cic phan tir ciia tap hop iR = {iy; y € R} duoc goi 12 cic s6 o thuan tuy
hodc thuén do.

Ta c6 thé diing s6 lién hgp dé “bién d6i” méu s6 thanh so thuc:
I x-iy

—=— 2,vérimqi(x,y)eRz—{(O,O)};hoaclévéimqizEC':
X+ly xf+y

[ |

1

PR

¢ Dinhnghfa2 Véimoiz=x+iy, (¥ € R ta dinh nghia:

phén thuycciaz 1a: Re(z)=x
phan dochazia: Im(z)}=y '
Thay ngay cdc tinh chat sau:

1
- . Re(z)==(z+z)
1) vzeC. {z Re(z) +ilm(z) )

z=Re(z) -ilm(z) [m(z):%(z—;’)
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Re(z +z') = Re(z) + Re(z")

. 2
2)V(z,z2)eCT, {hn(z+z')=1m(z)+lm(z').

Re(Az) = X Re(z)

VA eR, .
3)VzeC,VAeR {Im(lz) A Im(2)

Nhumg, néi chung, Re(zz*) # Re(z)Re(z) va Im(z2") # Im(z)Im(z’). Céc 4nh
xa Re:C >R vi Im:C> R 12 R-tuyén tinh, nhung khong

z t—= Re(z) z = Im(z)
la C-tuyén tinh.

Bai tap
¢ 2.29 Chodnhxa f:C— C saocho:
VxeR, flo=x
fz+2%= f(D)+ f(2)
fzzy=f(2)f(z)
Ching minh: (Vz € C, fiz) =z) hodc (Vz € C, fiz) = 7).
¢ 2.2.10 Gidiphuongtrinh: 2z+ 67 =3+2i, dnlize C

Y(z,zheC?, {

¢ 2.211 Xécdinhtipcicz € Csaocho (z, 2 J 14 R—phu thuéc tuyén tinh,

¢ 2.2.12 Véi(a, b, c) & C ¥ sao cho a7 =bb =ct =1 vha+ b + ¢ = 0. Chning minh ring
3 3
a=b=c,

2.2.3 Moédun

¢ bBinhnghta Véimoiz=x+iyeC,(x, Y} e Rz, ta dinh ﬁgh‘ia mbdun

cua z, k¥ hiéu ]z|,b6‘i: |z|= x{xz + y2 .
Anh xa médun [.}: € - R 1athéc wién cia 4nh xa i tuyet déi; |'l: R > R;
zi> 2 x4
diéu d6 Iy gidi cich chon k¥ hiéu tren day.
* | Cac tinh chat
1) vzeC, [ eR.
2}VzeC,(ld = 0ez=0).

3)VzeC, ld?=zz.
Dac biét, voi mqizeC*: Il =1 Z:l.
2

29
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4) ‘v’zeC,|E|:|z|.

5) Y(z, ) e C?, |2z] = |z||z| va bang mot phép quy nap don gian:

=ﬁ|zk|.

k=l

H

[T

k=}

¥ne N, ¥(z....2,) e C",

6) ¥(z,2)e CxC",

=1

7) ¥(z,zY e C 2, lz +2< |:] +|:‘|.

1

4
z

Bit ding thitc ndy dugc goi 13 bat ding thitc tam giac, dé chinh [a

bt déng thic Minkowski trong R” (xem 1.2.3.2)). Tir d6 bang quy
nap don gidn ta suy ra:

n

S

k=1

n

< Z[:H.

k=1

Vn e N*, Y(z;,....2,) € C",

8) iz, € CL -l s lA-11
That vay: |z =[(z— )+ 2] < |z -=+]z], tir d&:
V(z,z) € Cz, 2| -]z} <|=- =] >

sau dé hodn vi vai tro cia z va z°.
z=0
9} ¥(z,2') € C2, |z + 2| =|2| +|z] | hodc
dacR, ,z’=az
Néuzz0, dat £=x+iy,(,\',y) € Rz,tacéz
z
Iz + 2| =lzd+]z| & I x+ iy =1+]x+ 1y

<:>(l+x)2+y2=]+x2

=0 k4
@{x o —eR,.
y20 z

+p? +2x+ i > x=|x+ 1

Bai tap
¢ 2.2.13 Hing ding thirc hinh binh hanh.

Chimg minh: ¥(z,2) € C 2, ‘z+z'|2 +|z—z'|2 = 2(12}2 +|z12].
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¢ 2214 Ching minh ring véi moi (z, 2') € C %:

o 4ot = (10 (141
(-1 - o= o =(1-1a (1)

0 2.2.15 Biéu dién zz’ bang cic binh phreng cic médun
1 2 2 . —2 —2
Kidm ching ring, v6imoi (z, 27) e C: z t== Z[IZ-'-;‘ —Iz—;;l +1lz+ﬂ -:|z-£1 )

o 2.2.16 Kiém ching ring moi s§ phic c6 modun bing 1 déu c6 thé viét duge dudi dang

x+1. ,XeR
x-i
6 2.2.17* Khao sit trudmg hop déng thic irong bat dang thitc tam gide v6i n 54 hang.

Cho n € N, (2gsnn2) € C”; ching minh:

i 27 =i|zk| & (Su € C, 3., e (R ) Veell,...nhz =c¢ku).

k=l k=1
0 2248 Ching minh: ¥(a. 5) € C4Ja+ 8 <(1+jaf' )1 +[bf* ). va xét trudng nop

dang thitc.
¢ 2.2.19 Cling minhring: Vz € C, Uz‘ <-;— = |(1+‘;)z3 +izl < _-).

¢ 2.2.20 Ching minh ring: ¥z € C, (|1+z| 2 % hay l]+zzl = l].

¢ 2.2.21 Ching minhrang: V(a, b} € C 2, Zlal ibl |a -bl 2 (lal+)bl Na|b| —bla“.

4
0 2.222 Ching minh: ¥(z,. 23 23,2 € €% 2. |74] S Z|z,~+z}-|.
k=1 jgic jod

2}
0 2223 Chone N, (zp..z)€C" ZeC saocho 2% = 2}, ching minh:
k=1

Re(2)] < 21 Relzy )]

n+l

0 2.2.24 Choz € C saocholz # !, va n € N, chung nunh:

H=(reDza+nznst] _ 1=(a+Dlef" +nfz
- 732 - 2
I a-r (1-12)
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¢ 2.2.25 4} Hang dang thire Hlawka

Chitng minh, vdi moi (a, b, ¢) € C:
(o] + (8] +]c|~ |6 + c| = c + a| ~|a+ b| + |+ b+ c| Hja| + ][ +]c| +]a + b +¢|)
= (jol+ el ~lo-+ e|)ja| - [b + | +]a+ 2 +]) |

(|c| +|a| - |c+a|)(|b| |c+a{+|a+b+c[)

+(|a|+|b|—|a+b])(|c|—|a+b|+]a+b+c|).

b) Suy ra: V{a.b.c)eC3,|a+b|+|b+c|+|c+a]£|a|+|b|+]c|+|a+b+c .

2.2.4 Acgumen

Chung ta coi nhu d biét cdc dinh nghia va cdc tinh chat so cp clia cde ham
s& thue sin, cos, tan.

*

Pinh nghla  V6i moi s6 phiic khdc khong z = x + iy, (x, y) € R>, t4

hop <0 € K, cos6 =

— L v sind = X la mot 16p
2 2 (2. )2

fwong duong modulo 2r, goi 1A Acgumen ciia z, ky hiéu Arg(z). Do lam
dung tr ngd, ta cling goi bt ¢ phdn tir ndo cda I6p tuong duong

modulo 27 ndy 14 Arg(z).

Nhuviytac6Vze C", z= !z| (cos(Arg(z)) +i sin(Arg(z))), biéu thirc ndy
dugce goi 1a dang lugng gidce cla z.

Ta khong thé dinh nghia mot céch thoa ddng Acgumen ciia 0.

*

Cac tinh chat
Arg(2)=0 [2z] & :zeK|

I} VzeC', {Arg(z)=0 [n] o zeR'
Arg(z) =g 1] & zeiR”

2) VzeC,Ar(Z)=-Arg(z) [27].

3) W(z2) e T2, Arp(z.2') = Arg(z) + Arg(z))  [27]

Tur d6 suy ra bing quy nap:

n H
Vne N, V(z,.,2,) € C*", Arg[l_[ Z4 J = ZArg(zk)
k=1 k=1

[2n];

truong hop rieng: Ve N, Vz e (C*, Arg(z") = nArg(z) [2n].



2.3 Biéu dién hinh hoc cac s6 phirc

4) VzeC’, Arg (lJ = -Arg(z) [2n).
rd

Suyra: Vne Z,Vz e C*, Arg(z") = nArg(z) 12n].

Bai tap

5) Yz e C7, Arg[il] = Arg(z) - Arg(z’} |2n]
Z

6) ¥(z,z) e C'z, lz+2 | =lzl+ 12| o Arg(z) = Arg(z") [2n]

0 2226 Ching minhring: Ve 7, :-1| s “:| - ]|+]:||Arg[:)]

(o day Arg(z) € |-x. n]).

¢ 2227 Choa,bh.ceC saocho lal=lbl=lcl=1a 2 c.b#c ching minh:

Arg

c—b

c—a

1 h

=—Arg— |ml.
a

2

2.3 Biéu dién hinh hoc cic so phic
2.3.1 Mat phang phic

A

¥

w.d

M(z)

(4]

=Y

Miit phing afin thuc P duge quy v& mot
hé quy chiéu truc chuin thuan
R=(0:1i, ). Anh xa p:C - P dit

mbi 36 phitc z = v + iy, (v, y) € R* img
v6i mot diém M thuoc P c6 toa do (v, y)
trong hé quy chi€u R, 12 mét song dnh.
biéu d6 cho phép déng nhdt C véi P.
Mat phing P duge goi (m6t cich lam
dung) 12 mat phang phirc.

Véimoi z € C, ¢(z) duge goi 12 anh cilia z trong P, véi moi M € P, (p’l(M}
duge goi 1a toa vi cia M. Ta k¥ hiéu M(z) d€ chi M 1a m6t di€m ctia P ¢6 toa

vi z.

Ta cd: HO_.M“:\H.\Q + y2 =&z‘ vanéuz=0, £ (?ﬁ): Arg(z) [2x).

Ky hi¢u phuomg cua P 1a P (tic 13 mét phidng vecto lién két véi P) duge trang

bi co s& truc chudn B = (f,}); dnh xa @:C — P dat mdi s6 phic z = x + iy,

.y e R’ ing véi mét vecto xi + yf , 1a mot song dnh.

33
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Véiméi VeP, (p‘l (ﬁ) ciing goi la toa vi cha ¥ . Nhu vay:

{V(z,z')e(f-z, @(z'—-z)= olzJolz _
(. m)ep?, 57 (0 )= o7 () - 07 ()

Véimoit (MM') P?, ta c6 cdc ménh dé tuong duong sau day:
M va M’ d6i xing d6i v6i O khi va chi khiz’ =z
M va M’ d6i xing d6i vé6i (x’x) khivachikhiz' =z
M va M’ d6i xdng d6i véi (y'y) khivachikhiz’ = -2
Chiing ta ciing chu ¥ ring néu A(«), B(h), C(¢), D(d) 1a bén diém cha P sao
cho A = BvaC=D thi:
AaB,cB)= A7 cD)- 4. 4B)  12m
=Arg(d —¢)— Arglh~a)  [27]

If

= Arg j : ; [2?:']

Dic biet 1a: (AB)//(CD) o Argf"' =0 (=]

r—a

o ~¢ T (n] .

(AB) L (CD) & Arg
h—a 2

2.3.2 Biéu dién hinh hoc ciia phép cong trong C
” Sz+2) Cho (z,) € C 2, M), M2,
Sz +z'),D(z-2z");tac6:

{55':671}#@’

D(z'-z)

At

OD=OM — OM = MM

- Dac biet,ta cd: [MA] =|-].
Bai tap
d—a d-5b

la nhitng s¢

¢ 2.3.1 Choa. b, c.d e Ckhic nhao timg d6i mot sao cho . vit P
-c -a

. d - L e R
thudn &o; chimg minh rang ; ciing thuéin ao. Bidu dién hinh hoc.

Q-

0 2.3.2 Xac dinh tap hop ciic di€m M cé toa vi = thod miin didu kién saw:
2
cilR.

Zz
zl=2z -1, B
o =21 =



2.3 Bi€u dién hinh hoc cac sé phic

2.3.3 Biéu dién hinh hoc phép nhan trong C

Cho(z,z) € C '2. p=ld.0 =z|, 6= Argz) [2n], & = Arg(z’) [2=l],
M(z), M’ (), P(z 2).

=l o= o
Vi | Arg(zz') = Arg(z) + Arg(z') .
=6+ [27]

nén ta chuyén tir M’ dén P bdi phép déng
dang thudn c6 tam O, ty s6 | va goc
Arg(z), va ta chuyén tir M dén P bdi phép
déng dang thuén tam O, ty s6 |z| va gdc
Arg(z").

Ky hiéu A 1a diém cé toa vi 1:

=Y

e Ta chuyén tir M’ dén P boi phép dong dang thuan tam O, phép bién ddi
nay bién ddi A thanh M.

e Ta chuyén tirt M dén P bdi phép ddng dang thuan tam O, phép bién doi
niy bién A thanh M.

234 Cacanhxa :baz+b

1) Giasit (@, ) e C2 £, CC  va T,y PP
, > az+b M (2)r> M'az+b)

nghiala T, = @ofypo @ -
Néu ¢ = 0 thi T, ,, 12 4nh xa hing.
Néu a = 1 thi T, 1a phép tinh ti€n theo vecto cé toa vi b,

Gia thiét a 20 va @ = 1; T, c6 mot diém bat dong duy nhét €2 6 toa vi 1a

o= . Vaytacé:

l—-a
Yz e C 2, (2 =f D)= - w=a(z— o).

Vay T, 1a phép déng dang thudn c6 tam {2, ty s§ ]a‘ va géc Argla).

2} Nguoc lai, gia st 2 € P, o latoa vicia 2 peR}, #e R, Sh
phép déng dang thuan cé tam 2, ty s6 o va géc 6. V&i moi M(z) € P, ky hicu
2" 1a toa vi clia S(M), tacé: 2’ —w=a(z — ), §dtya e C la s6 phitc c6
moédun p va Acgumen 6.

A_(CTT T4
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Tém lai:

Véi moi (a, b) € C saochoa =0, a =1, 4nh xa C—»>C - , trong cdch
Z az+h

bidu dién hinh hoc img v6i phép dbng dang thuan cé6 tam Q2

[ . b
toa vi la w=
l1-a

], cé ty s6 |a| va goc Arg(a).
Bai tap
0 2.3.3 ChoAla), B(b), C(c) 14 ba diém clia mat phing phic; chimg 0 cing tam gidc ABC

14 tam gidc déu thudn khi va chi khi: a + jb+ jzc ={ 1trong dd:

143

. 2r ., 2m
j=——+i— =cos—+isin—.
2 2 3

2.3.5 Diéu kién can va di dé ba diém trén mat phang phic thing
hang

Cho M (z;). k€ {1,2,3} laba diém cla P khdc nhau timg doi. Dé M, M,,

M, thing hang, didu kién cdn va dit 1a MM, va M M3 R-cong tuyén,

nghiala: 3a € R, z3 — 2| =afz, le).

Vay: M,, My, M thing hang khi va chi khi 22 —°1

270

e R

2.3.6 Diéu kién cin va di dé bon diém trén mat phang phirc dong
chu hoiic thing hang

Gia st M(z)), ke{1,2,3,4} 1a bon diém cua

P khdc nhau timg d6i. Ta di biét ring dé M,

M. M,, M, M4 nam trén mot dudng tron hodc trén
2 mot dudmg thang thi diéu kién cén va du 1

M;
st M, )= MM Mo ) %]
M My diéu nay c6 nghia la:
Arg ol B R Arg ! [:rc]



2.4 Lu¥ thifa va can sd

hu vay M, M,, M3, M, d6ng chu (ndm trén mot dudng tron) hodc thang
ing ( trén mot dudng thing) khi va chi khi:

Z4 — 2| ::4—:2 <R '

Iy — o 25 I3

iéu thitc trén day dugc goi 1a ty s6 kép cia 2y, 2, 73, 2.

.4 Luy thira va can sé

4.1 Ham mii bién s6 thuan ao

’61 moi @ € R, taky hiéu e'% = cosf +isind.
"a ¢ cAc tinh chit sau (suy ra tir cc tinh chét so cdp cia cdc ham s6 sin va
0s).
1) ¥(9.9) e R?, ¢0+9) =i/,
. i iﬂk n .
it d6 bing quy nap tacéd: Yne N, V8,,..6, € R, e ¥~ =He'€" ,
k=|

/adac bigt: vneN', V8 e R, (eig)" L

2)V8 e R, (¢9%0wa %:e_ig).vay VYneZ Ve R, (Y =
[+

33v0 e R, (€°=1 e 2nZ).

4)v8 e R, elf =710

Tré lai véi cdc ham lugng gidc, ta ¢6 cong thifc Moivre:

vneZ V8 e R, (cos'9+isin9)" = cosnf +isinnd.
Taky hitcuU={ze C‘,lzl=1}={em;9 eR}={zeC;zz=1}.

Bai tap
6 244 Tinh Sup 123 _z+ 2\ ,
zell
¢ 242 Véiae R, gidihe phuong trinh:
{cosa+cos(a +x)+cos{a+ y)=0

sing +sin{g+ x)+sin(a+ ) =0

véidn I (x, y) € R
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2.4.2 Can bac n cha mét s6 phite khac khong

zeChr= |4, &= Are(2) [27]
Chone .
ZeC R=|Z, @=Arg2) [27]

Ta cd:

7o o R=r" o r=R"
P=ng [21‘] ;p.—_gj- ‘:2—11}
n

! 1(9+31T—)
Nhuvachédﬁngncﬁnbfpcn,délz‘icécsdphl.’rc Rre™™ ™77,
ke{0,1,..,n-1}

Vdi mqineN*,kf/hiqun= {zetC,z"=1} 12 tap céc can bac n cla 1.

ChoZ € C', 2o 12 mot can bic n clia Z trong C, khi d6:
i
VzeC,Z=17" < {i] =1 (IweU,,z=0z))
2p

Vay: Ta ¢ cic can bac n ca Z bing cich chon mot trong cdc can d6, roi
nhén can vira chon v6i mdi can bac n cba 1.

Phép tinh dai sé cic can béc hai ciia 56 phiic khéc khong

ChoZ=X+if e C, (X eR?, z=x+iyeC, () e R"
2 2 _

Tacé:Z=zz<:>X+iY=(x+iy)2@ -y =X .
2xy=7Y

C6 thé thém vao hé phuong trinh cudi két qua thu duge khi xét cic modun:

x2+y2— |z12— Z|= \’X2+Y2.

l(x+ X2+Y2]

2

Suyra:Z =2 |y? = %( X+JX2+Y2)
2xy =Y

trong dé phuong trinh thi 3 dimg d€ xdc dinh cdc déu.
Hai can bac hai thu dugc 13 cdc sd d6i cha nhau.



2.4 Luj thita va can s8

viDU: Tim céc ciin bac hai phic cua ! + 30,
Véi moi (x, y) € R%:

<% = L(J10 +1)
2oyt =i 2
(x+iy)2=1+3i<:> 2xy=3 <> «y2=%(\ﬁa-l)
xz"'yz:\/l_d 2xy=3
L

Vay céc can bac hai cia 1+ 3i 12 \llz(Jﬁ+1)+ IJ% (V10 1) va 56 d6i cita ne.

Phép gidi dai so phuong trinh bac hai trong C

Cho (a, b, c) € C" x C x C; xét phuong trinh a? +hz+c=0, n s6 12
z € C. Ta sit dung dang chinh tic cua tam thic:

2 2
azz+b2+c=a [z+—b-] + E__b'_
: - 2a a 4q°

Ki hiéu 4 = b° — 4ac 12 biét thite ciia tam thic, ta c6:
o Néu A+ 0, phuong trinh c6 hai nghiém phan bigt z) va z;:

.= -b-85 2= ~b+5 , trong d6 & 12 mot cin bac hai phie ciia 4.
1 2a 2 2a '

o Néu 4 =0, phuong trinh cé mdt nghi¢m duy nhét, goi 12 nghiém kép:
b

Zl=22=——_ .

2a
Céc nghiém z,, z,, di khic nhau hay khong, déu thoa min:

— b —
Zl+22_ —'E, 2122—

o

Khi b chita thita s& 2, thi s& thuin tién hon néu ta ding biét thitc rit gon

~b'-8&' —b'+d'
+ zz =

A‘=b’2—ucv6ib’=%,vﬁkhia’yzl= ,5d6 5 1amot

[’
can bac hai phie cha 4°.
~ Tachi ¢ ring, n€u (¢, h, ) € R'xR x R va z € C langhiém cha

az” + bz +c=0,thi z cling [a nghiém.
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VI DU: Giai phuong trinh (3 + i)z2 — B +60)z+(25+51))=0,dns6laz e C. O day
B =—(+3), A= B oac={4+ 31)2 —(3+D)25+5)=-63-161; & =x+iy,

(x,y) € Rz, vin
2
x2 -yt =-63 x" =1
§l=A o {2xy=-16 o {y? =64,
ey =3t 4162 =65 P

chéng han, ta ¢6 § = 1 — 8i. Cdc nghiém la:
_b-s 3+l (B113-)

z = - =2+3,vA
a 3+1 10
Zp= -b'+5 :5—§1 :(5—-51)(3—1) -2
a 3+ 10
7y +23 =8

Giast(S.P)e C 2, dé hai 8 phifc z|, 23 thoa min: { _diéu kién cfin va

Z|129 =F

dil 1a zq, z; 14 céc nghiém clia phuong trinh 2 _§5z+4P=0,v61dn z€ C.

Bai tap

¢ 2.4.3 Gii cdc phuong trinh sau, v6i dns6laz e C: -
a) 2*—2zc088 +1=0,8 e R.
by 24 (1=202" + (1 - i)z - 2i = 0, biét ring ¢6 mot nghiém thudn do.

o) 2 4 + 121 + i)z — 45 = 0, bidt rhng c6 mot nghi¢m thuc v mot nghiém
thudn ao.
2in.
d) Aol Fa2= 0,bigtrhng j= e 3 12 mot nghiém; tirdd hiay phan tich
x4~ %X *+X?+2 1hanh cdc nhan tir nguyen 16 trong RIX}.

e} (= 4z + 5+ (24 1)F = 0; 1 d6 hay phan tich (X * —4X + 57 + (X + 1y thanh
ciie nhan tr nguyén 16 wong RIX}

£ -8+ 40— 82 +375=0.
g e+ - =0
B (62432 — 1) o (67 + 2= 1G24 624+ 1)+ (37 + 62+ 1) =0,
o 2.44 Choa e R, hiy tinh cdc cin bac 4 tong C cia 58 phic Z xdc dinh boi:
Z=8a% —(1+a®)® +4a(l—a*)i.

¢ 2.4.5 Gidi cac phuong trinh sau day, dns6la z e C:

. 1
a) 2t =z2+72, b)z?=—3.
z



2.4  Luy thia va ciin s

¢ 2.4.6 Giai cic he phuong trinh sau, dn la (x, y) € Choic (r,y,2) € C

2

x=y

el -y =819 2
a) . by qy=2z".
{x—»lx® + 37 )=399 2

243 Caccanbacncual

Véi n € N, c6 ding n can s6 bac n cia 1, d6 1a céc s6 phic
ink

wp =e ", k={0,.,n-1}.
—2n ik
o Vkel0..,n-1}, wp=e " =wm,_; céccin bic ncia l lién hop vdi

nhau timg doi (1 1 lién hop ca chinh né, -1 cling vay néu n chin).
2ink
o Vke{0,.,n-1}, o =e " =of.

Téng quat hon, v6i moi (k, 1) € Z %

kY 2k (2w
e # —a M =Zlegn
n—1 n=-1 P 1 -’
e Néunz 2 Zwk=2m1 = L _o.
k=0 k=0 I-w

Véimoi n € N - (0,1}, tdng cic cin bjc n clia | bang 0.

e Cic phén tir cia U, = {z € C; z" = 1} dugc biu dién trén mat phing
phitc bdi céc dinh cha mot da gidc déu n canh noi tiép trong dudng tron
luong gidc, vA mét trong céc dinh 12 diém c6 toa vi 1a 1.

Pa gidc nay d6i xing qua (x"x).
2im

3

Khi n=3,taky hiéu j=eT :—12+i-—;

2
4i
tr do j2=—%—il/~2§-=e 3= va 1+j+j=0.

y _J’ }'i

N Sz
VS

S
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Bai tap
0 247 Chone N (a),ay.byobyle? 2 Chimg minh ring t6n tai (A.B) € 7.7 sa0
cho:
. Hn
Ar+ 48+ B? =1'][af +agby +b,§-‘).
k=l

¢ 248 Chone N va olimdtcanbic ncoa l; tnh:

[l ni~1
a) kak_l b} Zcok”, re?
k=1 k=0
n- 2‘_“
¢) ZCﬁwk vli w=¢" .
k=0

2Un

o 249 Choane N-{01}, m=e_’;_,(a.b)e(“.2; ching minh:

n=1
EEIEESS
oo

a+a)kb\.

¢ 2.410 Ching minh ring phuong trinh 25z 45=0voi dnlaz € C c6 cdc nghiém
Yiks

I w, —@f @day ke {0,1,2,3], @ =¢ 5 ). Hiy biéu didn cic nghiém nay theo

2im

[ ] =es .

2.44 Nhom cac can bac ncial
}) U={zeC; 1z| =1} 132 mét nhém d6i véi phép nhan, ding cau véi

nhém (R/27Z , +) boi phép ding cdu 61> trong d6 9 1a 16p
modulo 27 cha 8.

2) Véimoine N, U, ={z¢ C;:"=1}1amét nhémco_ncﬁa(U, )

3} Véimoine N, (U,, ) dang cdu v6i nhém (Z/n”Z. , +) bdi phép dang
2ikn
cdu ke " ,véi k 1218p modulo n cia k.
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2.5 Ap dung sé phic vao luong gidc
2.5.1 Khai trién cosn® , sinnt", tann®

Cho 6 € R, n € N'. Ap dung céng thic’ Moivre va céng thitc nhi thic
Newton: :

- H
cosn@ +isinnd =(cosf +ising)" = ZCﬁ cos”*@i* sin‘o
k=0
tich phan thyc va phén do, ta suy ra:
)
2
cosnf = Z(—l)k C2 cos" g sinZtg
k=0

=cos”9—Ci cos"20sin0 + ...,

@
2
sinng = Z (~1)k C2H1 o5 2k g 5in 241 g
k=0
=C! cos" ! 9sind - C} cos"3Gsin30 + ..
Nhdn xét: Thay sin”8 bai —cos® G, taco

» cosn8duge biéu didn thanh mot da thic cla cosf), goi 12 da tinve Tchebychev
loai 1.

e sinn8bing tich cha sing voi mot da thite cha cosf, goi la da thifc Tchebychev
loai 2.

VviDU: cos26 = 2(:0526’—1, cos3f = 400539— 3cos@, sin2 @ = 2sinf cosd,
sin3d = 3sinf- 4sin’0.
Gia sir didu kién t6n tai dugc thod man thi:
sinnf
sinn@ _ cos"8 cl, tand - C3 tan36 + .

tann@ =

cosnd ©05n8 |_C2tang+Chiano- ..
cos” 6
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~tan?
viDU: tanzaz_zﬂ, tan 30 = 200 — tan "0

1—tan@ 1-3tan?@

2.5.2 Tuyén tinh hoi cos’@, sin’ 6, cos’Fsin’

1

. 2cos8=z+7=z+—

Cho e R, pe N, z=¢"%=cosf+ isiné. Taco zl
2isinf=z-i=z——

Z

]

z

1y 1Y
vay 2° cosp9=[z+vj va (Zi)p sinp9=[z——] :
z

Ta khai trién bing cdch sir dung cong thie nhi thitc Newton, sau dé nhém lai
céc phin tir bat ddu tlr cdc phén tir & ngoal cung Ta phén biét hai trudmg hgp
tuy theo p chin hay p 1¢.

Trudmg hop 1: p chin, p=2m, me N

m, 2mpy | 2m 1 1 (. 2m-2 1
o 27" cos 0—(2 +22m]+C2m(z .+22mF2]+...

+CE;1(22 +—12~]+C’2"m.

z
=2cos2m@ +2Ch,, cos(2(m - 1)8) + ...+ 2CT 100529+C2m.

m-1
Vay cos"0 = 2—(2m—1)[%cg‘m + chm cos(2(m — k)é)].
k=0

2m 2m 2m 1 1 2m--2 1
© 2D sinTO ( +—Zm—]‘czm(z +Tm3]+
Z z
+(=p"Co l[z +—] +(-1y"c,

=2cos2mo@ - 2C12m cos(2(m — 1)8)+...

£ 2™ 8T cos 26 + (-1)"CS,
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Vay sin?™g = 2~ @m= Uy )" o
iy sin””6 =2 D" 25— CE + > (-1)¥C5,, cos(2(m - k)0) | .
k=)

Truomg hop 2: pié, p=2m+l,meN

1 -
o p2mel  2mil g | 2mel wCh o[22 I
22m+l z2m+l

+C5 [z + l)
z
=2cos((2m +1)9)+ 2C12m+] cos{(2m -1)9)+ ...

+2C5 .1 cOs6 .

m
Vay cos?™ g =272k cos((2m+1-2k)0).

2m+
k=0

o 22+ _ym sinzmH@:(zzmH— 1 ]—Clzmn(zzm—l— ! ]Jr

22m+] ZZm—l
m m 1
+(=1 C2m+1(z“—)
z
= 2isin(2m +1)8 - 2iCh,,, ) sin(2m —1)8 + ..

+2i(=D"CT  sind.

2m+l

m
Vay: sin2"1g =272 ()™ Y -k ck | sin(@m+1-26)8).
=0 )

viDU: cos®8 = ;—2(c0369+6cos 46 + 15 cos 20 +10)
sin? = % {cos 40 —4cos 260 +3)
cos @ =%(c0559+5c0539+10c059)

sin°@ =%(sin 56— 5sin 30+ 10sin 4}

45
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Muén tuyén tinh hod cos”8sin? 8, ta ¢6 thé tuyén tinh hod cos” 8 va sin?6, réi
thuc hién phép nhén, réi tuyén tinh hod cdc phén tit thu duge,

Khi (p, ¢) € {0, 1, 2, 3, 4}" ngucl ta thudng hay st dung cac cong thic
lugng gidc so cap:

o cos’d =l

5 {1+ cos28), sin 26 = % (L - cos26), sinfcosd = % sin26

» cos’@= %(00539 +3cosh), sin’d = %(3 sind — sin38)
cos2fsind = % cosfsin2d = %(sinBG +sind)

cossin’f = 12 sindsin 26 = % (cosd — cos 36)

o cos'o= ( (1+c0529)} 4(!+2cos2t9+ (1+cos4t9)j
=§+lcos29+lcos48.
§ 2 8

cos2@sin%4 = }:sin 226 = %(l ~cos48),...

Bai tap
¢ 251 Cho(n a h) e NxR xR;tinh cic tdng:

" i
Cp= Y cos(a+kb) va S, = D sin(a+kb).
k=0 k=0

n
0 2.5.2 Cho(nx)e N xR;tinh Zcos3 kx . (S dung bhi 1ap 2.5.1).
k=0

1
¢ 2.5.3 Chimg minh: ¥rn e N°, lem k|>ﬁ—— . {Sir dung bai tap 2.5.1}.
i 2sin|

6 254 Véi(nx &eNxRxR, inhcactdng Y 1¥ coskd va » x*sinké .
k=0 - k=0

o 285 Vai(nx) e Nx (R - 2a7), tinh cic tdng:

Ay ()= Ze""‘ va B,(x)= 'ZA,,(x)

k=-n



B8 sung

B& sung
¢ €21 Anhxa:baz+b
Véimoi (a. by e C  takyhicug,,; C—>C  waT,, P— Pladnh xa tit mat phang
> ai+h
phuc vio chinh nod, sao che diém c6 toa vi - ing voi diém cé toa vi aZ+ 5.
7} a) Chimg minh ring, nu |a|#1 vha # O thi T, 14 phép ddng dang nghich tam £2¢6
ab+b

toa vi ty %6 |af . tryc )i dutmg thing (D) di qua 2 v6i gée cyc 1 %Arg(a) (7).

-l

nghia 12 hop giao hodn cla phép vi tr thm 2 va ¥ 56 |a| v&i phép d6i x¥mg tryc giao qua
(D).

b} Chimmg minh rang, néu |a| =1, thi T, & hop giao hodn ctlia phép d8i xding 3, qua
dudmg thing (D) 6 géc cue 1a %Arg(a)vﬁ di qua diém c6 loa vi % v&i phép tinh tién
theo vecto %{ag +b) (6T xteng (rugr).

2} a) Che £2 € P, (D) 12 mét duimg thing cha P, p € R: — {1}. Chitng minh ri'm-g phép

déng dang nghich, tam (2, 1y s6 p. trec (D), ing véi dnh xa g, 0 dd ¢ = ,cx:z’-‘g(g Ia goe

. . . h + b
cyc cia (D} va & Ja 56 phife duy nhdl thod min w = s 3

1-la"

{214 loa vicua £2) hodc b la

toa vi cua dnh cla O trong phép déng dang nghich.

b) Cho (D) la mot dudng thing ciia P, # 1a mot vecto clla 7 . Chimg minh rang hop
clla phép d6l ximg truc giso qua (D) vdi phép tinh tién thee vecte ¥ dng voi dnh xa g, O
doa= 52*9(913 géc cyc cha (D)) v b 12 nh cha O trong phép doi xdimg trurot.

¢ € 2.2 Phép nghich ddo, phan tich mét énh xa phan tuyén tinh

Cho (2 € P, k € R phép nghich dio vdi cuc £2 vh ty s« k, 1A dnh

M, M thing hing
xilyy, 1P — {3 - P {4 cho diém M ting v6i diém M’ sao cho:{.—. .
QM -OM =k

1a) Vai moi M e P-{0}, ﬁiy'biéu dién cdc toa do (x',y") cla {, (M) theo cic toa do
{x)cua M.

. 1
f) Chutng minh ring 4nh xa 2+ —

ttng v@i phép nghich ddo cuc O va ty 56 |.

) Anh cha mot dudng trdn, cita mot dudng thing qua phép bien 461 ;| 1a gi?



48 Chuong2 S8 phic

2)Cho (a, b, e, d) e C 4, a0 cho ¢ # 0 vd ad — be = 0, A 14 4nh xa cho diém M c6 oa vi

d . Ceen . L az+b
,Z#——  img véi diém cé toa vi .
c cz+d

bq

a) Ching minh ring H = T, oSimy._,4 oS ol 2Ty . ong 46 T, (tuong

¢ s ¢ €
img Tﬂ ) chi phép tinh tign theo vecta ¢6 toa vi % {twong mg %}, Sim ._ 44 12 phép ddng
(S 2

.
Vi gée Arg[b“" 'f’d]‘ S, [ phép d6i ximg tryc giao
2

bc—ad
2

dang thuan, tam O, 1y 36

qua {x"x}

b} Suy ra ring anh cla dudmg trén hodc dudmg thing goa dnh xa H 13 dudmg trén hoac
dudmg thing.



Chuong 3
Dday so

Mot day (s6) 1a mot 4nh xa tir N vao K (K = R hoic C ); thay cho ky hi¢u
u: N — K , ta thudng ky hiéu (#,), e N hay (i), , o hay (),

nr->uln)
Mot day thuc (twong tng : phifc) 12 mot ddy (s6) sao cho:
vn € N, u, € R (tuong ting: C ).
Vi méi n € N, u,, duge goi la sé hang thi » cla ddy.
M&i dnh xa tir (r € N; n 2 ny ) vao K véi ny € K ¢6 dinh ciing goi 1A mét

day (s6); phdn lén cic khai niém duge khéo sét chi dé cap dén céc u,, «tlr mot
thit tr nao 46 trd dix».

3.1 Hoi tu , phan ky

3.1.1 Dinh nghia
¢+ Dinh nghia 1
1) Tanéidiy s6 (1), « g hOi tu dén { € K khi va chi khi:
Vex>0,AINe N, YvneN (n>N>=> {un —!‘ <g)
2) Tanéi ddy s6 (u,), < N hi tu khi va chi khi tén tai / & K sao cho
(1), ¢ N h6i tu dén /, nghia la:
ek, Ve>0,INeN,Vne N, (n2N = |u, ~{|<¢).
3) Ta néi diy so (u;:)nEN phan kj khi va chi khi né khéng hoi tu
nghia 1a :
VIieK 350, VNeN,3neN,(n2Nvaju, ~i|>8).

Cha ¥ ring (u,),en hoi tu dén ! khi va chi khi day (u, - I},en hoi tu dén 0.

+! Ménhdé1 (« Tinh duy nhat caa gi6i han » néu né ton tai )
N&u mot ddy s6 (u,),, hoi tu dén {, va hoi tu dén Iy thi Iy =1, .
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Chimg minh : Gia sit (1)), hoi tu dén /y vahoitudén iy va fy # I,

1
Dit £ =—|b 4| .
at & 312 A

VA (u,,),, hoi tu dén /| va hoi t dén /y ,nén ton tai Ny, Ny € N sao cho:

Inek n2M:>[u,,—I}1££.
n2 Ny =|u,-h <¢

{|uN i <e
Bat N =Max(N,, Ny),tacd: ,
luN—Ii 2E
suy ra I;’z - l|| < - uN| + |uN - a‘]| < 2 = % |!2 - Ill,mauthuﬁn. =

Menh dé trén chi ra ring ta ¢6 thé ding mot k¥ hiéu kiéu ham : néu (1), hoi tu dén
{, ta néi riing 7 )4 giéi han cba (ir,), va ki higu :

I= 1;21 u,,(hozfac!:r?l_l)n:wun) hodc unT-n' (hoic u, —mn‘ b

vipy:
1) Moi dély dimg (nghia Ja bing hiing s6 tir mot thit tu nao d6 tro di) déu hoi w.
2} Day [ l ] héi tu dén 0, bai vi

HE i

n =~

Ve>0, ANeN, YrneN, nzN= —1—55),
n
khichon N = E(—I—JH.
£

Nhdn xét © N&u hai day sé tring nhau ké tir mo6t thif tu nao d6 tr& di thi ching c6
ban chét nhu nhau, nghia 12 sy héi tu cla ddy nay kéo theo sy hoi tu cha day kia. Néi
cach khdc ta khéng 1am thay déi ban chdt ca mot day s6 (hoi tu, phan ky) khi ta
thay 43i cdc phdn tlr eha né déh mot thi tir cho trude.

¢ Dinh nghia 2
I) o Ta néi mét s6 thue A 1a mot chin trén clia mot dédy thuc (#,),en
khivachikhi: Vhe N,u, £ A.
e Ta néi mot s6 thue A 1a mot chan duéi ciia mot day thue (#,), e N
khi vachikhi: ¥re N, u, 2 A.

2) Mot day thue (u,), ¢ N duge goi bi chan trén (twong ing bi chan
du6i) khi va chi khi t6n tai mot s& thue A sao cho A 14 mot chan trén
(twong tng : chin dudi) cia (1)), e ~n-
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3) Mot ddy phifc (i), e y duoc n6ila bj chan néu vi chi néu t6n tai
MeR,saocho:VneN, |un|SM.

Nhdn xét : mot diy thyc bi chin khi vi chi khi 06 bi chin trén vé chin dudi.

¢+ BDinhnghia 3 Cho (u,), 12 mot day thue.

1) Tanéi (u,), tién t6i +co.(hogc : nhén +oo lam gi6i han) khi va chi
khi :

YA>0,3NeN,YreN, mzN=u,2A).
Khi d6 ta k¥ hiéu : 4,——>+oo hay limu, =+c0.
noo no
2) Tanéi (u,), tién t6i —o (hodc: nhan — co lam gidi han) khi va chi
khi :
VB<0,ANeN,Vne N, n2N=u,<B).
Khi d6 ta k¥ hiéu : y,———>—co hay limu, = -0 .
noo n o
Nhdn xét:
.” UHT—CD L= —unT)+cn

2) T4t ci céc diy thue 6 gi6i han + oo hodic —o déu phan kY.

¢ | Ménh de 2
1} Moi day phiic hoi tu déu bi chan.
~2) Moi day thuc tién t6i +oo déu bj chin dudi.
3) Moi diy thyc tién t6i —o déu bi chin trén.
Chitng minh:
1} Giasi u"T!;ldnu}iNeNsao cho:
vaeN, (n2N= |u, —l|<1).
Vi vay v&i moi » € N sao cho 2> N: '
|u,,|s|u,, —I|+|l|$l+|l|.
Dat M = Max(jugl,..... , luxl 1 + P}, tasuyravr e N, Ju,l s M.
2) Giasi unTH-w ;téntai N e Nsaocho :
VaeN, (nzN=u,>1).
Pt m = Inf (ugeero, sty, 1), tasuyra: Vne N, u,2m.

3) Quy v& 2) bang cdch xé& (—up),. |

5-GTT-T1
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Nhdn xét:

1) Tén tai cde diy bi chan nhung khong hoi ty; vi du ((-1)"), e n -

2) Néu moét ddy thyc tién t&i +oo, thi né khoéng bi chan trén, nhung diéu ngugc
lai khong diing, ching han & vidu {(-1)"), e n.

3) Moi diy khong bi chan thi phan ky.

3.1.2 Tinh chat vé thi tu cia cic day thuc héi tu

¢ | Ménh dé1 Cho(y,), 1a mot diy thuc hoi tu c6 gidi han 1a /,
(a.b) € R%.
1) Néua<l! thitdntai Ny € Nsaocho:
Yne N, (nzN| =>a<u,).
2} Néul<bh thitbntai N, € Nsaocho:
VreN, (n2 Ny, =u, <h).
3} Néua<l<h thitdntai N € Nsaocho:
vYne N, (nzN=>a<u,<h).

Chimg minh :

1) Ap dung dinh nghia v€ sy hoi tu clia () e N dén /, tathdy téntai Nye N
sao cho :

YreN,(nzN| = |u,,—1| < %(!—a) < i-a)

Nhung |u,—I| <l-a = u,~I>-(-a)=>u>a

2} Tuong tunhu J).

3) Liy N = Max(N, Ny). | -
¢ | Ménh dé2 (« Chuyén qua gii han trong bét ding thirc »)
Cho (), 1a mot day thuc hoi ty, /12 giéi han clia nd, (a'b) e R~
1) Néuténtai N, € Nsaocho(Vne N,(nz2N;=u, za), thilza
2) Néuténtai N, € Nsaocho(Vn € N,(nzNy,=>u,<b)thil=h

3) Néu tén tai N € N sao cho (Vn eN,(n2N=>asu,<h)
thia<lI<bh.

Chiing mink : suy ra tir ménh dé 1 bang 14p luén phén chang,. [ |
¢ | Ménh dé 3 (« Dinh 1§ kep »)
Cho (i) » (V) » (W), 12 ba diily thuc sao cho

JNeN, ¥neN, #n2N =>u, sv, <w,)
(uy), VA (w,), hol tu d€n cing mot giSéi han !/

Thé thi (v,), cling hoi tu dén /.




3.1 Héi tu, phan ky

Chiing minh:

Cho &> 0; vi (u,), v& (w,)}, hoi tu d&n ! nén t6n tai N;, Ny € N sao cho :
el (2 M = by 14 < &)
{\:"neN, hzm = -1 < &)

bat Ng = Max(N, N, Np), tlacé véi moin € N:
My SV, <w,
nzNy=ilu,~l|ss  D-s<u,-i<v,-I<w,-I<e>, -<¢.
|wn -l &
Viy (v,), hoi tu dén L : ]
Nhdn xét

1) Trédi véi cdc ménh dé | va 2, dinh Iy kep cho phép két tugn vé sy t6n tai clia mot
gi6i han, va nhur vy rit cé ich.
2) Tacé thé luge d6 hod dinh 1y kep dudi dang :

U, £V, =W,

noo o =y, ——
{ A
- n
viDU: Véine N, u, = Jtach:
24k
et
Py N n n?
< )= L 241
- k=1 1 + n-+
Yne N, - . .
uﬂzz 2 = ————
k:ln +n a+l
n? n
Vi: ——>1 vda ————— 1, ta két ludn 1y, ——1.
PLES B n+l = e

Nhdn xét : d€ chiing minh ring mot dily (,),  n hoi tu d€n mot phén tir ! thudc K,
mdt cdch lam thudn tién 1a ]én_l xuflt hien mot ddy (u,), v <6 gi6i han 0 sao
cho: Vne N, |y, 1| £ ¢,
¢ | Ménh dé 4 Cho hai day thuc (»,), v (v,),.
ANeN, VreN, (n2N>u, <v,
Néu

, thi v,——0.
U, ~———>+D o
o

Chimg minh ;
Cho A € R, c§ dinh; Wi e A nén ton tai Ny € N saocho:

VneN,(nz2N| = u,zA).
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Pat Nop=Max(N, N|)tacé:

u,2A
VazN, | n2N; = =V, ZA|.

u, v,
Vay: v +a0.
WiV e ‘
Nhan xét: Bing cdch chuyén qua cdc phén 1 d6i, ta thu duge ménh dé sau ;

NeN,¥ An2Nou, 2 N
Néu :{in < ;n_foN (n “n vﬂ‘ thi v, ————c0.
Ho n

3.1.3 Cac tinh chat dai so cia day s0 héi tu

o | Menh dé1 Gidsird e K (1), va (v,), 12 hai ddy s6, (, I') € K7,
Tacé:

2) uy, TO = |u,,|—m°~>0

u, ——l
3) sy, 4y, ——+
VHTI s

4) u,——I = Au, — Al
Ho nwo

1, —0
5) e = u,v, —0
(v),, bi chan oo
Un ! .
6) D u,v, ———
g Vi TI ne
: 1 duge xéc dinh t mot th ty nio d6
v, — 1 v, :
s I 1
I =0 —_—— =
' Vn e )
U 4 Zn dugc xdc dinh tir mét th ty nao dé.
8 v,———lt = ’n
no u, /

I'#0




3.1 Hpity, phan ky

Chitng mink:

1) Chee>0.Viu, —n?)l nén tén tai N € N sao cho:
YneN, (nzN=u, —[<&)
Vi: VneN, ||u, ||| < |u,-1],
nén suy ra Va € N, (nzN:>||u,,|-|lH < 3v"3)']“n|—"nfw"’|f|-
2) Tinhchét 2) thdy ngay, vi véi mgi n € N:
Hetgh = OF = laeyh = fu, - O
3) Choe>0.Viu, T)Ivé v,.,T)I',nén tén tai N, N’ € N sao cho:

VneN,(nZN = |un -I];:%)
£
2

VneN,[nzN' =

dat Ng = Max(N, N'),taco:
VneN, (n2Ny = l(u,,+v,,)—(!+!')1 = l(u,, —1)+(v,,—£')1
5l“u*"|+|"n"1$§+%=5)-
Vay :u, +vn~—~m—>1+l' _

4} Choe>0.Vi uy, ,{ néntn tai N e N sao cho:
-]

|4]+1

' A
dodé:VneN,(nZN:lAun *ﬂ|=1l|lu"—l|£1llllfl sa],

vneN, [nZN = lu, -] S—L].

va do vay Azxﬂﬁm—)ll‘

S) Theo gia thiét ton tai M € R, saocho Va e N, |v,| s M.

Cho £> 0. Vi 4, ——>0 nén t6n tai N € N sao cho:

VneN,(nzN :>|un S——-E—}
M+1

M
do d6 : ‘:rneN,(MzN::»[m,,vM |=la, || v | € MHS.‘:).

Vay u,v, —mTé{l
6) Vé&imoine N, data,=u,~/ Tacd:

Vre N, uv,={ +a,) v, =1+ &V,
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Theo 4} Iv,,w—mﬁil'. Mat khéc a, TO { xem 3) va 4)) va (v,), bi chan vi hoi
tu; vay (theo 5)) a,,v,,—;r){} va cudi cling (xem 3)}, unv,,TH‘.

7} Vi vn—?)l' nén |v,,|Tn|I1 {xem 1)).

Do || >0 nén theo 3.1.2, ménh dé 1, tén tai N, € N sao cho:

vneN, [nz M= 2'—121] .

Dac biét: Vn € N, (n 2 Ny, v,z 0), va diy [L] duoc xdc dinh. Véimein € N
Vn

nzh,
v, =1
saochonZNl,tacc’):(}gL |" | 1 1'1.
0 2
Do v,——f,ta suy ra 2 |vn—l'| — >0 r6i (xem 3.1 2} Ménh dé 3),
75C / 2 o
———‘——)0 nghia 1 -l—-——>l
mo
) = - " PRI un 1
8} Chicdn dpdung 6) vh 7) vachd ¥ rang — =4, — . [ ]
. vy v,

o| Ménh dé 2  Cho (x), va (), la hai day thuc, ¢, ") € R 2
z,=x, +iy,voimoin e N,L=1+il'. Tact:
Xy ———>l
z, TL@{M ’e
Chimmg minh:
1) Néu Z"TL thi véi moin € N :

o2t 4 s

yn-U<|za-4f Vn ———);’"
ngul " T i v moin € N:
2) Nguoc lai, néu Yo p thi véi moi n € IN:

1zn_L| S lxn_ I| + .yn_rl
visuyra z, TL‘ u



3.1 Hbity, phan ky

¢ | Ménh dé3 Cho(u,),,(v,), 12 hai day thuc .
1) Néu u, it va (v,), bi chan dudi thi Uy + Vg~ 0 dac

biét:

2) Néu u,,?ocvﬁné'u (HCER:,HNEN, YneN, (n=N :>vn2C)},
thi u,v, > +0 dac biét :

Uy ——»+0
yan

L] = H,v, —r+0
"nT’*“’} e

u,, —+0
"o

* = WV, ———>+0,
VRT)!'E& R o

3) u,——>+w0 = 1 0.
HoO un Heo
4} NE&u ”"TO va néu (BNEN,VneN,(nZN = u, >0)),
thi i—>+c>o.

noo
uﬂ

Chitng minh:
1) Theo gia thiét, tbn tai m € R sao cho: (Van e N, v, 2 m). Cho A > O; vi
Up— X nén t6n tai N € N sao cho:

YreN,(n2 N=>u,z2A -m).
Trdétacé: YaeN,(n2N = u,+v,2{(A -m)+m= A).

Vay u, +v, T-ﬁ-m .

2) ChoA e R:_ s Vi, —— >t nén t6n tai N € IN sao cho:
A
vrelN, (HZN] = un_E]

bt Ny = Max(N, N} tacé:
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4
>

¥nelN [ nzNy, = “ C = uy,=24|,
v, 2C

vay u,v, T)+00.

3) Choe>0;vi u"TH-OO nén tén tai N € N sao cho:

Titdétacd: VnelN, [nzN::»

Yne N, (nZN:t:u,, _—l~]
Valeﬂ

£
i 1
=—=<&|.
u?! uﬂ
i

4) ChoA>0;vi u, —?0 nén tén tai Ny, € N sao cho:

nelN, [nZNl = ‘unléi) Dat Ny = Max(N, N) ta cé:

YnelN |nzN, = |u,,|£; = >4,

t, >0 “n
1
u, n°
Dai véi cdc day thue ta thu duge cdc bang sau déy :
«) Gi6i han va tong
“ﬂ'
i +00 —0o KG
vﬂ
r i+ +60 —00 KG
+00 +00 ? ! 7
—0 -0 ?
KG ?

Bang u,+ v,

o KG: C6 nghia 12 diiy s0 ta dang quan st khong c6 gi6i han, k€ ca hitu han hoac
v han (v cling).
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e 7: c6 nghia 1a céc gia thiét d6i véi (u,), Vi (v,), chua 40 &€ k&t luan; trong
trudng hop nay ta c¢6 mot dang vo dinh .

KG
¢ Trubng hgp {3: , ; -Ta 13p ludn bang phén ching : Néu (1, + v,), cb gidi
s lea)
han hiu han L thi:  t,=(u,+v,)-v;——>L-, mau thuin. Neéu
(1 +Vy}——>+o0 (1ong ding: 00, thi
Uy = (un v, )-v, — > (tuong Ung: -0}, mau thufin.
Vi vay (i, + v}, khong c6 giéi han ké ¢ hitu han va vo han .
o C6 thé bd sung phdn bang nAm han duéi dudmg chéo bang dsi xing
(i, + v, =v,+u,).

¢ Viividu don gidn vé dang v dinh :

2
Uy = 1" ———> 40
1) {” oo un+v,,=n2—n=n(n—l)T+co.

Vp = —H——> 0
Ao

U, =n+l———r+x
2) oo , oty v, =(a+)-n =1t

=
o0

= n+(—-l —r+x LA i {i
3} {:" e :: ™ , thy +v, =(~1)" khong c6 gidi han him han cling nhu

v6 han.

k) Gidi han va tich:

, Dl 0 | i=0 | 1<0 | +o0 —co KG
>0 w 0 i +00 —00 KG
=0 0 0 I ?
[<0 v - | +0 | KG
+c0 +00 —0 ?
—00 . +00 ?
KG ?

*
Bang u,.v,



60

Chuong 3 Daysé

3.1.4 Cac vidu so cdp vé day
1) Daycéng

Mot diy (u,), « N trong K duoc goi 1a day cong (hoic: cip s0 cong ) khi va
chi khi t6n tai r € K sao cho:

Ve N u,  =u,+r.
Phén ti » (duge x4c dinh duy nhdt ) dugc goi 1a cong sai cla day cong (u,),.
Khidétacod: Va e N, u,=ug+rn.
2) Day nhdn

¢ Dinh nghfa Mot day (u,), « \trong K duge goi 12 day nhan
(hoc cdp s6 nhan) néu va chi néu tén tair € K sao cho:

Ve N u,, =ru,
Phin tir » (duoc xdc dinh duy nhat ), trir khi (V2 € N, u, = 0) duge goi
13 cong boi cua day nhan (u,),,.
Khidétacéd: Vrne N, u,= uor".
o | Ménh d& Chor e K; ddy nhan (") , < v hoi tu khi va chi khi || <1
hay r=1.

Honnita:es |r| <1 = r'nTO.

or e ]340 = r’ —— 4w,
na .
Chiing minh:
1) Gidsu r e |1; +oof.

Tén tai h € R, sao cho r =1+ k. Véi moin € N”, bing céch sir dung nhi thiic
1]

Newton, ta cé r" =(l+h)" = ZCﬁ.k" >1+nh. RS ring 13 n———>+0; 16i vi hcO
juars o

dinh trong R’, nén ta suy ra 1+nhT>+uo va cudi cing +” —>o.

2) Giast |r| < 1va r# 0. Tach
H
rl<1= = o= — 40 " —0 = r —0.
=\l = - -
3) Nguoc lai gid sir diy (/") , ¢ N 01 ty d€n mot phdn tr cia K . Vi

(vn € N, /™! = r"r) nén bing céch chuyén qua gidi han khi n tién 16 +00, 1a c6
{=lr Tirdésuyra/=0hodcr=1. .
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3) Dady (%)RE);- ,ae R, cd dinh

* Gidsita>1;chon e N, ép dung cong thic nhi thitc Newton:
" "o Nk
a=Ra)"= (1+Wfa-1))"= 3 cklta-1)
k=0
2 icﬁ(%—l)" = t+nl¥a-1)

k=0

Diéu nay chitng t ring YneN", 0 < ¥a-1 < a—_l. tir d6 theo dinh li kep:

n

¢ Giast O<a<1;Khidy l;-»l,w?iy (xem trén day ) 'JITH;nhu'ng
o a

-1
{:[#I] ,Vay %—‘—)1
a Hoo

» Trudng hop a = 1 khdo sdt dé dang.
Cuéi cling: véi moi « € R, c6 dinh, Ya 1.

}1

4) Cédc ddy [“—a] ,a € i+o[, @ € N" ¢ dinh
neN"

1

1 .
Vige >1,néntbntai b e R*+ sao cho a® =1+h. Ap dung cong thitc nhi
thite Newton, tacé véimoi n e N — {0, 13:

n
1
[a;] zidh" > 1+nh+ ”(”—th > ”("*l)hZ,
k=0 " 2

2

% L
- k] | -
Cuéi clng: a_a=|:a il I , tir 6 ta c6 két qua:
n
aﬂ
v&i moi (a, a ) € ]1; +eof x N ¢8 dinh, — ——>+o.
na no
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Ching ta s& thdy (Tap 2, 7.5, Meénh dé 4) 12 két qua tren vin ding véi o € R.
Ngudi ta néi ring ham mi (a™) troi hon ham luy thira (n

n
5) Dady g4 , ac K ¢6dinh
n!
" /neN

bat N = E(lal) + 1; vé6imo1 n e N saochon>N,tacéd:

£f (4

e

n
tir d6 ta c6: véi moi a € K c6 dinh, ETTO' Ngudi ta néi rang giai thira
nl

(n!) troi hon ham mil (™).

Bai tap
0 341 Cho(w,),en 12 mtday thiuc saocho: ¥n € N, u, € Z.

Ching minh ring (), « n hoi tu khi va chi khi (u,),, 12 déy dimg .
¢ 31.2 Che{a b)e R?, (1,),- (V) 12 hai diy thyc sao cho:

vneN, u,<a
VneN, u,sb

Uy +v,,—nw—>a+ b
Chimg minh: 1,———a va v,——b .
1 L
¢ 3.1.3 Cho(w,),, (v,), 1 hai day thue hoi W .

C1 s . N . o Xy = Sup(“m-"n) . s
Chimg minh riing céc day (x,), v (¥,), xdc dinh bai: ¥neN, hoi tu va

Y = Inf(u,,,vn)
bidu didn giGi han cla ching theo gi6i han clia (1)), va (v,),

% 3.1.4 Chimg minh su hoi urva xdc dinh gidi han cia cac day sau véi 36 hang tdng qudt
dugc cho trong dé bai:

. i(.u +1)
a)zk : b)ﬂ——-—*. ) ¥3+sinn .

i+l :
i ):(2;(+3)

k=0



3.1 Hoity, phan ky

31.5 Dy (u,), < y dugc x4c dinh béi:

ugeC
YnelN, u,,= %(3:4,, +2W,)
6 hoi tu hay khéng, vi néu cé, gidi han 1a g1 ?
3.1.6 Cing nhr cAu hdi & bai tp 3.1.5 46i vdi:
nye ("

Ve N, w, = -;—(u,, +|“n|)'

347 Gidsip e N @ a, Ay d,) € (:R;)z” . Chimg minh :
=

i
; 7 n
a) lim iﬂi‘af = Max ¢ b} iim Zi,-a,-'" = Ming;.
s | 4 nw|

Isisp Isisp
3.1.8 Gidsi(a,b,¢) € R, 520 cho b - 4ac < 0, va(u,),, (v,), 18 hai déy thue sac cho:
(Hé + bu"V" + [.'VE T)O

Chiing minh : u, ——0 vi v,——0.
L] o0

3.%.9  Gid sir (1), 1A mét ddly c6 phin tir thuoe R, sao cho s s
uﬂ

Chitng minh ring : i, ——+o.
el

3.1.10° ChoaeR saocho Z¢ 7. Chitng minh ring sy tdn tai cha mot treng hai giéi
F s

han lim sin(n.o:), ]irncos(n,a) kéo theo sif tdn tai cba gidi han kia, va rang sy t6n tai ca
e G

hai gidi han dén d&n mau thudn. Hay két luan.

2 .
31141 Sr dung {¥vxeR,, x-% < In{l+x) € x), ching minh sy tn tai cla

n
lim ]‘[[1 L —”‘5] va tinh gidi han nay .
S RN
1
31.12 Véia e R, cddinh, im Iim(E(a"))/ﬁl néu gidi han nay t6n tat.
Ho

3.1.13  Khio sat (sy hoi tu, giéi han néu c6) cdc day xde dinh bdi:

g e (0

1 1
YneN, 4, =——1I[nu, -——
o n+3( " n+l]

{c6 thé xét n(n + )(n + 2u,)
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u =1

b)
u%+—‘-

Yne N*, upy =
2"
Hg € C
ueC
c)

1 ;]
vneN* w0 =— > u
n+l ’H'IZ‘,,

u| € R:_
d) no
YneN*, u, = Z—k‘g—
k=]
¢ 3.1.14 Ching minh sy hoi ty vA fim gi6i han cia céc day s6 ma s6 hang dng quat duge
cho trong dé bai :
1
cos # - 1 % 1
a h Yy NI
n k=1 ¥ n? + 2k =t Yn? +2k
d)LikE(kx) xeR e)ﬁ 1+ &1
n3 k=1 1=l R
n B 2n+|_l
¢ 3.1.15 ) Chimgminh:¥ne N, vz e C, l_[[l +2? ]= Z 2
=0

k=0

R
) Suy ra ,véi moiz € C saoche |z] <1: liml l 1+22 ! .
ncnk:U -z

0 3.1.16" Chiing minh ring véimeiq € |-1; 1| :

1
k

| 1-¢2 2*
tim{ [ | q - =(1-q).

) k=0 1+q

(cé thé sir dung bai 14p 3.1.15 a)).

¢ 3117
a} Cho (), la mot diy phic bi chén sao cho 1 2u, +u2,,—n-:o—)1 e C; chimg minh

“HTS

b} Tim mot vi du vé& day (u,), khorgbichin ma (i, + u;,), hoi &
¢) Tim mét vi du vé day (u,), bi chan, phan k¥ ma (x,, + #5,), hoi w.



3.2 Tinh don diéu

¢ 3.4.18 Day diéu hoa

i
TR . 1
Vdimoine N, dit H, = ZE
k=1

a) Ching minh: ¥Ym e N, H2m+1 -H » 2

1.
2" T o

b) Suyra:H,———+w.
o

. YneN", tyz1
¢ 3.1.19° Cho mét day thyc (u,), e « 520 cho:

Vp,qu*, Upig Suply

va (v,).,, 12 diy xdc dinh bi : Vne N*, v, = Inigy

Chimg minh ring (v,), héi tu va gidi hancdan61a Inf (v, ).
neN*

3.2 Tinh don diéu

3.2.1 Day thyc don diéu
+ Dinh nghia Cho (u,), « n 13 mot diy thyc .
e Tandi (1), tang khi va chi khi: Vn e N, u, < u,,,.
e Tandi (1,), < gidm khi va chi khi: Vi e N, u,,, < u,.
o Tanéi(u,), . tang nghiéem ngat khi va chi khi: Yn € N, u, < u,,, .
» Tanbi (u,), . n; glam nghiém ngat khi va chi khi: Va e N, u,, 1< u,.

* Tanéi (4,), N don diéu khi va chi khi (i), « N ting hodc (1,), e N
giam.
» Ta néi (u,),  ny don diéu nghiém ngat khi va chi khi (x,), . Ny ting
nghiém ngat hodc (1), N gidm nghiém ngat.
Nhdn xér.
1) Néu (u,), va (v,), déu tang (twong iing gidm) thi (x, + v,), ting (tuong
ting giam ).
. 2} Néu (u,), va (v,), déu tang (tuong ing gidm) va céc sd hang thuge R, thi
(#,v,), tAng (trong ing gidm ).
3} Mot day c6 thé khong tang khong gidm; vi du: ((— )" )neN" .
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- o | Binhly
1) Moi ddy thuc tang va bi chin trén thi hoi tw.
2) Moi diy thuc giam va bi chan dudi thi hoi tu.

Chimg minh:

1)  Gid sl (), e N 13 MOt day thyc tang bj chan trén. Tap {u,; n € N} 1amot bd
phén cla R khong rdng va bi chan trén. Vay cé mot bien trén, ky higu 1a /.
Cho &> 0. Theo dinh nghia cia /, tén tai N € N-sao cho:
[-g<uns i
Vi {u,), tang nén suy ra:
vneNp>NDu2uy =1 -65% <i<l+e=ly - < g.

Vay un-—?;—)f.

2; Chi cén dp dung két qua 1) d6i véi day (=l e N-

viDU:

< |
Cho u,= —

Voimoine€ N’ ta c6:
1 1 1 1

UL S R S &
=t =5 Y 5 T G d)

vay (i), 1808

Mat khic: wmelN, U, & n—l——l <1, vay (), bi chan trén.
n+

Theo dinh 1§ 1), ta két ludn ring (,), hoi t. Trong vi du ndy c6 thé tim limu, bing

Hac

céch sit dung khéi niém téng Riemann (xem 6.2.7).

¢ | Ménh de
1) Moi day thyc tang va khong bi chan trén thi tién téi +00,
2) Moi diy thye giam va khong bi chan dudi thi ti€n téi —00.
Chutng minh
1) Cho (u,)pen 12 MmOt day thyc tang va khong bj chan trén. Cho A>0Ownta N e N
sao cho u n> A. V1 (), 1808 va suy ra: wneNp2z N = u 2uy > A).
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Vay g =0

2) Apdungkétqud I)vaday (-ty)nen ladu.

Nh}in xét
“1) Néu (1), tang thi chi 6 hai kha nang :
s hodc (u,), hoitu .
« hoic unTHO.
2) Néu (x,), tang va hoi ty dén/, thi ! = Suplu,; n € N va dac biét . vn e N,
w, <1

3) Néu (u,), tang thi hién nhién n6 bi chan dudi boi ug.

Bai tap
YheXN, vy >0

0 3.2.1 Cho (8,), e N+ (Vly e N 12 hai ddy thre sao cho : (t_‘i] tang -
Vo JpeN

, . by + e T 3
Chimg minh rang :(—0—-——&] tang.
Vo oty ™

o 32.2° Véimoine N, dat u, =Clh Jnd™".

a) Chimg minh ting {,), hoi .
L
b) Datl=limu, ,ching minh: vn e N, /e 8 <u, <i.

6 3.2.3 Cho(u),cn: (¥y)ye N 12 hai diy thyc sac cho:

u, —» 0,v, —— 0
7 ne n oo
a )n o Bidm nghiém nglt -

u -
fud 23 B4 B — IeR
Vel = Va

. Lo
Chimg minh : =-——1.
V” Al

0 3.24* Chol{a.h) e{]{:)z VA () e N, (V) e v 12 cc day xéic dinks b3

ug=a,vog =2

, Uy 4V,
Vne X, (unﬂ = J#pVp VAVpp) = 5 }

6-GTT-T1
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a) Chimg minh rang (i), vA (v,,), hoi ty d&n cling mot gidi han. Gidi han ! nay khong
thé bi€u dién «mot cdch don gidn» theo a vd b, vd duge goi i trung binh
cong—nhan cia a va b,

b} Véimoin e N chimg td ting:
(vn_”n)z < (vn_“n)z )
Ao+ i ] B

M(‘]_
8yab

0L vy —tp =

¢) o Chiraringténtain,e N saocho:0<

A Suy tir b) ring:

270
v, —H
Vre™, |n>ng=02v, —u, SSJE Lo Mo
8yab
Nhy vay ,céc day (u,,), v (v,,), hoi tu «rat nhanh» dén /.
0 3.2.5% Cho(a),en» Wolne N+ Woly e, 12 ba diy thuc xdc dinh béi :

D<ug Svp Swy

N 31, vy N _ YW + Wty TtV _Up ¥y Ty
N, gy =—————— =42 #"n 2= =-r_ 7. "

1 F+ » P
VWi + Wiy + UpVp Vg + Wy 3

1
Chimg minh ring ching déu hoi t dén (uovowo)i.

3.2.2 Diykénhau
¢ Dinh nghia Hai day thuc (u,), e N» (V) « v GUOC goi 12 ké nhau khi
v chi khi:
(uﬂ )nEN tang
(v,, )neN giam
Yy — u, TO
¢ | Ménh dé1 Neéuhaiday thue (), ene (VdneN ké nhau thi ching héi

tu va c6 cling mot giGi han. Hon nira néu ki hi¢u / 1a gi6i han chung thi
taco:

VneN,u, Sy SI<v,y g Sv,.

Chiing minh :
e Véimoin e N, dit: w,=v,— u,. Dy (w,), « n g1dm Vi:
Wy~ Wy = (Vo1 = Hpp)) = (V=) = (Vpsr = Vi)~ (1 = uy) € 0.

Vi w, gidm va c6 gidi han O, nén tasuy ra: Vo e N, u, <v,.

cs:'. [



3.2 Tinh don digu

o Nhuviy:¥ne N, u, St S Vo) SV do 46 (it,), < ny tang va bi chan trén
851 vg, nén hoi ty dén mot s6 thue 1, edn (v,), « x B44M va bi chan duéi bdi ug nén hoi
u dén mot s6 thuc .

s Vi (un Tf,vn -—r;—ﬂ',vn —u, —FO], tasuy ral= [ va cuéi chng:

YneN,u, S SIS v SV, ]

Trong céc 4p dung bing s6, nhan xét rang khi 460 < -1, < v,— ity c6 thé cé ich .
viDpu:

1} S6e,coso clia cac logarit Népe

(]
o . 1 N :
Véin e N ,ditu, = E Evh v, =u,+ . R& rangla (1), « n+ tang nghiém

nenl
ngat vh vn~u,,-—n;—>0. Hon niva :
nt 1 1
Ve, Vyut —Vy = el ~Ha +m_ﬁ
1 1 1 1
=-———+.———————-——=— 40,

(n+l)! (n+i)-(n+l)! nnl  n (n+l)-(n+l}!
do d6 (v,), « n 12m nghiém ngat .

Nhur vay (#,) e n* VA (V) e n» k€ nhau, nén hoi tu dén cing mot gidi han, ki higu 1a
¢. Bay gid ta chimg minh ring ¢ 12 s6'vé 1.

RS rang la e > 0. Gia st ton tai (p, g3 € (N*} sao cho e = (p/g). Quy ddng miuv s6

L : a_ .
L{?:g—ﬁ ta thdy t8n tai @ € N* sao cho 1= E’-; vi vay:

g ¢ ¢ ad
mau thudn, vi a, p(g — D!, a + 1, déu la nhing s8 nguyén, Cufi cing: e ¢ Q.

Ta c6 thé ching minh, nhung khé hon xiing e 12 s6 siéu viet, nghia 14 n6 khong 1am
triét tieu bat ki da thic nao thuse ZAX] - {0}. (Tap 2.C1.4)

2) Day cac xdp xi thap phan non hoac troi cita mot si thare
patD = 10" (@, n) € Zx N}, goi 14 1ap hop céc s6 thap phan. Cho a € R; vai

mei n € N dat
= 107" E(10"a) va v, = 107 (E(10"a) + 1)

U, <A<V,
Vaytacé:Vae N, 1107y, eZ va 10"v, e Z.

-
v, -ty =10

u,, dugc goi 12 xdp xi thap phan non dén 107" chaa.
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v, dugc goi la x&p xi thap phan troi dén 107" ciia «.

Chon € N. Vi O"a)ﬁ 10'a <E(10" )+1 ‘
{ ?IU”' a.)-s 104 <E10’”’la)+1
) 105(10” a) < 10™a < E(l‘n"“ a)+1
nén ta co: .
E(lo"” a) < 10" < 10(E(10” a)+1]
Vi 105(10” a), E(] o™ a)+l ,E(lo"*‘a}, 10(13[1 (f'a)+1], 1a nhing s& nguyen nén :
10E(107a) < E[m"*'a)
E(lor”'a)n < 10(E(1d’a]+ 1)
Vayu,Su, . v v 1Sy,
Nhu thé (i) e n VA (Vadpe N lé‘nhfmg déy ké nhau, do dé cung ti€n dén mot gisi han
. Honnitado (Vvn e N, u,Sa Sy, tasuyral=a
Cudi cing: cac diy xdp xi thap phan non hodc trdi cha ¢ ké nhau va hoi tu dén «.
Nhdn xét

1) Déday cic xdp xi thap phan noncha gla diy dimg, diéu kién cén va da
lhaeD. .

2y vre N, 0% by~ upSa—u, <v-u, = 107", nén u, 1a s6 thap phan
chifa (nhiéu nhét) n chit s6 sau ddu phay. Nhu vay n chif s6 d4u sau ddu phdy clia u,,
v i, [a nhu nhau (n&u @ 2 0). N6i khic di, chi khéc u,, & chir s& thap phan
thit (7 + 1); chit s& nay bing 0 & u, (nfu o 2 0).

3) O day ta c6 thé thay 10 bing mot s6 nguyén bt ki 16n hon hodc bang 2.
¢ | M&énh dé 2 («Pinh Iy vé cac doan long nhau»)
Cho hai diy thuc (a,), ¢ n- (P}, e N 520 cho:
vnelN, g, <b,
vneN, [a,:b5m]c[anbal

b,—a, TO

Khi d6 tén tai mot s6 thuc / duy nhét sao cho ) la,:8,]= {1}

ne~

Chitng mink:  Céc diy (a,), va (b,), ké nhau, viy hoi tu dén cing mot gidi han .

Nhén xér. K& qua nay s& dugc khdi quét hod trong Tép 3 khi khdo sét cdc khong
gian vectd dinh chufin di.



33 Daycon
Bai tap
¢ 3.2.8 Chimg minh ring cac day sau ké nhau:

a) u =Zn:—l v, = U +l—L nz3
=t 2 U T LR

] * L - -
bl u, = . Yy =y +———, n2], e\ hay R ] c6 dinh
=t et (hay &)

¢ 3.2.7 Haibo phan A va B cila R duge goi 13 ké nhau khi va chi khi :

Yac A, vbe B, ash
Yex>0, 3(a,b)e AxB, b-a<e

a) Chimg minh ring hai bd phan A v B cia R k& nhau n€u va chi néu : Sup(A), Inf(B)
16n 1ai vd bing nhau,

h) Chimg minh ring néu (a,),en. (P laen 12 hai diy ké nhau thi hai bé phin
A=la,neN),B=1{b,;ne N clia R ké nhau, diéu ngirge lai ¢6 ding khong ?

3.3 Day con

¢+ Dinh nghia 1
e Ta goi moi 4nh xa tang nghiém ngat - N — N la mot ham trich.
Véi mot déy(un)n e N cho trude, mot day (“0{"))neN Vol o(n) 1a mot

ham trich duge goi mot day con cia (i), e N

Nhan xét

I} V& moi ham trich o tacé: (Vr € N, o(n) = n), ta chitng minh tinh chét nay
d& dang bing quy nap theo n: (o(n+ 1} > a(n) 2 n vy oln + 1) 2 (n+1).

2} Néug, r |2 hai ham trich thi o ¢ 712 mot ham trich. Do dé mei ddy con ciia
- mot diy con ciia (i,,), ¢ i cling 12 mot ddy con cla (i,), e N.

viDu:
1) (uapdyen VA (g, 4 )y e 18 cic dly con cld (1), e N.
2} (an Jn o ta hai day con clia (1,), « N
3w )n _~, khong phii 12 day con t (), « (Vi g b} «lap 1),

n —-n

Fa
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¢ | Ménh dé 1 Néumotday (u,), .y hoi tu dén mot phan vl [ thuoe K,
thi moi day con trich tlr (u,),, < y cling hoi tu gén 1.

Chitng minh: Gid sit Up———{, vio Id mot ham trich.
Thoe>0,tén tai N € N sao cho:
VneN, (nzN=lu,—i| &)
Khi dé ta c6:
YneN@mzN=acmzocN) 2 N= |uc(n)—l| < g),

Vay uG(H]T)Z‘

Nhan xét _
Phin dio cha ménh dé 1 cho phép ching minh phimg diy nhit dinh 13 phan k3.

Chéng han ((—1)”) phan kj vi diy nay c¢6 hai day con ((—1)2’1) vi
nelN nelN

((—I)ZHH) hoi tu dén nhirng gidi han khéc nhan.
nelN

Meénh dé sau day rit don gidn nhung thudng c6 ich.

¢! Ménhdé2 Cho(u,),. n 12 mot diy trong K va / € K. D (1), ey
hoi tu dén /, didu ki¢n cn va db B (wp,) g V2 (#2541), 80 hOI

dén /.

Chitng minh
» Diéu kien cin suy ngay iy Ménh dé 1.
e  Ddo lai, gia sit ub,T)l,vé. m‘—;r)l‘
Cho &> 0, tn tai N, Ny € Nsao cho:
pzN =y, ~l<e
vpeN, | i i .
p2N2 =>|“2P+1.—I1$E

bit N =Max(2N;, 2N,+ 1) vi xét n € N sao cho #> N.Tén tai p € Nsao cho
n=2phoacn=2p+1.

Trong trudmg hop 1, (# = 2p), ta ¢6 2p 2 2N, vay p 2 N; tr d6 ta suy ra
lun -!| =|u2p —!lSs .

Trong trudng hop 2, (n=2p + 1), 1ac6 Zp+ 1 22N, + 1, vay p 2 Ny, tir d6 ta suy ra
|u,, —I|=‘u2p+1 ‘I! <e.

Diéu nay ching 10 : ty——A.
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¢ | Pinh ly (®inh ly Bolzano—-Weierstrass)
Tir moi day thuc bi chan ta déu c6 thé trich ra mot day hoi tu .

Chiimg minh: (Phuong phép chia déi) .
Cho (i), « N 12 MOt A3y thuc bi chan. Ta s& xay dung béng quy nap hai ddy thuc
(@) (Ppdn k& nhau va mot ham trich & sao cho:
¥Yne N, g,y € la,: bl
Tén tat (ag, bg) € RZsaocho:Vne N,aggsu, = hos
o rang k e Njuy € [ao;bo]s N 12 v6 han.
Cho n e N, gia sir 48 xéc dinh (a,,, b,) € R suaoc cho:
a, <bh,
kel e [a,-,;bn]} la vo han.
: 1
3
by —an = '2_'(b0 'ﬂn)

n

a, +hy,

Xét diém gilia cha [an;b,,], o rang it mhit mot trong hai khodng

b, b .
[an;-(i"—;—i}[g”—;—i;bn]lh khodng mi tap céc k thudce N sao cho u, nam trong
khoang 4y 12 v6 han. Do d§ t6n tai (¢, 1, Pre1) € R? sao cho:

Gp S bay
ke u e [a,,+1;bn+l] } lavohen. .

1 1
Byl —Gnn1 = E(bn - an) = E;H,_](bﬂ - aﬂ)

Ta dinh nghia ham trich theo céch sau : o(0) =0,va v6i moi n thude N,téntaik e N
k >o{n)
sao cho: vadat o(n+ )=k
th €|ty )
¢ Nhu vay; ta di xay dyng duoc hai day thuc (@) (D) V2 ham trich asao cho:
vnelN, a, <by
VnelN, [an+l s by ]C [an ;bn]
bn —ay ———n;—') 4] )
vne N, ugp) € [an;b,,]

Theo dinb 1y v& cic doan 16ng nhau, 16n tai [ € R saocho: vae N,/ € {0 bal-
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Viytacé: Vn € N, |ug,— | £ b, ~ a,, vavi b, —a, ———0 nén ta suy luan

Ta: Uy ——};}—»I. Cudi ciing, ta da c6 theé trich ti (x,), mot day (uo.(,,})n héi ty.

Bai tap

¢
&

331 Ching minh ring moi ddy trong K. udn hoin vi hoi ty la day dimg.
3.3.2 Cho mot day thuce (i), « p; s20 cho:

m+n

V(m,n)e (N')z, Ozu,., <
mn

Ching minh ring u, —0.
, \ up € R
3.3.3 Khiosdt diy (v,), e iy xdc dinh béi: R
Ve, u,, =ul+ (— ]rn

334  Cho (u,),en 12 mot diy trong K sao cho cdc day (uz,, )nei\' .(u2n+1)

e
lung )ﬂa\' hét tyu.
Ching minh ring (u,), e 5 hoi tu.
3.3.5 Cho(x,), e 12 mot ddy trong K vaf: N — N [Amot 4nh xa .

a) Gibsif 1a don dnh. Chimg minh réng nél (), e N h0i tw thilus(z)) .. ity

b) Gia st f 14 todn dnh. Ching minh ring néu (uf(,,)) " hoi tu thi (u,),, e ny hoi to.

ne
) Gid sl f 14 song dnh. Chimg minh ring néu (u,}, ¢ py hoi 1 khi va chi khi (uf(”))ne‘\'
héi tu .

3.36* Cho xeR - Q vd (), e y 12 mOt diy 58 hitu ti hoi ty dén x; v6i moi n € N

ta ddt u,,:ﬁ véi (p,,q,) e ZxN*,
Gy

Chi inh ri X .
g minh réng g, ——>-+o Vﬁ!pﬂlT+w

3.4 Mot so loai day thong thuong

3.4.1 Day afin truy héi cap mot véi hé s6 khong doi

b6 1a céc day (u,), e n trong K sao cho tén tai (¢, b) € K? thoa man:

Vne N u,  =au, +bh.



B8 sung

Néu @ = 1, thi 46 1a diy cong (xem 3.14 1). Gid st a = 1. Cho 4 € K (s&
chon sau) va day (v,), e y Xéc dinh boi: Vrn e N, v, =u, + 4.
Tacé: VneN,v =, +A=au,+b+1
=a(v,— A} + h + A=av,+{(1-a)i + b).
Khi chon A :% , ta thdy {v,),, e v 12 mot dly nhan véi cong béi . Vay:
YneN,v,= a" A

h
Tt dé:vneN, u, =a" Lm+L —
a—1; a-1

342 Day truy héi tuyén tinh cdp hai véi hé s6 khong ddi
Cho (a, b) € K% ky hiéu £, , 12 tap hop cic day (u,), « y trong K sao cho:
Vne N, u,,, = at,, +bu,
goi 1a céc day truy héi tuyén tinh cp hai v6i hé s6 khong doi.
1) Cdu tritc va sé chiéu cua E
a) E, ;12 mot K —khoéng gian vectd vi :
o E,_;# O (diy s6 khong thuge £, ;)
e Neude K, (4),eN € Egpr Vp)ne N € Egp thi:
Vn e N, Aty + Vo= Mas, + i) + (@vp  + 5v)
= a( At ppy + V1) + DA, +v,), vay (Au,+v,) e N € Egpe

b) Ki hitu (U)eny Vdpen 12 hai phin tit cha E , xdc dinh béi:

Up=1, [ =0
Yp=0, 1=1"

o Cho (o, ) < K?sao cho a(U,), + AV ,),=0.

cap 1AL aU0+ﬁV0=0
Biac bét la: {aUl +BY =0’

vaya= =0

Diéun nay chirala (U,),,(V,), doc 1ap trong £,

e Chg (u,), € E,. Ta chimg t bing quy nap hai budc theo n ring :
Vne N, u,=ulU,+uV,

Hé thitc hién nhién dugc thod man véin=0van=1.
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Gia st v6i mot n € N cd dinh: {u” = ﬁOU"UJr ¥y y
Upey = UV pat TV pid

Thé thi: #,p =AU +b u,=alu Un+1+uan+l)+bll(] U,+y I/,;)
= ug(aU gy + DU ) + 1 (V) + bV, )= ugU psa + 81V a2 -
Diéu ndy chimg to rang ((U,), (V,),) sinh ra E g Cudi cung,
((U,)(V,),) 12 mot co s& ciia B, vay dimg E.p)=2.
2) Cac phén tix dac biét cia E,;

Ta xét xem E,;, ¢6 chia cic diy nhan hay khong. Chor e Kidiy ™), e N
thuoc E,, , khi v chi khi: Vn € N, 7" 2= ar”” ! 4 by" nghita Ya r"—ar - b =0.

Phuong trinh 1% — ar — b = 0 duoc goi 12 phuong trinh dac trung (cila chc
day tuyén tinh truy héi cép hai thod min: Vr € N, u, o= ati, . |+ hid,).

Ki hiéu biét thitc clia phuong trinh nay la A=d* +4b.

Truong hop 1: Phuwong trinh ddc trung ¢6 hai nghiém phdn biét trong K ki
hiéu la ry, vy (xdy ra khi K=Cvad#0)hay(K=Rvad>0)).

Ho ((r{’ )neN’ (r;f )nei\‘) la doc lap trong E,j, mA 6 chiéu bing 2; vay do
1a mot co s& clia E . Tén tai (4, ) sao chor
vn e N,u, =4 + 273 -
Trong thyc t& ngudi ta tinh Ay, 4, theo ug, ¥, 7y, 77 -
Truong hop 2: Phiong trinh ddc trung ¢é mot va chi mot nghiém trong 7 ky
hiéu la ro(truong hop A=0). ‘
Khi dé ta thiy 13 hai day (rg"), e N V2 (179" )y e N 13p thanh mot co 56
trong E,,, (biing cich sir dung rp = %).
Tén tai (1), 4y) € R? sao cho:
vne N, u,= Alr[)"+ /LGron'l.
Chu ¥ ring, néu (rp=0van=0), nron'l duogc coi 1a 0. Vi vay:

g )nEN =(0,1,0,0,0,..,0,...)

Trudmg hop 3 Phuong trink dgc trung khong cé nghiém trong K (nghia ia
K=RvaA<0)



B& sung

Ky hiév E_, 13 tap cdc ddy phitc (u,), < N thod min gia thiét truy héi:
VneN, u,,, = au,,, + bu,; E,, 12 tip cic ddy thuc ciing thod min gia
thi€t truy héi d6, thé thi E,p =E,, NR™ .

Theo su khdo st & trudng hop 1, khi k¢ higi » vir, =7, 1a cc khong
diém phic (khéng thyc) ciia phuong trinh dic trung, ta c6:
Ep= ﬁa, 7'+ Ay )ne:\,; (4,4, )eC? }

Ta s& chitng minh réng : £, , = {[Alr{’ + llrl"] = c? }
ne™

* Vdimoi 4, € C, day (Z] '+ A rl”) 12 phdn t cba £, v6i cdc
' neX
s6 hang thuc, nén thudc E .

¢ Nguoc lai, cho (#,),en €E,p, Vi E < E°,, nén ton tai (Z{,iz)ecz
sao cho Vn € N, u, = 411" + 75
Nhung:

) R A+ eR
W), en € E,p :{uoe @{‘ &

meR " |4r+4n eR
A+ A=A + Ay

PN 1 e _1 _i .
/I]F'] + 2,2?'1 =/11 4] +2,2F'}
MA+dr=dy + 4y

@{1 =4+

An +Aan =An + Agn

o h=hh Q{h—Z_eR
lo-2k=lo-ah  -Aher
=y~ =0 vi neR

Vay E,, = {(Al "+ 4 rl") ; A€ C} = { (2 Re(/?,lil" ))nEN; A€ C}.
. nely _

Ta c6 thé ti€p tuc bi€n ddi bidu thitc vita thu duge.

i) =%(A—iB), (4, B)eR?

Dt
p=|r1|,8=Arér1)
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tacé: 2Re(Ar,”) = Re((A — iB)p"(cosnd + isinn6))
= o'(Acosnf+ Bsinnd).

Cufi cing: E,p = {(p" (Acosn@ + Bsinnd) . ;(AB) € JRZ)

vai p=|r1|, €=Arg(r1).

viDU:

' 1) Dy Fibonacci
Ta tinh phin ti tdng quét clia diy (¢,), e X4c dinh b&i:
$o =0, =1
{V” eN, $u2 =bur1tbn

w5, 1-45

Phuong trink dic trung r* —r — 1 = 0 ¢6 hai nghiém thuc 1 5 v 5 do dé

16a tai (4, A;) € R? sao cho:

YneN, ¢ =7"~1[1+J§]” + A, H_.S_T

2 2
1
_ A+ =0 M=—F
Ta cé: {%:Oc:» 1445 1-4J5 .o V5 .
# =1 A +2A =1 _ 1
17, 27, Ay =——i=
J5

Viy, gid tri cha ¢, Ia:

1 {(1+5Y (1-45)
vreN, ¢n=ﬁ[ 5 ]—[ > ) .

n
Nhdn xét: VéiméineN,vi-}— 1-V5 SL<l,nén¢,,lﬁsﬁnguyéngﬁn
N Js 2
n
st véi [ 125
Jsio2
=1, u1=i

2) Tinhu,, biét ting { ° .
YneN, i,z =4du, —du,

Phuong trinh dic trung r* — 47 + 4 = 0 ¢6 mot nghiém duy nhit r, = 2 {goi 12 nghiém
kép); do d6 t6n tai (4, 4,) € C? sao cho

VneN, u,= 42"+ Ln2".



B& sung

Ta c¢6: u0=.l = M=l = M =1 .
# =1 2h +hy =1 ]

wds: VneN, u,=2"+ni-22""
up =0, =1

3) Tinh «, biét ring { 0 ! .
VneN, u,o=-2u,. —4u,

Phuong trinh dic tnung P +2r+d4=0 khong c6 nghi¢m thuc nhung cé bai nghiém

phitc lien hop 2j va 2% V1 |2 = 2 va Arg(2j) = ZT“ [27]. nén tén i (4, B) € R?

sao cho:
VneNu,= 2"[Acoszﬂ:+ Bsinh—n)‘
3 3
0 A=0 A=0
. JHp = 2.
T co: {u1=l = 2(Ac05£+85in2—n)=1 = B=—1—'Tﬁdo'
3 3 3
2" 2nm
VnelN, u, =—sin—
n ‘/5 3
Bal tap

¢ 3.41 Xic dinh i, sao cho diy (u,), e i xdc dinh boi:

{HD =1
VneN, g =—i,, +u,
6 14t ca cdc s6 hang thuoc R,.
0 3.4.2 a) Tim s6 hang t8ng qudt cia ddy (u,), ey Xdc dinh boi:
(9.1 ) € R2
qu e, M= %(u,m +u,)
va khio sit s hoi tu cla diy d6.
bj Ciing ciu hdi nhue & muc a) d6i véi:
{uo =0, =1

_ 1, -
VneR, Hpya =My — Eun

u, >0, >0
¢ 3.4.3 Tinh u, bi¢t ring L
YnelN, u,,= (u%nnﬂ]S

¢ 3.4.4 Vdicdc diy (u,),  ysau diy, hiy tinh 8 hang t8ng quat vi khao sdt sy hoi tu:
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ty >0, >0

a) Yne N u,, = 24, U, ‘ {str dung bai tap 3.4.2a).

Uy iy,

g =3+1
b} . 1 —y
Tne XN, iy = 1(3:,:,1 - lu,,)

37 35
Hy = o=, = ——
¥ 12 12

Tre N, d,,q =ty + 20, + (=1 + 3l
¢ 3.45 Cho(u,),. pladay thuc xdc dinh boi:
) =Ny =H3 = 1

Vne N* 4= L+ iy aiigd
* TN

HH

Chimg minh ring: - Va e IN*, «, € N*.

3.4.3 Day truy hai loai u,, , = f(u,)

(3 d4y chiing ta s& s dung cdc tinh chit so c4p ctia céc dnh xa lién tuc (xem
cherong 4) va cdc 4nh xa kha vi (xem chuong 5).

Cdc tinh chdt chung
Cho mot khoang déng / cta R, f: I — I'1a mét anh xa.
a) Gid sitfdon digu trénl.
¢ Trudng hop ftang trén [
Vi(¥n e N, u,, - u,=fln,) — fi,)), nén ta thdy rang u,, — ,
cung dau véi uy — g
Chinh x4c hon:
{uo Sy = Sy == Uy SHpy =

o DU > W 2y L Uy SHp D

Nhu vy, (4,), « n don digu va cé chiéu bién thién phu thude vi tri

twong d6i cla ug va u;. Trong mbi vi dy chi con phai xem (u,), bl
chin duéi hay chin trén.

s Trudng hop f gidm trén [.
Anh xa f o ftang trén / vay (trudng hop trén) hai day con (i3,), e N

VA (s, P ¢ v d€u don digu (va cd chiéu ngiroc nhau).



B4 sung

b) Gid sitflién tuc trén 1.
Néu u, ——leR thilel, chuyén qua giéi han khi n tién t6i +o0
trong biéu thic u, , | = flu,), ta suy ra () = . Thudmg thi: ta ¢6 thé
gidi phuong trinh f{I) = { (4n 12 ! € I) va tir d6 x4c dinh duge cac gidi
han “kha di” cva (u,), e N-
Ta néi mot phén it x ciia 7 1a mot diém bat dong clia f khi va chi khi: fl)=x.

vipu:
Khao st cac day (4,), <y 5au diy:
Upg = 1
(1 _ uy
Yne N, Uyl = —2—
Uy +1
» Trudc hét, mot phép quy nap don gian cho théy rang:

¥n e N, u, € [0; +cof.

3
u .
o YneN, -ty = ——— <0, vay (u,), gidm.
u, +1 )

» Vi (i), giam va bi chin dudi boi 0 nén n6 hoi ty dén mot s thue [, val = 0.

Chuyén qua gi6i han khi r tién t6i +0, ta c6: = T dé1=0.

{“+1

Cudi cing: i, TO'

20 ER:_
. 2
1
YueN, u,4 =E[u"+f_

Up

) ] & 6 acR% 6 dinh.

e Truéc hét mot phép quy nap don gidn cho thdy véiméin e N, 4, la ton tai va

u, € J0;+oof .
2
e Yy e [0 4o, [x:l[x+a—} o x° =a? o x_=al.
2 X
2 2 2
+a” =2au -
OVMGN,unH—a:u” ¢ a”=(u" a) >0
2u,, 2u,,
' az—u,
o YneN* uq—u,=—-"50.
2u

n

Vay, (1), « n+ idm va bl chan dudi bai a nén hdi ty dén mot s6 thuc [ € [a; +f, s6
thuc dé chi c6 thé Ja a theo 19 gidi cia flx) = x.
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Cubi cling: u, ——>a.

Nhdn xét.

2 2
¥ne N*,Usun_‘_l —a= (u" _a) < (“n '_“)

2ane, 2(12

Diéu nay chiing 6 ring ddy (4,), « x 1i€n 161 @ rit nhanh (xem béi 1dp 3.2.4).

ugeR,
3 YaneN, w4 =16(u3, +8]'

e Phép quy nap don gidn ching to ring: ¥n € N*, 4, > 0.
e« Chof R, ->R, . Phép gidi phitong trinh fix) = x (4n & x € R,) cho
x— %Lr2+8)

thiy f¢6 hai diém bét dong: 2 va 4. Ta ¢6 ngay bang bi€n thién cla f

X 0 2 4 +00

+a

£ A
e

L | e

Céc khoang dong [0; 2], 12; 41, [4; +o| déu 8n dinh d6i vai f
(nghia 12 f10; 21) < [0; 2],-..).

e Viftang, (1,), < don diéu nén chiéu bién thien phy thude vao ddu cha uy—ig.
Vitvae R, lny—-x= %(x ~2)x—4)), nén dfu cha u, — ug phu thugc vao vi tri

clia g so véi 2 va 4.



Bé sung

Y& ;L
4
;
2
1t
O uy 1 wu,2 uyum, 4 uyu; x
1%fcas 2° cas 3¢ cas

Trudng hop 1: uy e [0; 2|
O day u; > ug, vay bang mot phép quy nap don gidn ta cé: Vi € N, upy( 2 u,,
Hon nita: Ve € N, 1, € [0; 2). )
Viy («,), tang va bi chan tren béi 2, nén hoi tu dén mot s6 thue 7 € [ 2].
Tadithdy /e {2,4}, vayl=2.
Trudng hop 2: ug € 12; 4.
Bing céich tuong ty ta théy ring (u,), gidm va bj chin dudi bdi 2 nén héi tu dén mot
sOthuc ! € [2; ug) < [2;4]. Tadd biét! e {2, 4}, vay I =2.
Trudng hop 3: ug=4.
Day (u,), « pykhong déi va bing 4, hoi tu dén 4.
Trudng hop d: ug € 14; +ool.
3 day (#p)y ¢ ntang. Néu (u,), hoi tu dén mot sd thue  thi ta c6 1 2 ug > 4, mau
thudn v6i 7 € {2, 4). Do d6 (u,),, tang vi phan ky, vay u,, —+®.
Ta néi ring 2 13 diém bat dong hat va 4 1a diém bit dong ddy cia f.

tg =1

4
) VanelN, u,,, = ]
- 24u,

* Phép quy nap don gian chi ra ring véi moi n € N, u,, t6n tai v i, € |0; +o[,

7-GTT-T1

a3
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y o Cho £ [0+ = [0 +o0.
’ §

X ——

Phép giai cua phuong trinh fix) = x
y = /) (4n 3 x €|0; +oo ) cho thiy f cd
: mét vi chi mdt diém bét dong, ky

hitu @, v a =2 — 1~ 0,414.

0 ty O, u, Xx

i 1 _ 1 |= 1“”““' <l]u _a|_
|2+u, 2+a] Q+u,)2+a) 4""

¢ YneN, |u,, —af=
Bing mot phép quy nap don gian, ta suy ra:

Yn e N, |un —a| éiﬂlug —a’|,
Vay u, —a.

4] day khong cin khao sit cdc diy con (u3,), Va (17,41,
ug €[0; +oof
) YneN, u,, =

1+n£

¢ Mot phép quy nap don gian chiraring: Vr e N, u, 2 0.

o Xétf: [0; +o0] — [0; +co[, 12 mot ham lién tuc. Ta cé:
P

X >

1+x2

Vxe [0+, () =x X +x-220 © (-t +x+2)=0 & x = 1).
Vay néu (1), h6i tu thi chi c6 thé hoi tu dén 1.
¢ Anh xa fkha vi trén {0; +oof :
VieR,, f(x)=-— _<o0,
(1+.r2)2
Vay f giam.
Vif (1) = -1, ta khong thé 1ap luan nhu trong Vi du 4.



B8 sung

y
2
\ y =X
1
<
\\
\ y = flx)
-0 ity 1 RN x

¢ Ta s& chiing minh ring u,, Tl VA #yp41 Tl‘

Cho g= fef: [0+ o [0+ 14 m6t ham tang vi f giam.

M x? '

(l+.rc2)2 +4

x s glx)=

Ta tinh:
-2t v2x —ax? 4502
(l+x2.)2+4
=_(x—l)3(x2 +x+2)
(l+x2)2+4 -

Khidy: ¥p € N, (g, € [(5 1] vh g,y €115 +0] ),

Yxe [0;+c:oL g(x)—x =—

Truomg hop I: ug € |0, 1]

U3y — Uz, =gl -z, 20
vay: ¥pe N, Zp d ( Zp) ? .
Hape3 —Wapel = 3(“2p+1)— typs) S0
Do d6 (uy,), tang va (4y,41), gidm.
Hon nita, vi (Vp € N, up, <1 < uy,,), nén ta suy ra ring (ug,)peN hoi e d&n mot
phin tlr 4 € [0; 00| V2 (3,,1),eN hoi tu d&n mot phén tir 4 & [0; +oo].

Vi g lign tuc trén |0; +oof va vi (Vx € [0 +x], (glx) =x & x=1)),néntasuyra
A=u=1.

Cudi cling: u, — 1.

Trucng hop 27 ug € |1, +ol.

Vi u) = flug) € |0; 1], ta quy vé trudng hop trén (bang cich thay g boi Vi uy) va o
cung mét két ludn: u, — 1.

85
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Bai tap
¢ 3.4.6 Khio sdt cic diy (u,), xdc dinh bai:

H0=l
@ Vnel\lz,u“]:l—i
uﬂ
Hp ER:
h) 243
Ynel, u, = ]
2u, +1

L juwoeR
D \YneN, uyy =YTu, -6
(¥x 43 duoc dinh nghia cho x € R, rong 1.2.3,2); véix e R_ tadat ¥x =-v—x).
up € R:.
d) VMEN; Upy) =u,,+L—1
Up

. |ugeR
£} 2
Vre N, u, =u, + 2u,

up e J-50
L N, i =1+ (D" {1+,

: uoeR:

&
VneN, uy = J“n +Ju,,_1 +J:G

g e R
k) Vre N, tg =, + j:} |.r - u,,|df

g €[0:1]
Vrhe N, ty, =sinu,’

i}
0 3.4.7 Khio sit ddy (#,),en duoc xdc dinh bi:
up 2 0

YreN, Uy =

6 -
2+ug

0 348 Cho(e. h) e R% saocho O <a < b, va {1 e Voleen 12 cdc ddy duge xde dinh
bai:

up=a,vg=>b
ty + Vy

Uyl = )
vneN, { "l ‘/_)__
Vr+l = H4nt1Vn

Hiy chimg minh ring (u,),ep v (V,),eny ho1 tu 163 cling mot gidi han; hay biéu dién gidi

han dé theo 8= Arccos% .
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¢ 3.4.9 Khio sét cde diy (1), (V,)en duoe xdc dinh bdi:
tp =¥y = 0

vneN, {u”” =3

Vnel = 3+ Uy

B6 sung
¢ € 3.1 Trung binh Césaro
{ — Trung hinh Césaro

1)* Cho mét day (u,),s, rong C, va {v,),,, 12 day cic trung binh Césaro, nghia la
day duoe xdce dinh bai:

Yrne N* v, = -lv(ui ot u,)
n
Ching minh réng, neu (u,),., hdi w dén mot 6 phic /, thi {v,),) cling hoi ty dén /.

2) Diéu déo lai v6i tinh chdt !} cé ding khong?
I — Mot 56 dang khde hodc suy réng

1) B dé bgc thang: cho mot diiy (), trong C sao cho u,,, — u, — e L8]
chitng minh: L SN
. n oo
2) Truing hop +0
Cho {u,},z, 12 mét ddy thue sao cho uy, ™.
Chitng minh: —]—(ul +..+ u,,)-——————) +00.
H L]
3)* Suy rongcial I)
Cho mot day (11,),zy trong C va mot diy (4}, trong R: .

n
Zva Ay ———> + 0,
Gia sir; unT)!E( vakzlk — o0

n .
> Ay
Chifng minh ring ":}'— — f.

"
k=1

a7
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HI — Mgt s6itng dung

1) a) Cho (u,),z( 1a mot ddy c6 cdc s6 hang thuéc RY .

Chitng minh ring néu (NL*—L] hoi ta t6i mét 56 thye 1 thi (\"fu,, )n>| cling hoi
” =
nzl

tu tdi L (S0 dung mot 16garit).
b) Hiy suy ra cdc gidi ha_m khi # —> +o0 cla:

|
L (c’;,,,ﬁ voi p € N- {0, 1) ¢6 dinh,

() A

2) Cho (u,) 20 12 diy duge xdc dinh boi:

HgER:_
H
VYnelN, u,=—2=
n+l 1+H_$'

&) Chitng minh u, TO

b) Véimoine N, dat U, =L2 . Chwing minh: U7, 4 —UHTL’ .
Uy
c} Sit dung bd dé béc thang, hiy suy ra:

1
u, nghiala +2n -y, —— 1)
o210 (ngh B

¢ C 3.2 Gi6i han dudi, gici han trén

] — Ta lien két méi ddy thirc bi chan (i,),ep ¥Oi hai diy thue (v,),ey va (W )pen duge xdc

dinh b
v = Infu, = Inf(uy, wpyps)
pEn
Yne N, .
w, = Supu, = Sup{u,, Up,y.-)
pzn

1) Cho (i,)en 12 mot diy thuc b chan. Ching minh rang (v,},ey tang, bi chin trén,
con (W,) ey gidm va bi chan duéi. Vay:

* (V,)pen hoi tu dén mot s8 thuc duge goi 13 gidi han dwéi cla déy bi chén
(M )pep va k¥ hidula liminf x,
Hx

¢ (W,),ew hi tu dén mat s6 thuc dwge goi Ia giéh han trén cla day bi chan
(1), cpg va ky higu limsup u,.
nw
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Vidu: Xéc dinh gii han dui va gi6i han trén cila méi day trong cac vi du sau day:

. 1 - . _ nw
(i} 11,,—;—-4_—1 a1 u, _(_1)” (i) wu, =cos iR

2) Cho {#,),epg 12 mOt day thye bi chin.

e Chiing minh ring (1), py 101 tu khi va chi khi: liminf u,= limsup i,
no noo
» Chdng minh ring, néu (u,),cpg hoi Ly, thi:
liminf u,= limsup u, = fim, .

no| oo

3) Cho (i)}, en 13 mot ddy thyc bi chan.

Mot sd thuc e duge goi 12 trj dinh eda (,),epy NEU N tai mot ham trich ¢ sao cho

Yoln) 7 ¢ vt ta k¥ hiu 1ap 8t ca cde tr] dinh cla (1)) ,eny 13 VA {(1,), cN)-

@) Chimg minh ring liminf u, vd limsup u,, 12 céc tri dinh coa {i,), N
ne neo

b} Chitng minh rang véi moi tri dinh @ cla (4, ), N

liminf #,< a < limsupu,
R® neo

4) Tinh chdt dai 56 ciia edc gidi han dudi va gioi han trén

Ching minh ring véi moi day thyc bi chan (a,),. (b},

a} 1) liminf (-a,) =—limsup a,
nod nm

liminf(Aa, )= Aliminfa,
H e H o
b
) 1) VAeR,, limsup(ia,) = Alimsupa,,

o nom

liminf{Aa,) = Alimsupa,
H ol "
2) JAieR_, . .
) € limsup (Aa, ) = Aliminfa,
noz s oo

¢) I} liminf (g, + b, ) = liminf a,+ liminf b,
R R noo

2) limsvp (4, + b, ) < limsup a, + limsup &,
now Koo nm

Cho vi du vé hai ddy thyc bi chan (a,),,, (&), sao cho:

liminf @, + liminf &, < liminf {g,+h,) < liminf «, + limsup 5,
e oo ne ne no
< limsup (@, +h, )< limsup e, + limsupf, .
nw nm 0o
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I — Ba bai tdp o6 ditng dén khdi niém gidi han dudi va gidi han trén
{1} Che mét day thue (u,),cpg= bi chan va (c,),cpq« 18 dily cic s& trung binh Césaro cia
(i2,) peng= (Xem C3.1):
¥neN* ¢, = —]—(ul +...+un).
: n
a) Chimg minh ring (¢,),cp+ bi chan. .

b} Ching t6 rang liminf #, < liminf ¢, < limsup ¢, < limsup u,,.
nw no o Heo
Nhu vay n6i rigng ta lai thiy két qud cla C3.1,1 7).

2/** Cho (£,),epg 13 mdt day thue sao choe:
vneN,g,20
&g —— 0
neo

Vi (W, ) e+ 18 mOt ddy thue bi chin sao cho: ¥n € N w,, — 1, = -6,

Ky hiéu m = liminf u, va M = limsup 4,,.
nm noo

Chitng minh ring tap hop cAc tri dinh cla (x,)epge 12 [ M.

3) Cho (i,),epn+ 12 mot diy tang trong R, va (v} ,epy 12 diy duge xé4c dinh bdi:
uﬂ

YneN* v, = .
e+,

Chiing minh ring tip hop cac trj dinh clia {v,),cp 12 mot Khodng déng, bi chan (sir
dung 2j).

¢ C 3.3 Cac day phan tuyén tinh thuc
Cho(a.b,c.dye R*va day thuc (u,),<pye duge dinh nghia béi:

uDGR
auy, + & , n€u né n tai.

YnelN, upe =
ntl cuy, +d

Gid thiét ad — be = 0 (nfu ad — bc = 0 thi ddy (#,),c« 12 diy dimg néu nd duge xac dinh)
va ¢ 2 0 (tnudmg hop ¢ = 0 43 duge xét §3.4.1)

d
Cho [ R—{——}a R—{i}.
¢ c
ax+h
[
cxtd )
1) aj Chung minh ring f 13 m&t song 4nh.
b} Cho (t,),ene 12 diy duge dinh nghia bdi:
d

g =——
0= "% . dily ndy c6 thé khong xéc dinh ké tir m6t thif tu nao do.

YneN, {4 = f_l(fn)
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Chitng minh rng (i,),«y x4c dinh khi va chi khi: Va € NI, My # b
2) Ching minh ring, néu (u,), < ¢6 giti han I e R thi: o + d-a)-b=0.

Ky hiew: A=(d-a) +4 be.
3) Tasuyraduoc gitir2) khid <0?
Vi du: Khao sdt ddy xdc dinh boi:
g = -2
+1
Vne N, ., =—2
el T T Uy +2

4) Gia st A= 0, ky hiéu e vi #1a hal nghiém cda phuong trinh o+ (d - a)x —h=0v6idn

laxe B
a) Ching minh ring iy = a <> (Yn e N, u, = ).
h) Gid thitt ug » a, va dit Uy =272 v 4= 5259 (6imeine N.
Uy - cfi+d
Ching minh ring Vi € N, U,,,; = AU,

¢) Suy ra ban chét clia day (u,},,.

Vidu: Khao sdt diy duge xdc dinh bdi:
ug =1

u
Yre N, uyq=—2
n+l 2y + 2
sr N a-d
5) GiathisiA=0,vadat o= .
2e
a) Ching minh: up=a < (Yae Ny, =a)
2 L
b) Gia thi€t uy# @, va dat U, = vi p=—— véimoineN.
Uy - a+
Ching minh: Yne N, U, = U, + &
¢) Suy ra ban chét clia day (,),.
Vidy: Khio skt ddy duge xédc dinh boi:
kp = |
Hp

YneN, u = ’
n+l u,,+l

9



Chuong 4
'Ham mét bién thuc
lay gid tri thuc hodc phic

K chi R hoic C.
4.1 Pai so cac ham

4.1.1 Paiso K¥
Gia sir X123 mot t4p hop khong réng (X thudng 132 mét khodng trong R). Ta
trang bi cho tap hop K* cac 4nh xa tir X vao K bing hai luat hogp thanh trong

k¢ higu la + va - (ho#c khong diing ky higu), vd mot luat hgp thanh ngoai xdc
dinh béi:

vf,geK¥, wxeX, (f +g)x)= fx)+ glx)
vf.geK”, vxeX, (&)x)= £(x)e ()
vieK vfeKY, vreX, ()x)=ir(x)

Ménh dé& K*1a mot dai s6 ket hgp, giao hodn, ¢6 don vi (d6i véi céc
luét da dinh nghia trén day).

Chutng minh
Trong cdc phép bién di sau day (v6n 12 tdm thudmg) x, A, 4, £, g, h chi nhing phén
wbdtky,x e X, 4 ueK, fghe K
+ ¢6 tinh két hop:
((r +&)+m)x)= (f + g Xa)+ ) = (r (x)+ g (x))+ hx)
= [+ (gle)+ () (x)+ (g + Ax)= (F + (g + )
+ ¢6 tinh giao hoan: (f +gXx) = f(x)+ g(x) = g(x)+ f(x): (g +f)(x)
+ <6 phin 1l trung 1p 13 dnh xa khong 00 X —» K @

xv— O

(7 +0)()= f(x)+0 = ().
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‘Chudng 4 Ham mdt bién thut 18y gia tri thuc hodc phdc

Moi phén tit f cta K~ ¢6 mot phén tir d6i xtmg déi v6i phép + , goi 1 phdn tir d6i
cha f, ky higu 1a —f, xdc dinh bdi: — .V 5> K

xf(x)
(f +( )= S+ 1) = 1)+ sl =0
- c6 tinh két hgp
- ¢6tinh giao hodn

c6 tinh phan ph6i d6i v6i phép +
(f(g + h)Xx) =f (x)((g + hXx)] =f (xXg(x)+ h(x))
= /()glx)+ fGxWlx) = (e)x)+ ()= (2 + k)

- c6mot phin tlf trung 14p 13 dnh xa hdng 1: X > K-

(/D)= fl= 1),

() =(¥)x)el)= W) el)= ()2l
= () )= (A(R)()

A+ ) = (2 ) f(x)= 2 1)+ 2 () = (A )x)+ (e )x)
= if + uf (x).

(A +2)x)= 407 +2)(x) = Alr(x)+ () = A7)+ 2 x)
= () x)+ (g)x)= (A + A2)(x)

Néu X c6 it nhét hai phén tir khic nhau g, b thi K¥ chta c4c uée ciia khong , nghia

ot (fg)e (KX)Z sao cho:
/=0, g=#0, fg=0.
Thuc t€, tacé thé chon: /X - K va g X=>K
o {h e e o {h b b

N6i c4ch khic, quan he fg =0 khong kéo theo (f=0hoac g =0). Tandi rang vanh
(K.X +} khong phdi 12 mét mién nguyén.

"¢ Dinh nghia 1

1) Cho geK?¥ ; néu (Vxexg(x);to),tadat: L xok
g 1

xl—)m

d6 14 phin tir d61 xiing ctia g d6i v4i phép nhan.



4.1 Pai s cac ham

2) Cho fgeKX sao cho (VxeX, g(x);t(});tadatizf_-l.
g b4
¢ DPinhnghia2z V& feK¥, du|fx >R

xl—)|f{x)|
4 Ta chid ¥ rdng néi chung
: = fova|fl=-7.
vaifi) Lo )
/ ) x

y=f
¢+ Dinh nghia 3

Véi fFeCt | dac

f:X>C ., Ref X>R , Imf X>R .

xHﬂ;j x> Re(f(x)) xi—>].rn(f(x))

Nhu vy, véimei f € C¥ v moi x thudc X, ta cé:
f)=76), ResNx)=Re(/()}, (mf)x)=1Im(/(x)

va v moi f thude c¥.
{szcfHImf} Re/ =%(f+?)
m /=2 (r-7)

f=Ref-ilmf

Bai tap
¢ 411 hofg R > R saocho:

v(x, y)eR? . (1(x)- r¥elx)- gb)=0.

Chimg, minh rang it nhdt Mot trong hai dnh xa trén 12 anh xa hing.
¢ 412 Tmtftcacicénhxa f:R - R saocho
a)vxeR, f(x)f(wt2 —1)= sinx
By Vxe R, xf{(x)+ fll-x)= £’ +1
ey vixy)e RE, f(x+ y2)= f(x2)+ )
4y ¥{x3) € B2 fx +3)- flx-v) = 2B +?)
&y Wey2)e R, 1)+ £(2)-27 ()1 02) 2 2

a5
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4.1.2 Quan h¢ thir ty trong R*
¢ Pinh nghfa1 Cho mot tip hop X, ta dinh nghia trong R* mot quan
hé, ky hitu1d <, bai:

wrgeRY | (F<g)e (vee X, flx)< o).

¢ | Ménh dé
I} <1a mot quan hé thif tu (rong R” : thit ty nay khong toan phn néu X
c6 it nhdt hai phin ti.
2) <tuong thich vai phép +:
VigheRY. (f<g=f+h<g+h).
3) Tacd

vigheRX, ({é;f:ﬁa < gh].

Chitng minkh:

- . o f=g _
. Cacnnhchilphanxa(fsf),phanddlxu:ng <f:>ng , biic céu
gs

[{fﬁg ::»fsh] I3 hién nhién.
g<h

«  Gia st Xchia it nh4t hai phn ti phan bigt a,b. Xét

ff X->R vag: X >R
1 néu x=a 1 nfu x=b
x= {0 néu  x#Ea X {U née  x+b

Khéng c6 f<g (vi fla)> gla)), cing khong c6 f 2 g {1 gB) > fb)ta
ciing néi f va g khong so sanh duge theo <. [ |

¢ Dinhnghia2 Vda fge RX, dau

sup{fg): X >R va Inf(fg) X >R
PUE) X R o)) e i)l

Theo tinh chit 7 & 1.2.2 ta cd:

“Lregelf-
o e &5T, sup(/.g)=~{/ + g +1f g))

wmi(f, )= {f +¢ -1~ )
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Trudng hop rieng: Vf € RX, |f] = Sup(f,-f).

Chi ¥ ring, n6i chung: Sup(f,g)# f va Sup(f,g)*g.
Chinh xéc hon: Sup(f,g): g fsg.

2 -
Vai (f,g)e (RX) , ngudi ta viét f < g khi va chi khi: ‘v’xeX,f(x) <g(x).

y=f(x)
JE— .y =g {x}
.......... v =(Sup (£, g (x)
____ —y=(nf{fg)(x)

<
Ci4n chi ¥ rang: {; :tg khong kéo theo f < g (néu Xc6 it nhét hai phan tir
g .
khic nhau); ching han: f-R—->R , g: R R,

X k3 X x,_,lxl

+ Binh nghia 3
Véi f e RX adinhnghia f+ =sup(f,0), /= =Sup(- f,0).

Bai tap
¢ 4.1.3 Cho mét 1ap hop X, kiém chning cic cong thic sau, véi moi f, g thudc R*
" {Sup(f'g)= f+g-1r
inf(f,g)=g-(g- )

2 tf=f -1
A=ro+s
3) feg o {f+sg+
g sf
4

{&Jp(f+-f')=|f|

Inf(j'+,f_)=0

5) (j+g)+ <ff+g*.
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4.1.3 Tinhchanle

Trong c& §4.1.3 niy, Xchi mot bo phan ciia R d6i ximg déi véi 0, nghia 1
VyxeX-xekX

+ Dinhnghia Cho fek™.
1) Tandif chin khi va chi khi Vxe X, fl-x)= flx).
2) TanGif 1& khi va chi khi Vx € X, f(~x)=—f(x).

Nhdn xét:
1) Moi 4nh xa hing tréen X déu chdn.
2) NéufIé va0 e X thif(0) =0, nhung fc6 thé 1& ma khong xdc dinh tai 0.
3) Mot anh xa c6 thé khong chdn va ciing khong 1¢; vi dw fRoR .

= x+]

Cho P ( tuong itng: /) 12 tdp hop c4c 4nh xa chiin ( tuong vmg: 1& ) fir X vao K.

Ménh dé P,valyla hai khOng glan vecto con cia K, bil nhau

trongK
Chitng minh:

1) Cic khéng dinh sau day 13 hién nhien:
e 0Py valely. | vxeK v{(fig)e(Py Y A +gePy
« VAieRV( gy ) A +gely oPynly =0}

" 2) Cho FeKX ,datg: XK va h: X 5K ,

x> (e () x> ek 15D

tacé:f=g+h,gePX,hEIX. n

VéﬂmmeKX dat £ X oK .
x> f(-x)

PG thi clia / suy ra ti dd thi cia f bang phép d6i xitng qua (y’y), theo hudny ("x)

(n&u K. = R). DE dang ctwing minh céc tinh chii sau day véimoi A e K.f. g € K
Fe=ff+e) =7+ Wy=4 (&)=

Bdi tap

0 414 N& f:X - R chinhodclévag: X — R chin hogc &, thi c6 thé néi gl vé fg?
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o 4.1.5 Khdo st tinh chén 1é nfucd cia go f theotinh chinlécha: f: X >R va
g:¥ =R trong d6 ¥ 12 mot bo phan cha R d6i xung d6i v6i 0, SX}ey va

gef:X—>R theo cich lam dung céch vi€t.
xes glrlx)

4.1.4 Tinh tuan hoan
+ Dinhnghia Cho X e P(R} va fek¥.
/) Cho TeR®; tandif 1d T—tudn hoan khi va chi khi:
vre X, {x +TeX
Fle+T)= flx)

Tanéi ring T 12 mot chu ki cuaf.
2) Ta n6i f 13 tudn hoan khi va chi khi t6n tai TeR’ saochof1a

T—tudn hoan.
viDU: _
1} Moi 4nh xa hing tit mot khoang [a;+w[ hoac ]a+<:o[ vio K déu T—tuén hoan
viimei T e R:r .
2) .
"
£ rl i rl £ Fi ri
z/"//' ///
_ , L L
ol 1 x
flxgy=x-Eix)
Anhxa R->R 14 1— tudn hoan.
X x—E{x]
3}
Y
/\/\ Cy=fx)
o 1 | X
2
Anhxa R >R 12 1- tuinhodn, fx)=d(x2)

X d[x,Z)
wong dé: d(x, Z)= Inf{ix - ni; ne Z}z Min{x - E(x) Elx}+1- x).

8-GTT-T1
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4) Cicénhxa sin vA cos 1A 2n-tudn hodn trén R; dnh xa tan 12 m-tufin hoan
trén R-{%+nm ne Z} .
Nhdn xéf

f) Néu f 1aT-tudn hoan thi véi moi neN™ f1anT-win hodn. V{dy,sin &
6n—tudn hoin.

2) Néu ftudn hodn vi 7, T, 13 nhiing chuky clia f thiT,+ 7 cling 1a chu k¥
cua f,vi:

wre X, e+ (@ + )= [+ 7)) = v Ty)= ).

o | Ménhdé1 ChoTeR) va X eP(R) saocho Vxe X, x+TeX.
Tap hop c4c 4nh xa T—tudn hoan tir X vao K 1a mot dai s6 con ¢6 don vi
cia KX .

Chiing minkh:
Thdy ngay cic két luan:
¢ 1: X - K 1aT-win hoin.

]

o Néu f,g:X - K 1a T-winhoan vd A e K, thi [ +g, 4, fg déulaT-tuin
hoan.

Cling chii ¥ ring néu g: X — K 12 T-tufin hoan va khong triét tiéu tai bat cd diém

nio thudc X thi 1 ciing T—tudn hoan.
g

¢ |Ménhdé2 ChoTeRy va X ePR)saochoVxeX,x+TeX .

Cho fe R¥, Y e P(R) sao cho fxX)ey, gek!.
Néu f 1aT-tudn hoan thi go f: X > K ciing T—tufin hoan.

x> g(f{x))

Chitng minh:

Hién nhien [ g{f(x+7)}=g(/(x}).
Chi ¥ ring & day gia thiét g tuAn hodn 12 thira.
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Nhém cac chu ky

Chomotdnh xa f:R >R, tiphop P ={re R, VxeR, f(x+1)= f{x}} 12 mot
0€e P '

nhém conclia (R,+): {v{ru) e (Pf)z, t+ue Py
VtePf, —IEP}*

Anh xa ftuéin hon khi vi chi khi Pr {0} ; trong trudmg hop ndy ta goi mei phén wr
ciia Py - {0} la chi ky cha f. Nhu véy f c6 thé c6 nhing chu ky < 0.

Vi DU:
. ‘Dsin::z""'rZ
s P, =Qvdi y,:R>R 13 ham dac trung clia Q.
Q i 41 xeld
: 0 xeR-0Q

4.1.5 Anh xa bac thang trén mot doan
Trong ¢ §4.1.5 nay, (a, b) chi mot cap s6 thue sao choa < b.

¢ Dinh nghia Motanhxa f: [a;b]-) R dugce goi 1a 4nh xa bac thang
khi va chi khi tén tai ne N, (ag,....ap)e[a:b]"™",(Ag,m Ay ye R”

sao cho:
a=ayg<ay <..<du_|<ay=>b
Vie {O,...,n - 1}, Vxe ]a‘- sl Fx)=2;.
¥
y=f(x}

{ N6i cdch khéc, f chi ¢6 mot s6
hitu han diém gian doan, va 1a
hing gilta hai diém gidn doan
k€ 1iép.

% Ola)| |a 4G, X
lr——-—il:
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¢ | Ménh dé& Tap hop E(a, b) cdc 4nh xa bac thang trén [g; b] 12 mot dai
s6 con ¢6 don vi clia }R[a;bl , nghia 1a:
1) te E(ab)

2 v(5g) e (E(@b)f, f+gecE(abd)
3) Vf e E{a,b), VAeR, AfeE(ab)

9 v(5g) € (E(@b)’, feeE(ab)

Chitng minh

Ciéc tinb chat 1) vi 3) 1a hién nhign.

Cho(f,g) e (Ela.b)? Téu i 1 p € N (aguntty) €| @b]™* (Bt €[]
(AgrerPn1) € R (Bgsemip1) € R s20 cho:

a=day <..<d,=b

a=by <..<b,=b

vielo,...n-1], Vrelas an[, flx)=%
vjel0,...p-1], Vxe]pj; pj_,_l[, g(x)=4;

K¥ hitu co,..., c,, 13 cdc di€m cha [a; b] thu duge bing cdch hop ctia hai tap hop

{@g,.... p} VA {by,..., by}, 161 sp thif ty céc phén vl cha 06 (day 12 mot bo phan hi
han cha [a; b]).

Trén mbi log; cppi[ k € {0,..., ¢ — 1}), fva g dén khong d6i, vay f + g va fg cling
khong déi. [ |

Ta s& khio s4t san hon céc 4nh xa bac thang theo quan diém tich phan cdc dnh xa
lién tuc tirng khiic trén mot doan (xem 6.1).

4.1.6 Anh xa da thiic, 4nh xa hitu ty
¢+ Dinhnghia1 Cho X € P(R). Motanhxa P : X — K duoc goi 12

dnh xa da thic khi v3 chikhiténtai n € N va (ao,...,a,,) e K™ sao0
cho:

H
vxe X, P(x)= Za,-xf .
i=0

C4c 4nh xa da thifc tir X vio K tao thanh mot dai s6 con ¢6 don vi cha K*
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¢ Pinhnghfa2 ChoX e P(R). Mot 4nh xa f 1 X vao R duoe goi la
dnh xa hiru ty khi va chi khi t6n tai hai 4nh xa da thic P.Q: X - K

sao cho:
0=0
P(x))-
Ve X (x)¢0:>f(x)_ ( )
viDU:
Cac ham bin thic f.g xdc dinh bdi cdc cong thitc f{x ( . —j N , khong

ciing mién xéc dinh, nhimg tring nhav trén R - {0,1}‘

4.1.7 Tinh don diéu
+ Dinhnghfa Cho XeD(R) va feRY.
1) Ta ndi f tang khi va chi khi:
Vix,xa)e X2, [y <xa = f0) < fx)).
2) Tandi f giam khi va chi khi:
Vixy,xp) e X2, (x x5 = flxg) < f(n))-
3) Tandi f ting nghiém ngit khi va chi khi:
V(xy,xp) € X2, (v <xy = =) < flxa)).
4) Tanéif giam nghiém ngat khi va chi khi:
Yix. o) e X2, (x<xy = flx) < f(n))-
5) TanGi f don diéu khi va chi khi: f tang hoac f gidm.
6) Tandi fdon diéu nghiém ngat khi va chi khi:
f tang nghiém ngit hodic f giam nghiém ngat.

Nhédn xét:
/) Mot anh xa c6 thé khﬁng don diéu; vi du:
R-R :R>R , R‘_n]{.
x> X0 i ndu xeQ o
xH{OnEuxER Q xHx

2) Moi dnh xa don diéu nghiém ngat déu 13 don dnh; nhung diéu nguge lai khong
duing, nhir & vi du saw:
R >R
x néu {x#-1 v x#1)

x {1 nfu x=-1
- adu x=l

103
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+ | Ménh dé:
1) Néu fg: X >R lahai énh xa tang thi f+ gtang.
2) Néu £ X >R ting thichcdnhxa — £ X >R va f X >R
x> f(-x)
(5day X ={reR: xeX 1) giam.
3)Néu £ X >R uingva Ae R, th Af tang.
4) Néu fg:'X —R déutang vi khéong am thi fg tang.
5) Neu £ X _—)]R va g:¥ >R dutang vaf (X) Y, th anh xa hgp

X->R tang.
x> g(f{x)

Chitng minf: Hién nhién.
Ta c6 thé phét biéu céc tinh cht twong tu d6i véi cic 4nh xa gidm.

Nhdn xét

Néu f.¥ >R tang vd g: X — R giam, thi khéng thé két luan 13 f + g don digu;
vi du: ﬁR—>l§ vi g#zR->R.

XX Ll

Bai tap
o 4,16 Gia phuong trinh: xC+x'%=544 dnnxeR,.
¢ 417 Cho fR -+IR sao cho:
faf tang.
{fcfof giam

Clumy mink ring f gidm nghiem ngat.

418 Anh xu bi chan trén, bi chan dudi, bi chan
Trong ¢4 §4.1.8 nay, X chi mot tap hup khong réng bit ky.

+ Dinh nghia

/) Mot anh xa f: X - R goi la bi chan trén ki va chi khi ton tai
A e R saocho: '
vie X, flx) < A4.
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2) Mot dnh xa f: X — R goi la bi chan dwéi khi va chi khi i6n tai
B eR saocho:

vie X B < fl(x).

J) Mot dnh xa f: X > R goi Ia bi éhan khi va chi khi t6n tai
(4,B)eR* sao cho: ‘
vxe X B < flx) < A.

Nhdn xét:

1) Anh xa f bi chan tén (tyong dng: bi chan dudi; tuong ting: bi chan) khi va
chi khi b6 phan f{X) cia R bi chan trén {tuong tng: bi chan dudi; tuong tng: bi chan)
{xem 1.2.1).

2) Moi 4nh xa hing déu bi chan.
3) f: X — R bi chan khi va chi khi |f| ;X — R bi chan trén, nghia 13 khi va chi
khi: 3M € Ry, Vxe X [/(x)| < M.

¢ | Ménh dé - Binh nghia 1
Néu f: X — R bi chan trén (tuong tng: bi chin dudi) thi fX) cé bién
trén (tuong dng: bién dudi) trong R, goi 1a bién trén (tuong ing: bién

dudi) clia f, va duoc ky hieu 1a : Sup f(x) (twong tng: Int £(x))
xeX xeX

hoidic Sup f (tuong ing: Ianf ).
X

Diéu ndy suy tnre ti€p ur dinh 1§ vé bign trén trong R (xem 1.2.3).
Vay, theo dinh nghia: Sup 7(x)=Sup {f(x); XE X}= Sup f(X).

xeld

+ | Ménh dé 2

1) Néu fg:X — R bichan trén, thi f+ g bi chan trén va:
sup(f +g)(x) < Sup f(x}+ Sup g(x).

. xeX xeX xeX )
2} Néu fg:X — R bichantrén v khong am, thi fg bi chin trén va:
sup ()00 < | sup 16 [ 566
xeX xelX xelX
3) Néuf: X—> R bichantrénva A € R, thl Af bi chdn trén va:
Sup(4f)(x} < 4 Sup £(x).

xeX xeX

105
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4) Déf: X— R bichin dudi, didu kién ciin va di 1a —f bi chan trén va

khi do:
Inf f(x)=—Sup(~ f(x}).
xcX xeX

Ching minh:

1) bat M =Su)]‘)’f(x) , My =Sugg(x).
XE X

Tacé: vxe X, (f+g)x)= f(x)+g(x)st +M, .

piéu ndy ching b M+ M, 1A mot chan trén cla  (f+ g va:

Sup(f+g)(x) SMp+Mg M Sup(f+g) 14 chin trén nho nhét cta (f + gHX)
xelk xeX

md M, + M, 1a mot chin trén cia {f + g)(X).
2) Ciing nhu trén:

[VxeX,{gz;g))jj;:] = (rre X 0<(R)) < M M, ).

3) Ap dung tinh ch#t 2) & trén déi véi (A./), va coi A nhu mot 4nh xa hing, ta
¢6: Sup()x) < ASup S (x).
xeX

xeX
Néun A =0, ding thiic cAn chiing minh 12 hién nhién.
Név A > 0, dp dung bat ding thiic trén véi G ,ﬂf] thay cho (4, ), ta c6:

sop{ [ 1)1t = 5 s

xekX xelX

vA cu6i ciing, c6 dang thic cdn chiing minh.

4) « Gia sitf bi chan dudi, dat mf = x[l-lfv fix).
Tacé: (Vxe X mg< f(x)).
Tix d&: (Vx e X -f(x) S-my )
Didu nay ching 16 —f bi chan renva M < -my. Vi (vxe X, flx) < M),
nén ta suy ra [Vx eX;-My < f(x)), tr day theo dinh nghiacla mg: -M o < mg.
Cuficing: mp =—-M_g . '

» Chimg minh dac neong tu. u

Tinh chét 4) thudmg cho phép dua viéc khao st bien dudi vé vige khao sdt bi¢n trén.
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Nhgn xét: Cée biit ding thifc trong cdc tinh chdt 1) vA 2) c6 thé 12 nghiem ngat nhu &
vidw s o ]-R . g [o: 1] >R wong vi du ny:

=X Xt -x

sup (f+g)x)=1 # Suqu(x) + Sup glx)=2

xe[ﬂ;l] xE[U: xe[ﬂ:]]
- l 11 X 1) X)|=
xiuﬁl::ll(fg)(}r) 4 - (x?‘:[(?l]f( )](xi[(f,l]g( )} l

¢ | Ménh dé3 Tap hop B(X:R) cdc 4nh xa bi chan tir X vao R la mot
dai s6 con ¢6 don vi cha R nghia 1&:
1eB(X; R)

v(f, g)e (BUX: R)Y. f+8 < B R)
vie RVfeB(X:R). A eBX.R)

v(f, g) e (B(x; R)Y. fg € BX: R)
Hon nita, khi dat || /] = Sup |7{x)] véi fe B(X; R}, thi ta co:
xe X

v eB(X:R) {7, =0= 7=0)

vieR; vf eBY:R) |#7], = W/l
v(fg)e BRI + gl < Il + lel
v(fg)e BEGR). 1), < 11 lele

Chitng minh:
Hién nhién bing cich 4p dung ménh d€ 2 wén day.

4.2 Gidi han
Trong cac muc 4.2 va 4.3,/ chi mot khodng ciia R Khong réng va cling khong thu vé

—_ qa
mot diém. K¢ hiéu / chi khoang d6ng clng c6 mtt véi / va  chi khodng md cé
cng mut véi f, xem 1.2.1 '

D& nhit quan, ta p6i mot tinh chét ciia moOt him s6 xédc dinh trén / 1a diing trong lan
can diém a (a elufl-o; +oo}) néu né ding trong giao ctia ] véi mot khodng m&
khong rng ¢6 1am la a néu ee R, v6i mét khoang ]c.+oo[ néu a =+, Vi
khoang }-o0: ¢[ néu a=—w.

W
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4,2.1 Khadi niém gidi han

¢+ PDinh nghta 1
Cho fI->K. lIek.
1) Cho ael,1andifcogidi han 1/ tai a khi va chi khi:
Ve»0, Ap>0, vxel, (jasn = \F(x)-1] < &)

2) Néu f c6 miit 12 +90, ta néi f c6 gidi han 1a / tai +o Kkhi va chi
khi:

ves>0, MeR vrel, (xzd = |flx)-1= £).

3) Néu 7 co mitla —co, tandifco gidi hanlaltai — khi va chi khi:
ve>0, 3BeR, ¥xel (xSB = [f(x)—1| g 5).

Khi fc6 gidi han [ tai @ ( €K), ta n6i ring f c6 gidi han hiru han

tai a.
Nhdn xét

R® rang 1a f c6 gi6i han 12 7 tai —oo Khi vichi khi £ xr> f{~x) c6 gidi han 12/ tai
40,

¢ Pinh nghia 2 Chof: X—>R.
+ /) Cho ael,tandif cogidi han 13 +oo tai a néu va chi néu:
vAeR, 35 >0, Vxel (Jx-a<s = 1(x) = 4).
2} Néu I c6 miit 12 +oo, ta néi f ¢ gidi han 12 +oo tai +oo néu va chi
néu:
YAcR MeR vrel (x=2 4 = flx} > A4).

3) Néu I c6 mit }a —o, ta néi f co gidi han +oo tai —© néu va chi
néu:

vAcR 38 cR vrel (x<B = 1) > A).
o Nguditanéif co gidi han — tai a ( a e?u{—oo;ﬂo}) néu va chi
néu —f ¢ gidi han +oo tai 4.

Nhdn xét:

Khai nigém lan cin trong R . khong thude chueng trinh, s& cho phép thong nhat cic
dinh nghia trén.

Trong phén (i€p theo clia §4.2 ndy, cdc chit a.b,.., i,P,... c6 thé chi cic phén tr clia
I, hoac +20 hoac —oo.
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¢ | Ménh dé 1 («Tinh duy nhit cia giéi han, néu tén tai»)..
N&u f nhan/ va " 1am giGi han tai @, thi I = 7.
Chiing minh:

Ta gid thi€t, ching han ae/ va (!, !r)e K2, v céc trudng hop khéc ciing tuong tu.
Lap luan phin ching: Gid st f nhan [ v3 £ Tam gi%i han tai a va T#1 . Dat

1), .
£ :§|,' —!| >0.Téntaig; >0 vd 5, >0 sao cho:

vrel |x—a|£r;1 = 1f(x)—f| ¢ ‘
lx-a|$qz = |f(x)—f" L
Pat 5 =Minly(.7,)>0.R3rang t6ntai xp €/ saocho {xg —a| <7 vado dé:
|1' -11 = ‘1' —f(x0)+f(x0)—!\ < |f(xu)—;"+|f(x0)-1| <% =§‘f’ -z‘ , méu thuin.
Meénh dé trén chimg 16 ring ta ¢ thé diing cich ky hiéu ham tinh: Néu f cé gi6i
han 13 / tai 4, ta néi / 12 gi6i han ca f tai ¢ vA k¢ hieu:
{=1lim f(x) bay / =lim f hay f(x) —» { hay f—/.
i€ Xx—a a

x—»a

" Néu fg:/ - R 1ahai 4nh xa tring nhau trong mot 1an can cua «, thi viéc dn wai
cac gidi han cua fva g tai @ 13 twong duong, trong trudmg hop cdce gidi han ndy t6n tai
thi ching bang nhau. N6i cich khic, vé viéc khao sat giéi han tai g thi /vA ¢ 14 nhu
nhau.

¢ | Ménh d&2 N&uf:/ —K c6 gidi han hitu han tai a thi £ bi chan trong
mot 1an c4n cha a.
Chitng mink;

Ta gia thi€t ching han « el , Vi chc trudng hogp a =400, a=-w cling tuong ti.
Tén tai » >0 sao cho:

vxel (|x—a|<.? = |f(x)—!|£l = ‘f(x]s‘f(x)—lhpl < 1+ )
viy fbi chian trong 14n cin cla a. [ ]

Nhdn xér:

Bing cich lap ludn phén dio, ta thdy, ching han, ring 4nh xa |0:1[ > R
X — l—sin[ l J
khong bi chan trong 14n can cia 0, nén khong cé giéi han him han tai 0,
¢ { Ménh dé 3 (Sirdung day dé thé hién giéi han ham sG)
Dé f: X — K c6 gidi han 1a [ tai a, diéu kién cén va di 1a: véi moi day
(), trong [ sao cho u, —a,tacé flu,) — 1.
oo Hat
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Chitng minh:
Ta gié thigt a7 va [ e K ,¥i céc trudmg hop khic cling fuong -
1) Gid sitfc6 gi6i han 12/ tai a, 3 {u,, ), 12 mot ddy trong / sao cho u, —>a.
R

Chos »>0.Vi f—=/ néntbntaip >0 sao cho:
[#]

veel {|xd sn= U(x)—t:ls‘s).

Sau d6, vi u,, —>a nén téntai N € N sao cho:
filesd

vx e N, (nZN::»lu,,—a]gq).
Vaytacé:
vxeN (n2N = |u,-a| g7 =2 |fn—1) < sl)
Suy ra f(u,,)—)l.
HaoC

2) Gia sirl khong phai 13 gi6i han clia f tai a, nghia 1&:
Khéng (Vs >0, 35 >0, Vxel Qx—aiSq ::»‘f(x)—-llég)).
Vay 1én 1ai ¢ >0 sao cho:
1x—al =7

¥p >0, Ixel, {\f(x)-’lﬂ'

V6imoi neN" (thay b —), déu tén tai uy € 1 seo cho:
7

PR AR TS

Khi dé ta thiy rang day (“n)neN trong 1 dugc x4y dung nhu trén thod man:
u, >avi fluy)—7—1.
Mot Moo

¢ DPinhnghia3 Cho [/ 5K ael, fEKU{—oO;+00}.
Ta néi f ¢6 giéi han trai (tuong {ng: phai) tai a 12 I khi va chi khi thu
hep fh_w;a[ﬁ ; (wong tng: fha;+w[r‘\ ;) c6 gidi han tai @ Il

Vidynéulek, fcégié‘ihanphéilaialhlklﬁvéchikhi:

Ye>0, >0, Vxel O<xas<n = U(x)—!l < .s)A
Khi f c6 gi6i han trdi (tong tmg: phai) tai a 13 /, ta ky higu:
/= im f(:) bay I =lim f hay )1 hay 1=rla”).

x=a

(twomg ting: £ = Lim_f(x) hay [ =Yim f hay S ey £ 7la*)).

x=da
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4.2.2 Thit tu va gidi han
Trong §4.2.2 ndy cic him s6 déu nhéan nhiing gia tri thye.

¢ | Ménh dé 1 Choae}u{—oo;+co},j?l—’)R,IeR(c‘d)eRz_.
Gid st fco gidi hanla/tai a.
1} Néu ¢ <, thi trong lan can cha a: ¢ < flx).

2) Néu ! <d, thi trong lan cén cla ¢ flx) <d.

3) Néuc<!<d, thitronglancancha a: ¢ < flx) <d.
Ching minh: I h

Iy vi f(x)Ta—H val—c>0neéntdntai 77, >0 sao cho v6i mgi x thude /:

lx-d <7, = |S&)-1] < %(I—c)d-—c = - fx)+1 < I-ee< flx).
2) Ciing vay,16n tal 775 >0 sao cho:

Vxe],ﬂx—al‘s D) :f(x)-cd).
3) Pat n=Min(,n;)>0:

VXE I,Qx—ai <np=c <f(x)<d).
Nhdn xét: Khotig thé thay thé cdc bt dng thic ngat (c < /...) trong gia thigt bang
nhimg bét dang thic khéng ngat.

Thyc vay, néu f(x)———)." va ¢ </, thi trong ian cin cha a c6 thé khong cé
e< f{x),vidu

FRH>R  a=0, 1=0, ¢=0.

X X

Mé&nh dé 2 («Chuyén qua gidi han trong cic bit déng thire»).

Cho aeTuf-w; +o} £FI >R, IeR, (cd)eR?. Gid sit f co gidi
han 13/ tai a.

1) Néu ¢ < f(x) trong lancanclaa, thi ¢ <l
2) Néu f(x)<d tronglancanciaa,thi / < d.
3) Néuc = f(x)s d trong lancanchaa, thi c €7 < d.

Chitng mink
Suy tit Ménh dé 1 bing 19p ludn phén ching.
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Chuang 4 Ham mot bién thuc 13y gia tr thue hodic phic

Nhdn xét:
Gia st f(x)—;:a—n' , Vi trong 14n c4n cla a, ¢ < fix).

Ménh dé 2 cho phép suy ra ¢ < !; nlumg khong thé k&t luan ¢ </, nhur & vi du sau:

I=]0;+oo[, a=0, f:xr—)-L. i=1c=1.
x+1
Néi cach khdc, khi chuyén qua gidi han, cic bit ding thic nghiém ngat r& thanh cic
b4t ding thic khéng ngat.
¢| Ménh dé 3 («binh Iy kep»).

Cho f g h IR aelufw;+o}leR.

1)1
Néu h(x)—;—_Tl ,thi g ¢6 gi6i han 137 tai «.
flx)2 gle)<hlx)
Chitng minkh:

Ta gia thiét chéng han ael  vicic trudmg hgp @ = -0, a=+eo ciing tuong tr.
Cho £>0,vifvd hc6 gi6i han 1a/ tai anénténtai 7y >0, 7, >0 sao cho:
x-al £ = |fix)-I|=¢
Vxel, l l g | &) | .
]x—a1£fh = lh(x)—!] <E
Pit = Minlyy,7,)>0,1acé véimoi xel: ’

.
lx—a| <5 = {lli((j))—”ld: = - < flx)-1s glx)-1 < h(x)-1 < ¢
= |g(x)~—1| e .
Vay gc6 gidi hanla [ tal a. |
Nhdn xét:

1) Trai v6i cic Ménh dé 1 va 2, dinh 1§ kep cho phép két luan vé sur t6n tai cla
mot gidi han va nhur vay rfi c6 ich.

2) Tacé luge A6 hod dinh 19 hep nhu sau:
SAx) £g() s Alx)

N =t
!
¢ | Ménhdé4 ChOﬁg.‘f—)R,ae}u{—oo,+oo}.

f(-‘f)——-> +a0
Néu = thi g{x)———+c.
Tronglancanciaa: f(x) < g(x) x—a



4.2 Gidi han

Chung minh:
Ta gid thi€t chéng han, a e/, vi cic trudng hgp @ = —0, a =+ ciing tuang .
Cho 4eR ,vi f(x)Tm , nén tén tai 7, > 0 sao cho:
vxel (|x—a| <= fx) 2 4)
Mat khdc, theo gia thiét 16n tai 7, > 0 sao cho:

vxel (|x—a‘ S = f(x)Sg(x]).
Pat q=Min(nl,q2),mcéz

. Vrel, [|x—a| <n = {ig;i:(ﬂ = g(x)aA].
Vay glx)— > +w. ]

Ta cling d& dang chiing minh dugc mot dinh 1y twong ty d6i véi —oo.

4.2.3 Cac phép toian dai sd doi véi cac ham cé gidi han
1) Truong hop gi&i han hiiu han

¢ | Ménhdé1 Cho:
ieK, aelufw +x) fg K, (H’)eﬁz.
Ta c6:

1) f(x)——;_Tn' = | f{x)| |/

2) f(x)—-m()@‘f(x)] ———0

fx)

3) } =5 f(x)+ g(x) —x_—;a——:» I+

Y [ ———1= A lx) ——>

—(0
3) T = f(x)glx}——0
g(x) bi chin trong 1an cAncha 4| . x—a
fl)——1
6) =a L= gl ——— I
g(x)“w)f' x—a
gle)}——— 1
7) x—a R S |
I'e 0 glx) x—=a "
S (x)ﬁf
8 gl)— o= L) L

xX—=4a g(x) x—>a I
I 20
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114 Chuong 4 Ham mét bién thuc 1y gia tri thic hodc phdc

Chiing mink:
Ta gia thi€t ching han, a e T , do cdc trudng hgp a=-w, a=-co ciing tuong 1.
1) Cho >0, vi f(x)m—bi nén tén tai y >0 sao cho:
veel (x-d<g = |f)-1]se),
vi vxel ||7G)|-111| < |F0)-1],
nén Vxel (|x—a|£r; = Hf(x”-]!”é.s),
va cu6i cing: |/ (x)| —— [1].
2) Tinh chét pdy 13 hién nhién vi:
vxe X |lf&)|-0| = 7G| =1r)-0].
3)Cho e >0. Vi f(x)—?m—n' va g(x)—x_vn' nén ton tai #, >0, 7, >0

sao cho:

lx—als;“ = |f(x)—l <

Vx el 2
x—al<y, = \g(x)—!' \ < %
Bit 5 = Minfy .9 5}, tacé:
lf(x)-—!| < %
vxe (]x—a'Srg = _
[gt)-1'| <5

= l(f(x)+g(x))——(1 . \(fx) x) ! )I < lf(x)—[l+lg(x)—1’l <.
Viy, f(x)+g(x) —;a—r 1+,
4) Chog >0.Vi f(x)—x-_—m—ﬂ nén tén tai p >0 saocho:
Vxel [lx a|<r; =) |f(x) I‘ Hl'ﬂ]

Tir d6 ta cé:

Al
Yxel [Ix—a] sy = ]/l!f /Ul ll“f x) !'1 < llll‘l_'-l g)‘

Vay 4 f(x)—— 4.



4.2 Gidihan 115

5) Theo gia thi€t, tdn tai 77, > 0va C e R sao cha:
Vxel, (|x—a| sm = ]g(x)| = C).

Chos >0,9 f(x)T)a—m,nenténtai 7, >0 sao cho:

Vxel, ['x—a[ <7y = |f(x)] SI.ICZJ'

bat = Min(ql,q2)>0 ,tach:

vrel [ix—a|$.7 = el = 7 Olleb)| s 2 s]

Viy f(x)g(x)—x_—’-cTéO .

6) Bat h-1 K
x s flx)t
Tacé: Vxel flx)glx)= Ig(x}+ h(x)g(x) .

Theo 4 i) ——— i Matkhdc theo 3) v2 4) h{x)= 1 ()~ —=—0.

Vay theo 5) h(x)g(x)—;TO i g bi chan trong 14n c4n cla a. Cubi cing theo 3)

S/ (x)g(x)ﬁﬂl .
7) i glx) — > !".néntheo /) tacé: lg()! — .

Vi 1;”| > O,ﬁEn theo 4.2.2, Ménh dé 1, t6n tai r > 0 sac cho:

1"

vxel ('x—a] <qy = lglx}] > —2—]

pacbiet:  Vxel (jx-dsm = gl)+ 0).

Do d6 ham 1 duge xdc dinh it nhdt rén In]a—-m; a+r;2[.
g

V& moi x thudc Im]a—r}l; a+q2[ tachd:

1.1
gle) 7

@ 2,
" O] P le()-1].

0=<

2 .
Vi g(x)—w {", nén suy ra r—zlg(x)— 1’| Tﬁ——)O (xem 4), sau d6 theo Binh

Iy k 422 Menh dé 3) | - » () hia 1A -
S’ P ( = : ) lg(x) F‘ toa ng. g(x )—'—_“_)a 7
8) Ap dung 6) va 7} véfi chi § rang: :’::fl_ -
g £



116 Chuong 4 Ham mot bién thuc 1y gia tri thue hodc phifc

o|Ménhdé2 Cho f/-C [eC.Tact

Chitng minh:

Thay ngay vi |f(x)-1] = l—f—(;j-_f[ = [F0)-1).

o | Héqud Cho f1I>C, (a,ﬁ)ERz.Tacéz

) . (Re f)x)— @
AR R (Y O

2) Truimg hop gidi han vo han.
Ménh dé sau day vé noi dung va c4ch ching minh twong tu nhu Ménh 4834313

+ | M&nhdé Cho ae?u{-oo:ﬁ;o}, fg I->R.
1) Néu f(x)—I;a—>+oo vi néu g bi chin dudi trong lan cin cla a,
th: fx)+ gle)——=+c.

Trudng hop rieng:
fl)——
TR PP ¥a m:f(x)+g(x)—m—>+oo.

f(x}—;‘ﬁwo
. MESEIEF10) i
g(X)——x-;'—)i'ER_'_ x—a

2) Néu flx) ———r+® va néu g bi chan dudi trong 1an can cha a boi
x—ra
méot hing s¢ thue sy duong, thi: flogi)— -

Trudng hop riéng :
f) ===
. o(x) x—a +°O:>f(x)g(x)——;_;—>+oo.

Fle)———> 50
. { s R’ = fF)gle)—5 =



4.2 Gidi han

Ta cling c6 th€ 14p bang cdc gi6i han clia f + g va fg tuong tu nhu cdc bang gi6i han
cia céc day (i, + vp)p. (V)

3) Hop cdc gidi han
¢ | Ménhdé Cho aefu{—oo;+co}, I >R, J1a mot khodng cia R
sao cho:

fcJ be}u{-oo;-roo}, g J—>K leKu{moo;+ao}.\
Néu {fcégiéihanlﬁbt@ja

Jihl g o f 6 gi6i han 12/ tai a.
g6 gicihanlal b |" 0 8 °/ cogidihanlaltaia

Chiing minh:
Tagid thift ae!, beJ, [eK,cictnidmg hop khic ciing tuong tu.
Chos >0;vi g(y)—yT)I nén ton tai » > 0 sao cho:

YyelJ ﬂy—_b|sq:>|g(y)—1|s£).
Vi f(x)x—_m)b nén t6n tai ¢ > ¢ sao cho:

vxel {x-dsa=|r(x)-b<n).
Tudétacs: Vrel (x-d<a=|r()-btlsng = |g(r(x)-1< &)
Vay go f{x)—1.

O day, go 7 ->K ,dolam dung ngon i,
x> glf(x))

4.2.4 Truomg hop ham don diéu

Trong §4.2.4 ndy céc ham duoc xét déu nhan gid tri thye.

¢ | Dinhly Cho (ab)e Ruf-o+))’ saochoa<h, f)a; bl > R1a
mot 4nh xa ting.

1) Néu f bi chan trén; thi fc6 gidi han hitu han tai b va:

limy /= Sup f(x).
xeija, bl

2) Néu f khong bi chan tren, thi £ 6 gi6i han 13 +o tai b,
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118 Chuong 4 Ham mot bién thuc tdy gia tri thuc ho&c phirc

Chiing mink:

1) Bo phan f (]a; b{) ctia R khong rdng, bi chin trén nén c6 mot bién trén {
trong R,
Choe >0. Vi /- khong phdi 1d mot chan trén cia f{]a; b[) rong R, nén tén
tai ye f(}a; b[) saocho /- <y,vaténtai & € ]a;, b | saocho y=f€). Do
dé: 1-s < fE) < 1.

Viy véimoi x € |a, b[:

txxm f(E)sf(x)l-esf(x)si= |[f(n)-]s &
Gia st b € R (rudmg hop b = +eo khio st wrong ).
" Pat p=b-£>0, khi d6 ta cé: Vxela bl, O<b-r<n = )< 4
Diéu ndy chiing td: f(x)—;_Tl.
2) Cho AeR. Vif khong bi chin trén, nén tén tai ¢ E]a; b[ sao cho
f€)> A. Vay v6imoi xelgbl: {sx = f@')sf(x)-_ﬁf(x)zA.
Gia st b € R (trudng hop b = +oo khdo sét awong ).
baty =b-{ >0,tach: ‘v‘xe]a;b[,(0<b-x5q = f(x)zA)‘
Diéu nay chiing té f(x)——mﬂo [
Néu bE]R,thilrougdinhlflréntacélhénéivégié‘ih@nttéilaib.

Cht ¢ ring mot him ting trén ] a; b [ ludn c6 gii han hitu han hodc vO han tai b.
Xét cic anh xa:

o ra-o] 4<%
e

Tix dinh 1§ trén ta suy ra cdc k&t qua dugc néu trong bang sau:



42 Gidi han

Cic gia thict d4i

K&t lugn So dé
v6i £ 2} [ > R | Tén tai cim... | C6 gid tri...
M ohe yp b
Tang v2 bi chan lim f Sup f(x) /] 1
trén b x € o8] i ’
0 ét X Q =¢.¢ [1
¥} he ¥ b=+
Giam va bj chan lim / Inf /() -
dudi & xe ]a;b[ — .
0 r=1 b x &} fx v
11 ae aEy
Giam va bj chan lim f Sup f{x) ~ —
rén a X € ]a;b[ \ ™
Oha j;x Y !"J £
g€ g=-e
Tangvabickwn | gms | WO/G) ||| S -
du6i a ve Jab| - —
il a S 0 ,:, X
) he ¥ = 4o
T#ng vA khong b lim f / /
chin trén & +ee .
ol 5 X e x
Y| be ¥y b= e
M.
Giam va khong bi lim f ola B ot
chan dudi b 0 \ ‘ '
¥ \a & as - ¥
Giam va khong bi Clim f o .
chan trén @
M ow _l:',.l [i] b' X
b ‘ a€ = ¥
pal A
Tang va khong bi lim f - 0 b of 5«
chan du6i a
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120 Chuong 4 Ham mét bién thue I8y gia tri thue hosic phire

¢ {Ménh dé
Néu f: I - R 13 mot 4nh xa tang, thi £ c6 m6t gidi han trdi va mot gid

han phéi hitu han tai mgi diém a thuge 7, va:

lim f < fla)<lim f .
a a’
Chitng minh:

y
‘ . /’v =fro . g
lTﬁf y Anh xa ftang vi bi chan wén béi f(a)
¢ fila) trén [ |0, al, v tang va bi chan
Hm f " duéi bai fla) trén 7 r“\]a; +oo[ .
a

o u x

Ta c6 két qua tuong ty cho trudmg hop f gidm.

4.3 Tinh lién tuc

4.3.1 Dinh nghia
1) Lién tuc tai mot diém
¢ Pinhnghia Cho f:I—>K. ael.Tan6i f lién tuc tai a khi va
chi khi:
Ve >0, 39 >0, Vxel (x—d|gq =|fx)- flo)<e ).
Tandif gidn doan tai a khi vi chi khi f khong li¢n tuc tai a.
Menh dé sau day chiing minh dé€ dang.

¢ | Ménhdé1 Cho f:I1>K. ae/.Déflientyc wia, diéu ki¢n cin
vadiila f c6 gidi han 1a f (a) tai diém a.



4.3 Tinh lién tuc

Gian doan loai 1

Ta néi fc6 diém gidn doan loai 1 tai a khi va chi khi:
f khong lién tuc tai a. .
f c6 gi6i han trdi tai @ (néu f xdc dich bén tréi a).
/ ¢6 gi6i han phai tai a (néu f x4c dinh bén phdi @)

Néu f c6 gidi han trdi hifu han tai @ vA gidi ban phéi hitu han tai a, ta goi s6 thuc
oy (a) xédc dinh boi oy (a)= lim f —lim f* 12 bude nhiy cia ftaia.
a’ a

Theo 4.2.4, Ménh dé, néu f tang trén khodng 7, thi tai moi difm ael ,fcbd gid han
tr4i hitu han tai @ v2 gi6i han phai hitu han tai a va & (@) 0 : hon nfia v6i cdc gid

thiét trén thi fTién tuc tai a khi va chi khi o ¢ (@)= 0.

. Néu f khéng lién tuc tai a va khong cé diém gién doan loai 1 tai 4, thi ta n6i f ch
diém gidn doan loai 2taia. '

¢ | Ménh dé 2 Néuflién tuc tai a thi fbi chén trong 14n cén cua a.

Ching mink:
Xem 4.2.1, Ménh dé 2.

o | Manhdé3 Cho fi7 >K ael;flién tuc tai g khi va chi khi: v6i
moi day (x,) <N Dhimg phén tir ctia [ hoi tu d&n a, ta cb:
f(xn)FnT)f(a)

Chitng mink:
Xem 4.2.1, Ménh dé 3 v Ménh dé 1 wrén day.

2) Lién tuc todn cuc
¢+ PBinhnghia1 Cho fI > K. Tandif lién tuc trén I khi v chi khi f
lién tuc tai moi diém cia .
Ta ky hieu C(Z, K) 12 tap hop céc 4nh xa tir [ dén K lién tuc trén 1.
Ta goi moi khoang J ciia R, khong réng va khong thu vé mot diém saccho J < [ 1a
khoang con ctia f.
¢ DBinhnghia2 Cho fI—>K,Jmot khoang con cla /. Ta ndi f lién

tuc trén J khi va chi khi thu hep: f|J: J =K liéntuc trén J.
x> flx
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122 Chuong 4 Ham mét bign thuc 8y gia tri thifc hodc phic

viDU:

f: R—>R lién tyc trén |- o0;0], nhung khong lién tuc trén [0s+] -

0 néu x=0
X0 {1 néu x>0

Nhdn xét

RS rang ring, néu a < b < c va néu f: [a,'c] — K lién tuc trén [a; b] va [b; c], thi

flién tyc trén [a; c].
3) Lién tuc timg khiic

+ Pinhnghia Cho (a.b) e R? saochoa<bw [ :[a;b] > K

Ta néi f lién tuc timg khiic trén [q; b] khi va chi khi Jn e N* va

(ag.....an)e [a:6)"*! sao cho:

a=ay<..<a,=b

V6i moi i€ {0, ..,n-1}f litntuciurén 1 a;; ;.1 [ VA c6 gidi
han phai hifu han 1ai g; v2 gi6i han trdi hitu han tai a;,, -

wen fagai0]

Ay

-r/ _V=ﬂx) i
ay O 441 42 \,\ 43 x
=4 -
Bai tap
¢ 4.3.4 Nghién ci, tai moi diém, su lién tuc cha cde 4nh xa sau day:
a) f:R-R
it
oo s o xe@ o
b fiR, R
R qu uéux:-g—. (p, q) € NxN*, UCLN (g, g} =1

0 nfu xeR,-Q,
(str dung béi tap 3.3.6).

v Pidu nay quy vé diéu kién, v6i moi
ie0,.,n-1}, fl]a,-;a,-ﬂ[ lien tuc



4.3 Tinh fién tuc

0 4.3.2 Tim it ci cc dnh xa frong mdi trudng hop sau:
a) f R R, lientuctai 0, Vx € R, f(3x) = fix).

b)f R >R lientyctai 0, Vx € R, f3%) =f(x)=f[1f 2]'
X

o) f R — R, lien tuc tai 0, ¥x € B, f31) = ().
0 4.3.3* Tim tt ca cic dnhxa f: R > Rligntyc sao cho:
Vee R2 fix+y)=fx) +fO).
0'4.3.4 Chog e & tim tdt ci cdc dnh xa f: R — R lién tye sao cho:

Ve RY fie-y) =M - ) + axy.
(sit dung bai tap 4.3.3).

432 Céc phép toin dai s6 trén cic dnh xa lién tuc
I) Lién tuc tai mgt diém

! Ménhdé1 ChogelreKfgl-oK

1) Néu flién tyc tai a, thi |#] lién te tai a.

2) Néu f, g ciing lién tyc tai g, thif + g lién tyc tai a.

3) Néuflien tyc tai g, thi Af lien tuc tai a.

4) Néuf, g cing lién tuc tai @, thi fg lien tyc tai a.

5) Né&u g lién tuc tai @ va néu g(a) # 0, thi il lién tyc tai a.
g

6) Néu f, g cing lién tyc tai a va néu gla) # O thi L lién tuc tai a.
g

Chitng minh: Tuong ty nhy chitng minh ménh 481,423 1)
Nhén xét . Bing céch luu ¢ ring d6i véimoif, g: 1 > R:

Sup(f,g)=%U+g+lf-gl),lnf(f,g)=%(Hg-lf-gl)-

123

(xem 4.1.2), ta thdy ring n&u f vi g cing lién tue tai a thi Sup(f, g) va Inf(f, g) cling

lién tuc tai @. Trudng hop riéng, néu flien e tai a, thi e f _}ién tuc tai @.

¢ | Ménh dé 2 Chol,J lahaikhoing chaR, ae LA R gV 2K

sao cho f{f) c J, ta k¥ hiéu, mot cich lam dung g ° f:I1-K

,thi go f lién tyc tai a.

N& flignwctai a
g lién tyc tai f(a)

Ching minh: Tuong wt nhu chimg minh méoh dé trong 4.2.3 3).

x> fS(9]
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Menh dé sau day duoc thdy ngay (xem 4.2.3 /), Ménh dé 2 va He qua) .

¢ Ménhdé3 Choacl flo C. Cic tinh chét sau tuong duong doi
mot:

() flién tuc tai a
(i) f lién tuctaia
(iii) Ref va Imf déu lién tyc tai a.

2) Lién tuc trén toan bo

Cic ménh dé sau day dugc suy ra d€ dang tlr cic Ménh dé 1 va 2 cia §1
trudc.

¢ | Ménhdé1 ChoicK.fgl-K
1) Néu flien tuc tren 7, thi | f] Lien tuc trén /

2} Néu fva g cing lién tyc trén /, thi f + g lién tuc trén 7
3} Néuflién tuc trén 7, thi Aflién tuc trén /
4} Néu fva g cing lién tuc trén 7, thi fg lién tuc trén J

5) Neéu glientuc trén f va néu (Vx € 1, g(x) # 0) thi L lién tuc trén 7
g

6) NEu f, g ciing lién tuc trén f va néu (Vx € I, g(x) = 0) thi L lién tuc
g

trén .-

Ta da ky hi¢u C(/, K), tap hop céc 4nh xa lién tuc tir 7 vio K. (xem 4.3.1 2)).
Vi C(J,K) # @ va sit dung céc tinh chét 2j, 3), 4) & trén, ta thdy ring C(/, K)

12 mot dai s6 con ciia K’ d6i vdi cac Tuat thong thudmg, nghia [a:
le C(I,K)
C{, K) 12 mot K-khong gian vecto déi v6i phép cong va luat hop thanh ngodi.
¢, K) én dinh v6i phép nhan.
Chii y
Néuf, g: I - R cling lien te trén 7, thi Sup(f, ¢) va Inf(f, g) cling lien tuc trén 7.
Truémg hop riéng, n€u £ 7 — R lien tuc trén T thi f* vi f ciing lién e trén /.

¢ [ Ménh dé2 Chol JhaikhoangctaR,f />R, g J — K, sao cho
fU)c J, taky hieu mét cich lam dung, go f: [ >K .
x> g{7{x})

Néu f1ién tuc trén 7, v2 néu glien tuc trén J, thi go / lién tuc trén /.



43 Tinhlién tuc

¢ | Ménh dé3 Chof 7 — C. Cic tinh chdt sau twong duong timg doi
mot.

(i) f liéntuc trén/.
(i) f lién tuc trén /.
(iii) Refva Imf lién tuc trén /.

Bai tap
¢ 4.3.5 Che/¥imdtkhoangclaR IR, (p.g) € (N*)* sa0 cho ugc s6 chung 16n nhit
cua(p.g)y=1.
Ta pid str1a f” va £ 7 lien tuc trén If? = f... Chimg minh rang f lién tyc trén 1.
¢ 4.3.6 Choflamot khodng cia R va £ Ia mdt khong gian vecto con cha C(f, R) sao cho:
vfe £ (3 e 1,/ (x)=0)= f =0)
Ctuing minh ring E ¢6 s& chiga hfto han v dim(E) < 1.
¢ 4.3.7 @) Timmotvi duvéinhxaf: R — R sao cho:
£ gidn doan tai mo1 didm thuge R
{fof]ien tuc trén R.

bj Tim mot vi dy vé 4nh xa g: R — R sao cho:
{g o g &i4n doan tai moi diém clia R.

gogog litntuctren R.

4.3.3 Lién tuc trén mot khoang
* Blnh ly («Dinhly cacgia tr1 trung gian»).
Cho 7 1a mot khofing cia R, f: 7 — R 1a mot 4nh xa lién tuc, (a, b) € 1’

sao cho f(a) < f(b). The thi f nhan 4t ca céc gid tri trung gian gma Ra)
va fib), nghia la:
Vye [fla),fib)), Icel, lay=7.
Chirng minh '
DAu tién ta chii ¥ ring néu y=fla) hoac y=f(b) thi kétqua A t4m thudmg. Vay la gia
thi€t fla) < ¥ < fib).
XétF={x € [a; bl: fix) < 7}, F 13 mot bo phan ciia R khong tdng (via € F), va b

chan trén (b&i b Vi F < [a; D)), vAy F c6 mot bién trén, ky hién 12 ¢. Ta s& ching
minh flc) =y

V6i m&i » thude N*, 160 tai x,, € F va y, € [a; b] ~ F saocho

1 1
C—— <X, Sc<Y, <¢c+—.
" n
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Chuong 4 Ham mot bién thuc I8y gié tri thuc hodc phlc

That vay, véi moi n € N*:

e Tacé c—-l <¢, nén c—l khong phai [a mot chin wrén cia F vay t6n tai x,
n n .

trong F sao cho c—l<x" <c.
n
1
e« Tacod Fcla c]',c<b(vifliénlgcu_tibvﬁy<ﬂb))vh c<c+—,tirdé suyra
n
1 .
t6n 1ai y, thudc [a; b} sao cho y, & F v ¢ <y, <c+— (¥, c6 thé 1a bat ky phan ur
n

pao cha Jo; Min(e + l.-f')[ )
n

Vay x, ———¢ vd y, — ¢, vi do tinh lién tuc cha f tai ¢ nén
Flea)—=> 7€) f(a )= 1)-

Nhung, Vn € N, flx,) S 1< f(yn), 1t do chuyén qua gi6i han, ta duge: y = f{c).

Nhdn xét

1) Ngudi ta thudmg sir dung dinh iy cdc gid tri trung gian trong teudng hopy = 0:
néu mot 4nh xa v6i gid tri thue lién tuc trén mot khoéng, nhas mot gid 111 khong
duong va mot gia tri khong am, thi né nhan gid ui 0.

2) Ta c6 thé phat bidu dinh ¢ céc gid tri trung gian du6i daog c6 dong hon nhu
sau: Anh cia mot khodng bdi mot dnh xa lién tye (v6i gid tri thuc) 14 mot khodng.

3) Cho I 1a mot khodng cia R va f: / —» R, Ia mot 4oh xa lien tuc. Ta 6 thé w
hdi lign “loai” clia 7 (nghia 13 7 dong, bi chan, pira md...) c6 duge bio toan béi f
khong, nghia 1a f{7) cé cing loai véi I hay khong. Sau nay (4.3.3) ta s€ thy ring
ring néu / Ia mot doan thi {7) ciing 12 mot doan. Nhung céc loai khong khdc thi, néi
chung, khong dugc bao toan. Chinh xfc hou, v6i mot trong tim loai khodng khéc vii
doan (xem 1.2.1) ca I, fi7) ¢6 thé 1a mot trong 9 loai khoang. C6 thé chi ra duge dit

8x9=72 vi du (mot s§ duge suy ra tir cic vi du khéc). Chiing ta hay néu vai vi du
trong 56 d6.



43 Tinhkiéntuc 127

o I=Rva fiN=1-1:1[

y
vwoi f: R->R ;
T y=f(0
O
-/ X
-1
o I=R, fih=[-11] y
voif R-R 1 =
¢ {—1 rés x$-1 y =f{x)
X > x nfn —1€xs]
1 ptu x21 4 o
1 x
-1
e I=10;1), fiD=1-1 1 31
véif: |0;1] - R \1
xH(l—x)s'm(-Jl;)
0
1 x




128

Chuong 4 Ham mét bign thuc 18y gié tri thuc hosic phlc

Bai tap

0 4.3.8 Ching minh ring phuong trinh x' = ' + 1, 40 lax € R, 6 it nttat mot nghiém.

¢ 4.3.9 Chof g [0: 1] — R lién tuc sao chof(O) =g(1} =0 va f{1) = g{0) = 1. Chimg minh
ring: YA € R,, Ax € [0: 1), fix) = Aglx).
¢ 4.310 ChoJl1amotkhoang cha R, f. g: 7 — R ciing lign tuc sao cho:
¥x e 1. (o = (g2 = 0.
Ching minh rang f= g hay f=—g.
¢ 4.311 Chof R -»Rlien wcsaocho: Yx e R, fﬂx‘)= |f(x] > (), Chimg minh rang; f
chdn (st dung bai tap 4.3.10).
¢ 4312 Cho{a b)e R? sa0 cho @ < bva £ (@ b] — [ b] lién tyc. Chimg minh ring 16n
tai xg € [a; b] sa0 cho Stxe) = x.
¢ 4.3.13" Cho!12a mot khoang ciia R va f: 7— R, mat don 4nh lién tue. Ching minh rang f
don digu nghiem ngat. .
¢ 4314 a) Cho¢:R — R gidm nghiem ngat. Chimg minh ring khong tn tai dnh xa:
f:R—>R.ligntucsaocho fo f =@ . (Sirdung bai tép 4.3.13)
b) C6 ton tai hay khong mét 4nh xa lign tyc £ R — R sao cho: ¥x € R,
(f o S)x)+x =07 (st dung a)).

4.3.4 Tinh lién tuc trén mot doan

Ta nhéc lai ring (xem 1.2.1 4j) mot doan {ciia R) theo dinh nghia 14 m@t khoang dong va bi
chan [a: bl.ash.

¢ [ Binhly Cho(a,b)e R2 sao cho a < b Vi f: [a; b) — R 13 mot dnh xa;
néu f lién tuc thi f bi chin va dat dugc bién trén va bien dudi clia nd.

Chitng minh:

7} Tasé&chiing minh f bi chin.

¢ Giasitf khéng bi chan trén. Khi d6 v6i moi n € N, t6n tai x, € [a; b] sa0 cho
f (x,,) > n theo dinh 1§ Bolzano — Weierstrass (3.3, Dinh If) vi (x,) yen bl chan nén
16n tai mot ham trich o vA mot phén tir ¢ cita (a; b] sao cho Xo(n)—>¢ Vif lién
tuc tai ¢ nén f(xa(n))T o).

Nhung mat khdc: Vn € N, f(xg{,,)) > aln)zn, vay f(xa.(,,))—?m, mau
thuan. Biéu ndy ching & f(x) bi chan trén.

o Ap dung két quéi trén d6i v6i ~f thay cho f, ta suy ra f bi chan dudi. Cudi ciing, f
bi chan.

2) Taching minh rang f dat t6i cdc bién.
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e KyhicuM = Sup f{x)
xelab)
Véimoine N*¥, viM - 1 khong phii 13 mét chan trén ciia f, nén 16n tai x, thude
n .

[a; b] sao cho:

1

M-——=<flx,)sM.

n
Theo dinh Iy Bolzano — Weierstrass, vi (x, )ﬂ <+ DI chén nén t6n tai mot ham trich
t va moL phén tr 4 cla [a; b] sa0 cho Xy Td' Vi fix) lién tuc nén

St sy }——> @)

Nhung mat khic: ¥n € N¥, 'vf—;) < f(xf( }) < M , do 46 chuyén qua gi6i
tin

han ta dugce:

M = f(d).
Piédu ndy ching 10 ring f dat gid tri M: 3d €fa; b], M = ().
Ap dung k& qua uen d6i v6i —f(x) thay cho f ta cling suy ra ring f ciing dat t6i bién
duéi . [ |
K6t luan ciia dinh Iy cénghialat6n tai  Inf f(x)vdk Sup f(x) (trong R),

xelab] xe[a:b]

va t6n tai x,, X, € [a; b] sao cho:

Inf f(x) flr) va Sup f(x)=flxz).

xelah xela,b]

Ménh dé Cho(a; b) € R saochoa < bvaf: [a; b] — R 1amot d4nh
xa. N&u f(x) lién tuc, thi f{[a; b]) 12 mot doan cua R.

Chitng minh:

o Theo dinh Iy céc gi4 tri trung gian (4.3.3, Pinh 1y) f(la; b)) 13 mot khodng cia R.

¢ Theo dinh 1§ trén day f({z; b]) 12 mot bo phan ciia R bi chan va chifia cdc bién cia
nd. [ |

Nhu vay néu f: [a; b] > R lién tuc, thi m= Inf f( ) vaM= Sup flx) 12 t6n tai

xe[a; B] xe[a.b)

vata cé: f(la; b]) = [m; M].

Bai tap

0 4345 Cho@ b e R2. saocho a < b, f, g : [& b] = R lién tye thod man:
- Vx g [@b], 0<g)<fix)
Chitng minh réng: 34 € R, Yx e (@ bl (1 +Dgx) < flx).
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Chuong 4 Ham mét bign thue 14y gié tri thuc hosic phire

¢ 43146 Chof: R - Rlien tuc sao cho: lim f =lim f =+
+ o -

Chimg minh rang: 3xg € R sao cho: ¥x € R, fix) 2 fixg)-
¢ 4317  Cho f: [0; 1] — [0: 1] lién twe. Ching minh rang tén tai ¢ € [O: 1] sao cho
S {fe}) xnong c6 ding hai phén tir

4.3.5 Anh xa ngugc
Véi danh xa f: 1 — R dicho, ta chd ¥ dén sy ton tai cita ham ngugc chaf.
Trudc hét, ta han ché f vao dnh cla nd, b&ng céch thay / bdi 4nh xa:
7 :I— f{I}); theo cach xay dung, 10 rang 7 1atoan 4nh.
x> flx}
Néu 7 1a song 4nh, ta néi f c6 mot ham nguge, d6 1a f7': D) — 1 hay
theo cdch lam dung ngon tir, dnh xa f (I)»R
ye 170)

Trén mot mat phing afin Euclide dinh hudng P, v6i he quy chidu tnge chudn
(0,7, 7), céic dudng cong biéu dién (C) cha f va (C") clia 771 d6i ximg i
nhau qua dudng phin gidc thi nhit B, vi: M(x, y) € ()} = M (v, x) € (C").
y (Che

i

/ x

Ta chd § ring mot 4nh xa Khong lién tyc f van 6 thé ¢6 4nh xa nguge. Vidy
snhxaf : [0; 1] = [0; 1] x4c dinh bdi:
I nfu x=0
flx)={x néu 0<x<]| lasong anh, nhung khong lién tyc trén [0; 1.
0 néu x=1
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¢ | Binhly Cho /12 mot khoang cia R, f: I » R 1a mot 4nh xa; ta ky
hiéu: ?: - f{1).
X f{x)
Né&u f lién tuc va don digu nghiém ngét, thi:
1) (D 1a mot khoang

2) F lasong &nh

3) 77! don digu nghiém ngat cling chiéu véi f

4) £71 lien tuc tren f(D.

Chitng minh
Ta gi4 thiét f lién te va, ching han, tang nghiém ngat.

1) Theo dinh 1¢ céc gid tri trung gian (xem 4.3.3, Pinh 1§y £ 1a mot khoang
cua R.

2) e Theo dinh nghia / 1 todn 4nh.
s Chox,,x; €/ saocho f(xl)=f(x2).

Néu x, < x, thi 7(3:1 )< 7(3@) , mau thuén.
Néu x, > x, thi f(x1)> 7 (x5 ), mau thuln.
Vay x; = X, (diém quan trong [a thf ty thong thudmg trén R 13 thit tr todn phin).
Vay / Ia don dnh.

3) Cho y,, y, € f(l) sao cho y, < y; k¥ hiu x, = f'l () vax,= f_i (v,)- Néu
Xy 2 x5, thi, do F rang: f(x)2 flxy), nghia 12 y; 2 vy, m&u thudn. Piéu nay
chitng to f" tang nghiém ngat.

4) Cho e>0va y, e fih=J k¢ hitu xq = 7"Y(yy). Ta s chiing minh rang
t6n tai 77 >0 saocho:

Yy e, ([y-yolsn = lf”(v%f"(v[;jéé‘)-

¢ Néu x, khong phai 12 m¢t bién cha / néu c6, thi ton tai & > 0 sao cho
]xo —-a. xy +or[ < 1. KY hieu g = Min(g, @) > 0. Vifva 77! déu tang nén v6i
moi y thude J tacé:

‘?‘1(}")‘ xUlSEI o xo-& < f () +e
< 7(3‘0 -£)< .VS}:(XU +1)

10-GT7-T?

Il
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¥ Vi xg—6) <Xxp Va Vi ? tang nghiém
Yot P ngal nén:
’ .\"02 y=fx) r T

. Flxg—&1)< flxg)=»0-
YoMy :
Vay tén tai #; > 0 sao cho:
f(xo ‘51)=.‘r’0 M-
o 3 T . Tuong tu. 16n tai 775 >0 sao cho:

Fleg +&))=vo +12-
Ky hieu n=Min{p.72) > 0. 1 ¢6
v6i moi y thude f(I):

1y—y0l21} = yy-nSysSyg+in = Vo—th S¥sygtm

= xu—ssf_l(y)s xgte = ‘7_1(3»)—}_1()'01 < g.

Nhu vay ta di chimg minh dugc ring Ffu_l lién tuc tai yg.
o Néu x, 12 mot miit néu ¢6 cha 7, thi trong phép ching minh trén ta chi stt dung mot
trong hai s6 thie 1y, 7h. [ |
+ DPinhnghia Chol,J1a hai khodng, f: | — J 12 mot 4nh xa.
Ta néi f1a mot phép dong phoi khi va chi khi:
f lién tuc trén [
f 12 song &nh
f" lien tuc trén J

viDU
Cic 4nh xa sau 12 nhimg phép dong phoi:
R>R (b e R c6dinhvaaz0)

x> axtb

Rl—)R;,R,,_—)R_,,,R——)R, —E:E —>[—-l‘,1].
! ; 2 2

2 XX
T xex x P sinx
Bai tap
6 4.3.48 Ching minhsing /2 R — R 1a song 4nh va gidn doan tai moi

x—1 ndu xeQ
re {x+l nfu xeR-Q

didmi thudc R.



4.3 Tinh lién tuc -

¢ 4.3.19 Chimg minh ring;
f:1-L I[>R  lasong 4nh, v& hdy biéu thi f () véi moi y € R.

X
1-x2

¢ 4.3.20 Chof: R R

= X+x-l

X =

a} Chimg minh riing f 13 song 4nh.
b) Gial phwong trinh fx) = F 7 (x), inlax e R,

4.3.6 Tinh lién tuc déun

¢+ Dinh nghia Chof:7— R 12 mot 4nh xa. Tandi f lién tuc déu wen /

khi va chi khi:

Ve 0,37>0, V0, x) e 17, (|x-x"|<n = | f(¥)- 7G| < ).

Ta chi ¥ rang trong dinh nghia ndy 7 khong phy thuoc x* ciing nhu x”,
nhung trong dinh nghia cha tinh lién tuc tai mot diém a cha , 57 ¢6 thé phu
thubdc a.
Meénh dé sau déy la hidn nhign.
+ | Ménh dé

Né&u f lién tuc déu trén I thi f lién tuc trén [.

Diéu nguge lai cha ménh dé 12 sai: mot dnh xa f: J = R 6 thé lién tuc trén /, nhung
khong lien tuc d8u weén /. Vidu: f:R >R . Ta sé ching minh phil dinh cia dinh

x s xl

nghia tinh lién tuc déu, nghia ]

%xl__xtl S ??
Ae>0, 97> 0,3, ) e R?,

. 'x‘z—x"2| > &

bat x” 2 0va x’' =x" + 7. Khi doé:

|x'—x"‘ <9 ) c
7 .2 < 2t re & x> —
|x' -~x" | > £ 2n
- * 2 "y l 1 ]' Y ke
Doviychicdnchon: e=1,x"= —, x’'= — + 7 ladi.
n n

Tuy nhién, néu I 14 mot doan trén IR thi ta ¢6 dinh 19 sau:
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+ | Binh ly («Dinh ly Heine»)
Cho (a; b) € R% sao cho a € b va [+ [a; b] — R 12 mot 4nh xa. Néu f
lién tuc trén {a; b), thi f lién tuc déu trén [a; bl

Cluing mink: (c6 thé bd qua trong 14n doc déu tién)

L.4p luan phén ching. Ta gid thiét £ lién tuc nhung khong lién tuc déu. The thi t6n i
&> {) saa cho:

'ix'—f'j <

Y>3, x7) € a, b]z, )
\f(x') — L | > &
Pac biet, voimdi n € N* (1dy 7= 1 Y 0 tad (X7, 47, € [a: b])‘ sa0 chor
"

, " 1
Xp—Xy| = —

A

Theo dinh 1y Bolzano — Weierstrass (3.3), vi (xn )neN. bi chan nén t6n tai mot ham

> £

trich o vd mét phén tir ¢ cta [a; b] sao cho xlp(n) —c. R61 vin theo dinh 1y
Bolzano — Weicrstrass vi (x:,(,,)) N bi chan, nén t6n tai mét ham trich T va mét
phén tif d clia [a; b] sao cho x (r(n)) ——)d

Ky hieu o= por cling 1A mt ham trich.

Vi lxa{"}]neN dugce trich ra tir (xp(,,))neN, N8R Xg(p) =€ -

Hon nifa: x45(,) Td .

Do: Vn € N*, |x (n) — xa(,,

= ﬂ < l , bing cich chuyén qua gidi han ta suy

ra: c=d.
oot} 166)
Mat khdc vif lién tyc tai ¢ vi d, ta c& . .
f(xo'(n)) e >f(d)

o) bl 2

'f(ﬁ )l > ¢ diéuurdi v6ic=d. -

Vi ¥n e N¥, . nén chuyén qua giG han ta thu dwcc




4.3 Tinh liéntuc

Bai tap
Ta viét tat chit «)idn tnc déu» 13 «lid».

o 4.3.21
a) ChoileR. figli—-R
Chitng minh rang;
1y f wd = |f] 1d
2) (g ) = Af+g Itd
g hd 1

3) . = — Id
e Ry vxel glv)zCl &

4) (f.g Ud) = (Suptf. ). Inf(f, g) ).
b) Ching tdrang, nduf: I > Rldvag: /- R 1td (sa0 cho f(h < J )y thi:

geof: IR lul
x e glfixl)

0 4,3.22 M6 ta tap hop cac dnh xa /1 R = R sao cher

foud
J 1a song dnh
77" knong 1d

4.3.7 Anh xa Lipschitz
¢+ DBinhnghia Chodnhxa f:/>R.
1) Chok € R,. Tanéif1a dnh xa k-Lipschitz khi va chi khi:
Vi, x) € 12| fle) - flxa)| Skl = x3).

2) Tandi f 13 dnh xa Lipschitz khi va chi khi t6n tai £ € R, sao cho

f 12 dnh xa k-Lipschitz.

Mf_)lénhxaf:l—)llhm@ténhxacokhivﬂclﬁkhitﬁntaike [0; 11

sao cho f 14 4nh xa k-Lipschitz.

vIDU:
f) f: R >R ladnhxa 1-Lipschitz vi:
X3 |rﬁ

Hn]*\-‘sz < leyoy

—— 2 Y- fleyls g Xal .
(o) € R 1) - fooy (i} + D [+ )
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Chuong 4 Ham mdt bién thuc 14y gia tri thuc hoéc phifc

2.2
2) f+ R - R khong Ia Lipschitz bdi vi ty s6 =2 (bang x; + x,) khong bi

X x X ¥
chan khi (x,, x,) chay khép R? sao cho X # x5
Nhdn xét
1) f:1 - R 14 4nh xa Lipschitz khi v chi khi:

{f(x]:i(y]; (r.y)< 1"~px¢y} bi chan.

X

2) Ta s& thily & phén sau (5.2.2, Ménh dé) ring mei dnh xa kha vi va ¢6 dao ham
bi chan déu 13 4nh xa Lipschitz.

+ | Ménh & Néuf: /- R1a4nh xa Lipschitz, thi f lién tuc déu.
Chitng minh:
Cho f:1—R Fa4nh xa k-Lipschitz (¢ € Ry} va >0,

bat q=—£—>0,tac6:
k+1 |

Y, x) e 7 [lx‘-—x“' <17 = 1f(x')—f(x") | < kk—il— < 5].

Piéu d6 ching 10 £ lién tuc déu wen /.

Nhgn xét: Khing dinh dao clia ménh dé ten 13 sai: mot 4nh xa c6 thé lien tuc déu
nhung khéng Lipschitz, ching han nhu o vidu: f: o1l r

X X

That vay:
o VL) e (0 175 lJ? - Jx_'l < Jx-x'] (xem baitap 1.230.5)), vay khi
chon 7= &

Ye>0,37> 0,V x7) € [0; 1]2,(lx'—x"l £ n = 1@—\/;\ < £)

L Yx-a0 1

—_ >+,
x-—O J; x=0"



4.3 Tinh lién tuc

Bai tap
Ta viét tit k-Lipschitz 1 k-lip.
¢ 4.3.24
aj ChoieR, f gl R (k) e (RJ?'. Chimg minh ring;:
1 f klip> |/ k-lip.
f k-lip
g k'-lip
35 klip = A lalktip

} = t+g (k+k)-lp.

1 koo
= — —-—lip.

g k-lip
ICeRr,, Vxel, glx)2Cl T g 2

f k-lip Sup(f.g) k-lip
5 o= A .
g k-lip Inf( f,g) k-lip
$} Chimg minh rang nu f: / —» R Jadnh xa &-lip, & J > Rlaanhxa k' -lip vafiyc /. thi:
gef: IR 14 dnh xa &’ k-lip.
3+ glflal)
0 4.3.25 Choa, b.c € Rsaochoa<b<e, f:fab)—> RIaanhxa k-lip. g {nel—> R
anh xa &'-lip, sao cho fib) = g(b), h: [a; 1 = R xdc dinh béi:
néu x € la.b
Vx e [a: c], A= f(x) u x [a_ ]
gly) néu xe [b',c]

Chimg 16 rang k 13 dnh xa  Max(k, £)-1ip.

& 4.3.26 Cho motvi du vé 4nh xa f: R — R sao cho:
S la dnh xa Lipschitz
f 1a song anh

-1 khong phii Ja 4nh xa Lipschitz
gp p
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Chuong 5
Dao ham

Trong ca chuong nity, 7 s& chi mot kboany trong R. khong rdng vi khong thu vé mot
diém: va ta s¢ k¥ hiecu K =R hoac C .

5.1 Paoham

51.1 Pao ham tai mot diém
+ Dinhnghiat Choue Ife K . Tandi / khi vi tai o khi va chi Khi
lim fa+h)-fla) t6n tai vh hitu han; gidi han nay dugc K higu la
h—0 h
£ (@) va duge goi 1a dao ham cua f taia.

. d
Ta ciing ¢6 thé ky hi¢u (D f)(a), hay -d% (a)thay cho f (a).

Moi énh xahing : I 5> R déu kha vi tai moi a thuge [ va (a) = 0.

x = A

Ty sO j—(ﬁ%);L(i) duge goi 1a ty s6 gia ( hodc ty 6 bién thién ) cia
1

fegilaavaa+h

Néu f nhan gid tri thyc, thi tinh kha
vi cha f duge didn gidi hinh hoc b
sir ton tai mot ti€p tuyén kKhong song
song vai (¥'y) tai digm A ¢6 toa dO
(a, fa)) trén dudng cong C; bigu
dién f.

Tiép tuy€n niy c6 he s6 goc f "(a).
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y —
, NE&u M - +oo  thi
(Cp h '
g h—0
_ A tai A dutmg cong Cpc6 mot ban tiép
Jia) uyén song song V&l (Y'v).
X 4] L
/ a x
v
¢ Dinh nghia 2 Choael feK
1) Tanéi f kha vi phai tai a néu va chi néu
lim M}:—'—@l t6n tai va hitu han ; giGi han nay dugc ky
h—0"

higu la f,'(a), va duoc goi 13 dao ham phii cha | taia.
2} Tanéi f kha vi trai tai ¢ néu vachi néu

TACEL) f(@) (60 tai v hin han ; gidi han nay duge ky
h—0

hiéu 1A £, (@), va duge goi la dao ham trdi cua [/ tai &

viDu: £ R->|I§I Kkha vi bén trditai 0, va khi vi ben phditai 0, vaf/ (@) =-1,
X =

fp’{()) =1,

v = Ll

Nhdgn xét: Néul=[a; bl ,(a,b) & R? g <b), céc dinh nghia «fkha i tai @» v
«fkha vi phai tai a» 13 tuong duong.



Ménh dé sau 12 hién nhién:

Vi DU:
}J
y = fix)
(8 x
¥
Cy
fraj
o

¢ | Ménh dé 2
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¢ | Ménhdé1 Cho ae)o" feK.

Dé [ khd vi tai a, diéu kien cdn va ditTa f khd vi trdi va phai tai ¢
va f/ (@y=f," (@)

Hon nifa, véi céc gia thiét trén, tacé f'(a) =/, (a) =fp’(a).

- X&f R—R

0 néu x =0
X 2
x néu x>0

Tacé, véimoai ke R™:

fh- £(0)

néu A0, =h — 0
! h=0Q
néu k<O M =0 —» O
!
h -

Vay fkha vi ti 0va f(0)=0.

Ta n6i di€m A(a, f{a)) cha C;la mot diém
goe clia Cynéutai A C ¢6 hai bdn ti€p
tuyén khong song song. Chéng han 13
trudmg hop khi f'(a) VA f,’(a) tOn tai
nhumg khong bang nhau,

Choaef,fe]l{’.

Né&u f kha vi tai @, thi f lién tuc tai a.

Chuing minh: V6imoi h € R"saochoa+h el la c:

fla+hy=flay+h

flath) - f{@)
—



142 Chuong 5 Daoham

 Jarh-/@
h h—()

lién tuc tai o. |

f'(a), 1a suy ra fla + h)—wf(a) ,vadods f

Nhdn xét:

7) Khing dinh dao ciia m¢nh dé trén 12 sai: mét 4nh xa c6 thé lien tuc tai a,
nhung khong kha vi tai ¢ nhw trong céc vi du saw:

i) |.]:R >R lien tyc tai 0 nhumg khong kha vi tai 0.
. x|

ii)

J-:R, - R lién tyc tai 0 nhung khong

x>
kha vi tai 0, vi:
3 Jh-0 1
Yh>»0, T = ——— +®
h Jﬁ h=0

iy f: R-R
xsin!- néa x=0

X *
0 néux=0

lien te tai 0 (v 1f(x)| < lxl—x—TO) vi khéng khd vi tai 0 i

fin- 1)

P = sin[%] khong cé gidi han khi A — 0.

‘v

2} Véi ciing mot phuong phdp nhy trong ching minh ménh dé trén, ta chimg minh
duge ring:

¢ Néu f kha vi phai ( tuong dng: trdi) tai a, thi f lien tyc phai ( tuong Ung trai)
tai a.
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o Néuf kha vi phdi vA trdi tai o, thi f lién tuc tai a.

Bai tap
¢ 511 Choae R,/ Amotkhodng mdclaR saochoa e L vif: f - R lamdldnh xa
Khi vi tai a.
h?)-
Magtm: g LA Slarh)
h—0 h
¢ 51.2 Chumgtorang, f: R =R

{x+l ndu xe Q
X+

3-xnfu xe R-0Q

khong kha vi tai bilt ¢t di€m nae cla R

5.1.2 Cic tinh chat dai s& ciia cac ham kha vi tai mot diém
¢ |Pinhly1 Choael, AecK f,g:/1>K 13 hai anh xa kha vi tai a.
Tacd:

1) f+gkhavitaava (f+g)(a)=f"(a) + g{a).

2) Af kha vitai a va () (@) = Af " (@)

3) fgkha vi tai @ va (fg) (@) = f'(@)gla) + fla)g(a).

4} Néu g(ay = 0 thi _1- kha vi tai « va (l).(“)= _ & (a)2 _
& 8 (g(a))

5) Néu g{a) =0 thi £ kha vi tai @ va (i](a)=
8 8

(gla))?

Chiing mink:

D (S +gNa+h)~(f +g)a)
- Larh- s e -g@) —p @ @

2 L a -GN = A (@i = @) — 5 @
3}
%((fg)(a +hy-(f2)a) = %((f(a +h) - f(aNgla+m+ fla)gla+h) —ga))

= G(f(a +hy- f(a))]g(a +h)+ f(a)[-:;(g(a +hy - g(a))) .

[ (@)g(@) ~ f(@)g'(@)
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Vi g kha vi tai a, nén g lién tuc tai g, vay gla+ h) 50 gla.

1
Tasuyra: —(Ug)a+h) - (NN —3 55— SHag(@+ fla)g'(a).
4) Vi ga) = 0 va g lién tuc tai @ (¥i g c6 dao ham tai @) nén ta c6 ) # 0
trong lan cin cla a. Vay ! duoe xdc dinh trong 14n cin cua a. Do dé véi moi sd
g

thyc A thude 1an can clia ¢ va o = 0:
e
hiig hlgla+h) g(a) h gla+Mgla)

i 1 !
= -—(g(a+h)—g(a)}———————)—8'(“)
[h gla+hg@, (g(a)?
5) Suy ratir3) va4)va:

(L] {a)z(f J‘“’ o= o) DL S @gle) - S@R@ g
) (a) (g(a))’ (@)’

Nhan xét: Binh 1§ trén duge mé rong mot cich dé dang cho cée dao ham phai
(trong dng - trai). '

¢ | H8 qua Choac/,j: 1> C.Cictinh chit sau day tuong duong véi
nhau timg déi mot:

() fkhivitaa

(i) fKhavitaia

(iii) Refva Imf khd vi tai a.

Hon nita, n€u [ khé vi tai ¢, thi -

(7)a)= 7@ , ReN'(@) = Re(f (@) , (Amy) (@) = Im(f *(@))-

¢ | Dinhly2 («Paoham cia ham hop»)
Cho 1, f1a hai khodng coa R ,a € I, f:1-K,g:J>K , sao cho
fih < J. Taky higu (theo mdt cich lam dung) go f: J 5K
x> g(f (2D
Né&u fkha vi tai a va g kha vi tai (@) , thi go fkhavitaiava:
(go ) (@) =g RN (@ -
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Chitng mink:
Dat g ladnh xaxdcdinhtrén (A€ R ;a+ h e} boi:

Jla+th)-fla)
£y () = ——~—-——h . f'(a) néuh;t(].

0 néu h=0
Ta cé:
{w: eR,a+hel= fla+h)= f(a)y+hf (@) +he(h)

Ciing vy ,dat 5, ddnh xaxécdinhtren { ke R ; fla)+k e J} boi:

g(f(a)+k)—g(f(a))
g9k} = k
0 née k = 0

-g'(flay mnéu k=0

Vay tacé:
{‘v’k eR, fla)+ked = g(fla)+k)=g(f(aN+kg'(f(a)) +kea (k)

Véimoihe R saochoa+h el tacé:

(go f Xa+ M= gfta+h)=g(fa)+ if (a) + hey(h))

145

= g(fl@) + (bf (@) + hey()gfla) + W (@) + hatgtf (@) +.

he(hy)

= g(f(a)) + hf (@)¢' (Ra)) + heth)
trong d6 & duge xde dinh bdi: &) = e(gfa) + ( (a) + (R & (@) +
he(h)).
Vi g(h) WU va gk) = 0, nén ta suy ra £h) WO' Piéu nay
din dén :

(g°fNa +hz -(g o /)@) > [(a)g'(f(@).

Ta di dién dat tinh kha vi cia £ v3 g bdi st t6n tai ctia cdc dang khai trién hiru han
dén cp 1 va hop cdc khai trién &y ( xem Tap 2,8.3.4). |

¢ Pinhly3 («Paoham ham nguge»)
Choa e /,f:— Rlamotéanh xa don diéu nghiém ngdt va lién tyc
tén 7 , khd vi tai @ va f'(@) # 0. Khi d6 ham nguge cha f 1a

FAD - R Khivi i fia) v P (Fa) = ——.
f (@
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O day ta da déng nhat ( mot cdch lam dung ) f:7 — R vdi thu hep cha né:

f:l—->f(1) ;f] thure ra chi dnh xa nguge f_]:f(!) -1
X fix)

Chitng minft.

Theo 4.3.3 , Dinh Iy, A7) 12 mot khodng cha R, 7:/ — £(I) la song 4nh vi ham
3 fix)

nguee f_l clia nd 12 ham don diéu nghiém ngat, cing chiéu véi £, lign tuc trén AN,

Vi moi y thude i) - (flu)} tacéd:

o -rTNey o -

y=f(@) fUON-f@
Vi fkhd vitai @ v f'la) # 0 vh vi f‘l(y) Wﬂ‘ . nén bing cic phép hgp
cic gidi han ta dugce :
f5)-a L1
FUTOM-flay @ fia)
Piéu nay ching 6 £ kha vi tai fl)va (7 (f(a))= ?1?5 .

Nhdn xét -
I} Ta giit nguyén céc gia thiét cia dinh 1¥ trén.

y (0P Trong mét hé quy chigu tnye chudn | cdc
B dudng cong C; vi C .y d6i ximg véi
' . hau qua dudng phan gide thif nhat B, .
oA f Céc tiép tuyén 1ai Alg, fla)) cha C, va
/," A'(la), a) cla Cf.| d6i xiing qua B|.
fla) /,_:',7' A
ol
.~ fla} a x

2) Néu biét ring £~' kha vi tai fa) , thi ta c6 thé tim dugc gid tri cta (f 7Y ()
bing cich chi § ting f' = f=1d;, tr d6 (F' = PHla)=1, nghiala
¢RI (@) = 1.

3) Theo nhin xét 2) trén day , néu f don diéu nghigém ngit vi lién tuc trén /, khi
vi taiavaf(u)=0, th‘lf_I khong kha vi tai {a). Chinh xdc hon, tr lai

1y -l
chifng minh dinh 1y trén ta thiy ring U’;_;(“){f @) i

> +00 trong

truang hop ftang nghiém ngat.
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Trong trudng hop ndy, Gep tuy€n tai A'(f(a),a) véi Cf_. tén tai va song song véi (¥'y).

¥ .
: C.-
£l

/ 7B,

A
a -
fta) 4
:'i /_ A
ol
Fta) & X

Bai tap

4 513 Cho!l lamotkhodngcha R ,a el .f.g:7 — R déukhd vi tai a. Hiy im
_ Joge) - flag(x)
Iim -

X=>a x-a

5.1.3 Anh xa dao ham

Phén 16n cdc khai niém va tinh chit cla § niy ¢6 thé md rong cho trudng hop
nhitng ham x4c dinh trén mot hgp hitu han nhimg khoang mo khéng giao
nhau tirng doi mot.

¢+ Dinhnghfa Chofe K. Ta goi 4nhxa c6 gid tri bing £ (x) tai mi
x € I, sao cho f’(x) t6n tai, 1a 4nh xa dao ham cta f.
Vay thi Def(f') = {x e [, f khavitaix },vaf': Def(f) K
x> fi(x)
Ta néi f kha vi trén 7 néu va chi néu Def(f") = 1.

Ta c6 thé k¥ hieu D, f, hay % thay cho f*, va %([(x)) thay cho f'(x).

11-GTT-T1
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Vi DU
hfiR->R, FTR-oR,
fho 30 X 2x
2) [:R=>R, f':R*I—bR
x 3 ]x x}—-}{] néu x>0
-1néu x <0
3 >R M Ooi-R
x -+ x{l-x} x> 1-2x

Pinh 1y sau day suy ra mot céch dé dang tir Dinh 1y 1, 5.1.2.

¢ | Dinhly1 Cho 2 € K ,f,g:7 ->K deukhavitren /. Khidé:
I} f+gkhavitttn/va(f+g) =f" + g

2)Af Khavitreni va (A)Y = A’

3) fe khavitrenIva (fg) =f'g + /%

4) Néu (Vxel, gx)20) thi 1 kha vi trén f va [1] &
g g

AT u _ 1
$) Neuw (vx € I, g)#0)thi L khavitren 7 va [ij _ e f2
8 g

Nhan xét. Mot phép quy nap don gidn chimg (0 ring:
Néun e N* vanéuf,,...f, : I —» K déukhdvitrén/,

- ] A4 khévitrén!vh[nfk] =Y fiediar e Fewrn -

k=1 e—=1 k=1

vidu (fiffy) = Affs + ARG + LA -

¢ |Hequad Chof: I -» C . Céc tinh chét sau day tuong duong vdi
nhau timg dGi mot :
() f khaviten /.
(i) f khdvitren/.
(iii) Refvalmfkhavitren .
Hon nita néu fkha vitrién 7, thi :
(FY=f ., (Refy=Re(f) , (Imf)=Im(f).
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¢ |Dinhly2 Cho/vaJlahaikhoangeua R,f:] - R,.g/ > K
sao cho fify = J . Ta ky hiéu (mét cach tam dung) gof: I >R

_ x = g{f{x)
Néu f kha vitrén 7 vi g kha vi trén (i) , thi gef kha vitrén [ va :
&N = (g<Nf".
Chitng minh: Suy truc tiép tir Dinh 1y 2, 5.1.2. | ]

Nhdn xét; Ta thu duge két qua twong ty d6i véi phép hop nhiéu 4nh xa kha vi; ching
han : iagofy =W ogofNlg fif .

Pao ham ciia cic ham so théng thuing
1) Cho ne N vaf: R>R.Véimoi(a, h) e RxR" tacé:

x> X"
fla+ h)y- f(a) :-1-((0,+ n" - a”):—l—ZCﬁa”_khk
h h hi

n-1
_ I+ n—i-1,} { on-1  n-l
ﬁZCn a h W)Cna =na’ .
=0
Vayf khaviwenR va: Vxe R ,f'(x) = mx"~ L.
2) Cho ne Al vig: R¥*>5R .Theo5.13dinhly 1,4), ¢khiwi
x = x"
trén R* va:
oyl
Vx e R¥, g'(x)z'—g——'ﬂj—c——z——=nx”'1 .
(x™")
3) ChogeN* va ¢ R, » R, .
1

x xt?

Anh xa ¢ ladnh xangugecliaf: R, - R, .
y

Vi ftang nghiém ngat vi lién tuc trén R, , vado f kha vitréen R, va
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vy e RS, 1) =gy #0),nén theo Dinh 1y 3,512, pkha vi tren R,
va:

1
Vx ER:_, @'(x) = ! = L =lxq

F{e(0) 1\l g
)

. 1
Hon nita, VA € R, sz@zh‘? _WHO nfu g = 2.
-

Viay néu ¢ 2 2, thi ¢ khong kha vi tai 0.

Ching han : +.: R, >R khong kha vi tai 0.

X2 NX
4) Véi moi (a, h) ceRxR:
sin(g +h)—sina _ . cosh—1 sin A1
=sind +cosa
h h h
Ta cong nhan rang: sinh___” (xem Tap 2, 8.2.3)
: N h—0 S
2
cosh—1 Zsinzé h :r,mE
Do d6 =- 2 Al 2] 50
h h 2 ,i: h—0
2,

sin{a + h) —sind
h h—0
Tuong 1, ta ching minh ring cos Kkhi vi tren R va cos' =-sin. (Taco thé

Vi vay ycosa.Vaysinkhd vitrenR va sin’ = COs.

chi ¢ ting : Vx € R, cosx= sin{x + —) va 4p dung dinh 1§ dao ham cha
ham hop, Dinh 1y 2).

5) tankha vitrén R - {% +nr.nel} va:

tan' = | — - = = =lvtan”
cos Cos cos

' sin )’ _ sin'cos—sin cos' cos? +sin’ 1 2
cos
Tucngtu,colankhévitrénR —{nm;neZ} va:

1
cotan'= -3 =—(1+ cotan2 ).

sm
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6) Chiing ta s& thay duéi day (Tap 2, 7.4 ) ring him s6 md ¢* kha vi trén
R va c6 dao him 13 chinh né. Chiing ta cling s& thdy dudi day ( Tap 2,7.1)

rang ham In: R: - R khévitrenR:_ va Vx € R: , In'x= 1

x=Inx x
Pao ham logarit

Chiing ta s& thdy trong Tap 2, 7.4 , dinh nghia va su khao sét céc ham lay
thira x —» x*,ae R.

Néu f c6 dang tich chia cic nhan tit v6i céc s6mi cG dinh, ching han :

f= uPw? (trong d6 (e, . P € R’ , u, v, w 12 nhitng 4nh xa kha vi trén / vi
c6 gid tri duong) , thi ta 6 thé xét dao ham logarit cia f . nghia la dao ham
clalnef:

L=(1n0f)'=(alnu+ﬁlnv+y1nw)'=ai+ﬂ—v—+}/u—, .

f u vooow

5.1.4 Céac dao ham cap cao
Ky hieuf‘o‘ chi f.

¢+ Dinhnghia Chodnhxaf:/—> K.

Ta dinh nghia cdc dao ham cdp cao clia f 14n 14n ( nghia la theo quy
nap ) bdi (vimoine N’ ):

e V& ael,f™a),néuton tai,1adao ham ciiaf” D tai a.

« £™ 12 4nh xa dao ham cia f” V.

Ta goi s6 thyc f™(a) 12 dao ham cip » cha f tai a.

Ta goi 4nh xa x > f™(x) 12 4nh xa dao ham cdp n cha f.

’Ea n6i Fkha vi 7 1an trén 7 khi va chi khi ™ x4c dinh trén .

Tandi f kha vi vo han lin trén [ khi va chi khi fkha vi n14n trén [ v6i

mei n e N.
H dfl
Ta c6 thé k¥ hi¢u 47 (a) thay cho f™Y(a), A thay cho .
dx” dx”
Nhdn xét:

1y fh=gs P 1O o6 thé kg hieu af "
2) Néu fkha vi n l4n trén 7, thi v6i moi p € N saocho p < n, fkha vip lin

tréenf ,vavdimei(p, ¢) € NZsaochop+g<n,tacé: oY@ = e,
3) Cic tp xdcdinhctaf, ', f", .. c6 thé khdc nhau.
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4) Sut6n tai cia f™(a) duong nhién ddi héi B £ " xéc dinh trén giao ca /
va mot khodng md khong réng ¢6 trung diém R a .

| Pinhly Cho AcK ,neN",f,g7 - K khivinldntrén/.
thé thi :

i) (f+g) khavi nlintrén / va (f+ g)tm __ffﬂ] + g(n
2) Af khdvinlinten/vad (N7 = A7,

1
3) fg khdvinldnten]va: ()" = ZCﬁj“(k)g(”_k)
k=0
(cong thirc Leibniz)

4) Néu (Vxel, gl)y=0),thi i kha vi n ldn trén L
g

Churng minie:
I} va 2) dige chimg minh dé dang bang quy nap.
3) Quy nap theo n -

Trudmg hgp n = 1 di duge chimg minh (5. 1.3, Pinh 1¥ 1, 3)). Gia sir tinh chét da
dimg v&i nva fg: [ —> K khd vi (n + 1) 1dn trén [ . Theo gia thi€t quy nap, fy kha vi

n ln trén 7 va : (fg)(") = ZCEf(k)g{”"k) . Vi (fo)™ 1a téng clia nhimg tich
k=0
nhitng 4nh xa kha vi rén [, nén né khi vitrén / va

((fg (rr)) [chf(k) (n— k)] ZC S GO k)+zck POREES)

k=0

n+1 f
— - k l._
I=1 k=0
(thay chi s6!=k+ 1 trong t6ng thi nhdt)

W oy Bk (ne-b)
“1, +1- . n+l-
S gt Y My

=0 k=0

(vi CJl=0vact=0

i k kYrik 1-k & ko pth) (n+l-k
ck e +1- C - n+l-k’
= Z( n T n)f( )g(n )= E a1 f 8
k=0

k=0
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4) Quy nap theo n.
Trudmg hop n =1 d& duge chimg minh ( 5.1.3 ,Binh 1§ 1.5)).
Gia sir tinh chét di ding v6i n va fig:l - K kha vi (n+ 1) 14n trén [ sao cho

(vxel,gx) #0).Taddco L kha vi trén J va [-f—l :Li—?@-. Vif.f'. e8¢
g g g
khavinldntmen/ nénf'g— fg' va ¢ cling the (xem 3) trén day); theo gia thiét quy

nap thi Lﬁ%& kha vi n lin trén 7, vy cudi ciing L khavi(n+ N1dntén{ W
g &

. ()
Chi ¥ ring khong c6 cong thic " dom gian " cho [—} .
&

Bai tdp
o 5.1.4 Véimoine N hiyxac dinh dao ham cipn cla:
aj f: R-oK
x> (x'q‘+:c2+l).«fch
bj /i 1-L[—-R
2x+3
by T
(=12 (x+1)
o 515 Gast neN'vaf,: Fh+o[->R

o™ in(l+x)

Chimyg minh rang f, kha vin lAntrén | -1+ [ va:

1

vrel-1:+e (. A=+ '
kz":l(1+x)k

¢ 5.1.6 Ching sminh ring Arctan khi vi v0 han Jin trén R va voi moi (n.x) € N'x R L

n-1
(Arctanf(x) = gzi—i"—:—nlsin[m\rc tan l] .

(1+J|:2)E *
o 547 Giasi: f:FL-R
N i

l.—:c2

aj Chiing minh rang f kh vi v0 han teen -1, 1{vavéimoin € N, tAn tai mot da thic
£, thuoe R [X] saocho:

Yxel-L L. S xy = ———
(I-x")y ¢
Chamg ninh 1 VR € N. P, =U-X 3)P',1 +(2n+ DXP,.

by ) Chumg nunki rang: Yxe |-l 1Lt —x:)f'(x) —xflxy=10.
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B Suy raréng . véi moin € N : P -2n+DXP, -nz(lszlF',,_] =0.
y Chimgminh: ¥ne N° |, P, = WPy, .

& Suy raring, v6i moi n thuge N = (0.1} /P, — @n -DXP', = (1 - X1)P", = 0.
¢) Tinh P (0) v6imoin e N.

5.1.5 Lép cia mot ham
¢ DPinhnghia1 Chofe K.
1) Chon e N. Tandifthuic lép C " trén 7 khi va chi khi:
f khavinlin trén i
{f“‘) lientuctrén 7

2) Tanéif thuoc ldp C * trén I khi va chi khi f khd vi v han ldn
trén .

Véin € N u {+o}, ta ky hieu C"(J, K) 12 12p hop céc 4nh xa tir / vao K
thuoc 16p C”.
Nhdn xét

{) fe €°¢, K) khi va chi khi f lien tuc wen /.

2) Véimai (p, me(N U {+0o})* saocho p < m,tact: CF 1LK) 2 C" (L, K).

3} Mot 4nh xa f: 7 —K c6 thé kha vi n 14n trén /, nhung khong thuge 16p C" trén

LVidw f: R>R kha vi trén R nhung khong thuéc 16p C' trén R
RN Jr:zs,inl néu x=0
0 * néu =0

(xem bii tap 5.1.10).

4) Ta c6 thé chimg minh (dinh Iy Darboux, vi dy 5.2.11) rang, néu f kha vi trén
khoang /, thi £ *(/} 12 mot khodng thuéc R ma £~ khong nhét thiét lién tc.

S} Ta s thiy & dudi day (5.2.2 He qud) ring vGi mot s gia thi€t nhat dinh, néu
£’ ¢6 gi6i han hira han tai g, thi £ lién tyc tai 4.

o ! Pinhly1 Choie K, neNu {+x},f, g 1 — K déu thuoe 16p C°
trén [. Khi d6:

1) f+g thuoclopC" trén/

2} Af thuoe 16p C" trén /

3) fg thuoc1op C" tren /

4) Néu(vx el g(x)=0)th L thuse16p C" tren 1.
-1



5.1 Dao ham

Chitng mink:  Suy ra d€ dang wr5.1.4, Dinh 1§, vi phép chimg minh cta dinh 19 dé.
Nhu vay C" (/, K) 1a mét dai s6 con ¢6 dom victia K. |

¢ | Pinhly2 Chone N v {4}, I, J 1a Hai khoang caa R, £ TR,
g:J K, sao cho i) < J. Ta ky hiéu, mot cich lam dung,
ge f: 1K

x> g f(x))

Néu fva gthuoe 16p C" thi g e f thude 16p C" trén L

Chitng minh: Quy nap theo n.

Trudmg hop » = 1 dd duge ching minh (5.1.3, Dinh 1§ 2). Gid sit tinh ch#t da diing
v&i n va f (tuong vmg: g) thude 16p ™! tren I (twong dng: J). Ta da biét rang go f
kha vi wen 1 va {go f)'=(g'f)f" (xem 5.1.3, Dinh 1y 2). Vi fva g’ thutc 16p ",
gia thiét quy nap ching t& glof thudc 16p C". Vi glof vaf’ thudc 16p C°, dinh 1¥
trén day chiing 10 ring (g'cvf)f' thuoc 16p €. Vay go f thude 16p -t

Trudmg hop # =+ duge suy va tir ket gua & trén:

Cc® c”
Se =|vrneN, /e ﬁ(VnEN,gOfEC”)z')gOfECDO. [ |
geC”® gel”

+ Dinhnghfa2 Choa,be Rsaochoa<h,fla bl > K, ne N.Ta
néi fthude 16p C” timg khiic trén (4, b] khi va chi khi: ton tai p € N¥,
(ag,..ap)e R #*! sao cho:

o a=ay < a; <...<ap=b.

e V&imeif e {0,...,p—1) thuhep fl]a_,a 1 ¢6 thac trién trén

lee; @y, | thude 16p C" tren [a;; ap,4]-

viDu:

£ l-E]>R  (xem4.1.4, Vidu3) lién tye ten {1 11 va thuoc 16p C”
x o dixZ)

timg khiie v6imoi n € N.
2 f£lul-r (xem 5.1.1, Vi dy) thuge 16p C' tren [=15 1] v3
¥ né L1
e [t el
thuoc 16p C* timg ke wrén {-1: 11.
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Bai tap

o 51.8 ChollamdtkhoingciaRvafe R[.

a} Ching minh réng /kha vi trén / khi va chi khi thu hep cha f trén doan [a: b] bat ky
ctia / 1a kha vi trén [a: B].

b} Chon e N. Chimg minh rang, f thude L6p ¢ trén § khi va chi khi thu hep cla frén
doan [4; b} bat k¥ cha ] thuge 16p C"uen .

4 519 ChoP, Q< R[X}sacchoédnhxaf: R— R thuoe 1op C° en R

o (B 0
Chimg minh: P = Q.
&  5.1.10 Khio sdt tinh lién tyc, tinh kha vi, tinh lién tyc c¢ha dae ham ddi v6i cdc dnh xa:
f.: Ro>R ae o123}
PN {x“ s:inl néy x=0

x
0 néu x=0

¢ 5141 Chof. g R - Rdéuthuoc 16p ¢ ren R va i R — R xc dinh béi:
f(x) néu g(x) =0
Yxe R, Alx)=
fix)+ {g(x))3 nén glx)<l.
Chimg minh ring A thude 16p ctuenR.
6 5142 Chone Nu {+oc},I1amot khoingctaR,p € N* f,..f, € C" (1. R). V6i moi

ke (l,.p) taky hitu Z(fy ={x € I fi(x) = 0}. Ching minh ring hai tinh chit sau la tuong
duemg: .

14
® (ZUe)=92
k=1

() 3 (yeity) € (C”(I,R))P,iukfk =1.

k=1



5.1 Daoham

5.1.6 Viphan
¢ PDinhnghia Choa e/ fe K Tagid thiét fkha vi tai a.

Ta goi 4nh xa, ky hitu la d_f, x4c dinh bdid f: R > R 12 vi phan
h— f{adh
cua ftai a.

Vay vi phan clia ftai @ 1a mot dnh xa tuyén tinh.
Ton taimot anh xa s: {(he R;a+ A € I} - K sao cho:
V&i moi hthudcRsaochoa+hel: fla+h)= fla)+(d, f) (k) +helh)
eh)y———0 .
h—0

Nhdn xét;

/) Mot anh xa £ / — K kha vi tai @ khi vA chi khi t6n tai mot s6 thuc 4 va mot
dnh xa & I — K sao cho:

Vé&imoi kthudc R saochoa+he [ tachd: fra+h) = flay+Ah+he(h)
£(h)'hT>0 vikhi dé A= f'fa) .

2) Véimoia e R, d (Idg): R >R . M6t céch lam dung, ta k¥ hi¢u x 13 4nh xa
A

=

déng nhat x: R — R . Khi d6, ta ¢6 véi moi « thude R: dx: RoR.

e hrs h

Vi dnh xa dx (déng nhét trén R) khong phu thudc a nén ta ky hiéu né 1a dx:

dx: R >R
h—h

Cho £ 7 — R 12 mot 4nh xa kha vi tai a. Khi d6 ta c6:

Vh e R, ([d iy =f(a)h =f’§a)dx(h), 1t d6 ¢6 k3 hiéu d, f=f(a)dx.

Poi khi ngudi ta bd a trong d,, f vA mot céch lam dung, thay a bdi x trong f*(a) dé c6
bidu thiic c6 dong hon: df =/ (x)dx; diéu ndy cho thiy lai quan h¢ f’(x)= % ; diéu

d
d6 1§ gidi cho cdch viét Ef dé chi £ (x).

Ménh dé sau day suy ngay tir 5.1.3, Binh 1y 1.
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| Ménhdé Chorael 2eK,f,g/>Kkhivitaia

Khi dé:
1) d(f+g=d,f+dg
2) d(AN=2d,f

3) dfe)=fa)d,g+glayd,f

4) dﬂ(i]: 1 5 (g(a)daf-f(a)dag) néugiathiét g{a) =0 .
g/) (glay

5.2 Dinh Iy Rolle, dinh 1y 56 gia hifu han

5.2.1 Dinhly Rolle
¢ | Pinhly (Pinhly Rolle)
Cho (a, b) € R? sao cho a < b, f [a; b] —> R 1a mot 4nh xa.

f lientuctren [a;b]
NE&u: { £ khiviten Ja; [ |, thi tOntai ¢ €la; b[ saocho: f'{c)=0.
f@)=71®)

Chiing minh:
Vi flien tuc tren doan [a; b] nén fbi chan va dat 16i cac bién (xem 4.3.4, Dinh ),
it m= [[\f F) M= Sup fx).

a4

xe a, b]
N&u 7 = M thi f khong déi, va do d6 ¥x € Ja; b, f7(x)=0.
Gid sit m < M; vi fla) = f(b) nén khong thé c6 déng théi M = f(a) va m = f(a), v ta c6
thé quy ching han vé trudmg hgp M = f(a).
Vi fdat gid tri M nén tdn tai c € ]a; b sao cho M = f(c).
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¥ Cho # € R* sao cho:
M c+ h e {a, b
‘ . e N&uh>0thi
y=7x) c+h>c
ftai=f(b) w fle+M <M = f(c}
do dé Mgo‘
0 a ¢ b X h
. Néuw h <0 thi
+h -
cth<c doas LM .4
Sle+ s M = f(c) h
Vi fkha vi tai 0 nén khi cho h ti€n 16 0 ta duge: £ (¢} < 0vAf7(c) 2 0, cudicing 1a
fey=0. a

Nhdn xét:

I) Keét luan ciia dinh 1y Rolle ¢6 thé duge bidu dién bing d6 thi nhu sau: 16n tai
mot didm trén dudng cong C,bidu dién f, c6 hoanh o thudc Ja; &[, tai d6 1i€p tuyén
song song vai (x'x).

2)  C6 thé c6 nhiéu diém ¢ nhu trén.

3) Dodnhxa J0; - Ja; 5] 1 song dnh nén ket luan ciia dinh I Rolle c6
8 s a+B(b-a)

thé viet A 36 € 10; 1[ . f* (a + &b - a)) = 0.

Bai tap

¢ 521 Cho(a, bye R? sao choa < b, f: [a b] = Rlién tyc trén [a: b], kha vi bén phai va
ben trai tai moi diém cla [ b), va sao cho fla) = f(h).
Ching minh ring Jc € Ja; b{, f,‘(c),r;,’(c); 0,

4 5.2.2 Cho!llamotkhoing cha R, (n k8 € N’ saocho 0<!<kva0si<n,

/I >R khavinldn wen L. Gid sl fc6 it nhat k khong didm trong £. Chimg minh rang
F® c6 it nhét ¢k - ) khong diém trong L.

{0 523 Cho(a.b)e R® sao cho a <b, f, g i b1 >R lién tyc ten [a: b, kha vi trén
Jat: B[, Chiimg minh réng t6n tai ¢ € la B[ sao cho: (f{b) - fla)g'(c) = (g(b) - glayyf (o).

¢ 5.2.4 Chofla moétkhodng mocia R, (a b) € Fsaochoa<h, fi{— Rkhivien I
Gia sit fia) = f(b) = 0, f (g} > 0, f7(b) > 0. Chitng minh ring t6n tai ¢, €4, €3 € ] B[ sa0
cho:

€y <y <030 fle =0, ey =f7(e3) =0
¢ 5.25 Cho(a, b) e R’ saochoa< b, f: la; b1 — R khd vi sso cho f(4) =f(b)
Chimg minh ring t6n 1ai ¢ € )a: bl sao cho: fie}- f(a) = Feye-a).
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5.2.2 Dinh ly so gia hitu han
¢ | Dinhly (Pinh Iy sd gia hitu han)
Cho (a, b) € R* sao cho a < b, f : [a; b] => R 14 mot 4nh xa. Néu flién
tuc trén [a; b] va khé vi trén Ja; b, thi t6n tai ¢ € ]a; bf sao cho:
fib) - flay=(b - a)f (o).

Chiing minkh:
Xét @ [a; b] = R xidc dinh boi:

fo-fa

Yx € [a; b], @xy= f(x)-
b-a

R6 rang 13 ¢ lién uc trén [a; b, kha vi trén ]a; b{, v @(b) = ¢la) (v b)) - pla) =
by—
f{b)—f(a)—f—(%%-)-(b—-a}=0).

¥ Ap dung dinh Iy Rolle d6i v& ¢ trén
[a; b] , ta suy ra ton tai phdn tir ¢ € Ja; b1
fic) . -
Fib) B sao cho ¢'(c)=0,nghiali
f’(c):f(b)_f(a}. -
b-a

fal Kt luan ciia dinh 1y s6 gia hiru han duoc

biéu dién d6 thi nhar sau: t8n tai mot diém
b ox trén dudmg cong biéu dién f c6 hoanh do
thudc Ja; b[, ma tiép tuyén tai dé song
song v6i dudng thang (AB), trong d6
Aa, f(@)), Blb, f(B)) .

¢ | Héqud (« Dinh Iy gi6i han cia dao ham »)

Q
Cho x, € R,  lamot khodng cla R saochoxg € 1,/ 1 — R 14 mot 4nh
Xa.

f ligntuctal xg
Néu < f khavitren/ - {xg} ,
F' ¢6 gidi han hituhan1a 7 tal xg

thi £ Xha vi tai tai xo vaf(xp) =L, vado do f~ lien tuc tai x;.
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Chitng minkh:

Cho g> 0. Vif'(x) — i, nén tén tai > 0 sao cho:
- il

VieI—{x}), (f—xp|<n=>|fr()-f<e).
Cho x & / = {x,) s40 cho |x - xg| < 7. Dinh 1y 56 gia hitu han 4p dung duge cho thu
hep ca f trén khodng déng ¢6 miit ta x, vd v; nhu vy t6n tai ¢, (phy thudc ) sao
cho:
{|CI -xg| S|x-xo|<n
TG = f(x0) = (x=x0) /" (ex)

Tir d¢: M—f‘:]f'(cx)—q < g,
X=X

Ta di ching minh rang:
Yex>0,3n>0, Vxe[—{.\'“},[|x—x0{3q = ‘M—!‘S‘EJ,
! r—xp
nghia la: fkhavitai s, vaf () =1 m
Nhin xér.

1) Tacé dinh |y tuong tu d6i véi duo ham trdi hodc phai. Vi du:

Fla: Bl = R lién tuce tai «.
Né&u < f Kkha vitrén |o; b

F ©06 gidi han hitu han 1a 7 tai @ *

thi fkha vi phai tai ¢ vz‘if;,’(a) ={.
2) Béng céch ching minh twong tr nhu trén, ta ciing c6:

J lién tuc tai xg
Néu { £ khavitrén /-{xg} i L= S0 40
X=Xy x=xg
(tuong ing : —oo)

I (x)—wwo (twong dng; — o)

3} Trong Heé qua khong thé bd di gia thiét « flién tuc tai x, ». Diu d6 duogc chi
ratrong vidusaw: /=R, x5 =0, f: I=>R

{ né&u x=0
re {0 néu x=0

¢| Ménhdé Chof:7 — Rkhavitrén/.
Dé f1a Lipschitz trén /, diéu kién cdn va di 1a £’ bi chan trén /.
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Chitng minh:
1) Gia sitf” bi chan tren / va, chang han, cho (x;, xp) € P2 sao cho xy < x,. Theo
dinh 1§ s6 gia hitu han &p dung vao f trén [x); x,], t0n tai ¢ € ]xy; X[ sa0 cho:
Fixg) = fixg) = (g — x ) ()
Tix d6: |f(xz) - f(x) =" ©@)ix2 — x| <), (x2—x1), v do d6 f c6 tinh chat
7], ~Lipschitz .
2) Ngucc lai, gidsitf1a Lipschitz, ton tai k € R, sao chor
BRATEOE P, |fe) - ) g —x).-
Chox, £ Ivdh € R*saochox,+ hel tach
| Flxg +h) = fixg)| <k

| h
Vi fkha vi tai x, theo gia thiét, nén khi chuyén qua gi6i han khi A tién t61 0, ta suy ra
|/ (xg)| <k . Vay £~ bichan wén /. [
Nhdn xét: :
1) Véicéc gia thiét cia meénh dé, ta da dugc:
x5)— f{xy) ,
G R ACIRI PN
(I1.x2)512.xl$12 . #F2T0 xel

2) Menh dé trén c6 ich trong viec khao sit cac diy thuc thufc loai u, 1 = fiu,)
(xem 3.4.3).

viDU:
Chef R->R

2x 43x-1

x4 x4

R rang 1a fkha vi trén R vA mot phép tinh so cép cho thiy:

X

—4x3 —gx? +ax° =3x% +6x+43

(x4 +Jr2 +1)2

V& x e R, ta dat 1 = Max{(1, lxl ). Ta c6 véi mei x thude R:

YreR, f'(x)=

l—4x5 —9x* +4x3 37 +6x+3‘ <29¢°
G et etz ent 2
29
tiY dé lf'(x)ls—,j—sZQ.
it

Theo ménh dé trén, fc6 tinh Lipschitz.
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Bai tap
¢ 5.2.6 Dinh Iy s6 gia hitu han suy rong
Cho(a, b & R? sa0 cha a < b, f, g jas b] = RLign tuc weén |«; b] va kha vi trén |a; b sao
cho ¥x e |&: b|, g'(x)# 0. Chimg minh ring tén tai ¢ € |u; b} sao cho:
S - flay _ fie) _
gibl-glay  g'lo)
¢ 5.2.7 Quy tic L Hospital (Lopitan)

Cho 1, € R, /12 mol khodng thuée R sao cho x; € ? foe 5 Rlien e 1ai v v kha vi
trén { — {xg} sao cho:

Vxel-—{x} g'(x)20

S

g'(.‘c) X=X,

feR

Jix= flxp)
gix)—glxg) 7%

Chimg minh ring > { (st dung bi tap 5.2.6).

Ung dung:  Gia sit 43 biét dao ham coa céc ham s6 lugng gidc, hiy ching minh ring:

sinx .1 l-cosx .1 x-sinx |
x =0 52 x—0 2 ) x—0 &

0 5.2.8* Chof |0; +oof — R kha vi 1rén 10, +oo| sao cho f* c6 gidi han hiru han [ tai +oc.

Chimg minh ring ALY ——— .

oy
X A=

0 529 Chohe R, f: 1~k hl— R thuoc 16p C.

Chitng minh rang 6n tai ¢ € |-A; 4| sao cho:
h ] 1
f(m—f{—h)=g{f'(-m+4f'(0)+f'(hn—%hsf‘”(c;.

¢ 5210 Chola: P e R” sa0 cho « < b, f: {a bl = R lién tye rén (a; AY, kha v1 urén
[ B, c6 thé trir ra mot s8 hitn han n (0 € N) didm. Ching minh ring t6n tai
N+l :
(&), Gy} E (R+)"+' sav cho Z(x,- =1, v (ot} € Ga; J‘)D('+I sac cho
i=1 : :

G €. <, < b, thod min:
| n+l

sl
Ab) - fla) = [Za.-.f‘(q)](b -a).
i=1

¢ 52.11* Pinhly Darboux

Cho f 1a mét khoang ciia R, £ f — R kha vi tren J. Chumg minh réng £ '(/} 15 mot khoang
clia R,

¢ 85212 Cho(a h)e [{3 sao cho a < b, £ ja; b| — R khd vi trén la; i va sao cho:
limf=hmf=+w.
a” h”
Chimg minh ring f '( Jo; bi ) =R ( sir dung dinh I¥ Darboux, bai tap 5.2.11).

12-G1T-T1
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o 5213 Cho(a. b o, dh e 1{4 sao cho < b <o <dvaf lad] = REhaviiren | |
Chimg minh ring tén tal (u, V) € Jaiel x |b: d| sa0 cho
TRt
fledy=frlay=(c—a)fin .
Fldy= fthy={d =h}f ()

(St dung dinh 1y Darboux, bii tap 5.2.11].

5.3 Su bién thién cia ham

53.1 Khao sat tinh don diéu cua ham kha vi
+ | Ménhdeé

f:I->Rligntuctrén/
5]
Néu ¢ fkhavitrén/ , thi f khong d6i trén /.

0
vxel, f(x)=0

Cluing minh:
Cho (v, xp) € 1* sao cho Xy < x3. Theo dinh 1y 56 gia hiru han (4p dung vao firén
fxi: x5 ], tn 1ai ¢ € lry: xy] sa0 chor
fla) - flapy=(xy —xf ) =0. |
Nhan vét:
K&t qua trén vén ding trong trudng hop téng quat hon £ [ — C (xétRe fvalm f).
0
¢ | Dinhly1 chof:/— Rlientuctrénl, kha vi trén /. Dé fang trén /
) o
thi diéu kién can vadu la: Vae [,f7(v}2 0 "
Chimg minh:

1) Giasiftang teén [

o]

) +i - fix
Cho x, € 1 vdi moi h € R* sao cho x, + h el tacé j(_xt)__;_M =0.

Chuyén qua gidi han khi /i tién i O ta suy ra f '(x) 2 0.
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0
2} Ngugelai, gidso: Veel ., f'(v)20. Choixy,15) € 1* su0 cho Xy < xo Ap
dung dinh 1y s8 gia hitu han vao ftrén [xv|; va], ta thily tan tai ¢ € v} va] sae cho:
Ao —fly = -y (20

Vay ftang trén /. | |
Nhgn vér: Khi khio sat —f thay cho £, ta thu duge dinh 1y teong o nhar dinh 1§ trén
bang cdch thay:

1ang boi giam

20 bai <0

a
¢| Dinhly2 Chof:/— Rliéntuctrén/ kha viteén /. Dé ftang
nghiém ngat, diéu kién can va du 1

T
Yxef, f'{{(x)z0

o
{xe !, £'(x)=0} khdng chita bit ky mot khoing cé phén
trong khéng rbéng nao.

Clung minh:
{} Gia sl fiang nghiém ngat wén {. Theo dinh Iy 1 14 dd co:

)
vve I, flix)=20.

Q
Ta 1ap ludn bing phan ching: Gia sir {x € [, (v} =0} chita mot khodng cé phén
o -
trong khong réng. Khi dé t6n i ¢ € {x € [,f’'(x) =0} vd @> 0 sao0 cho
o
W—agetal c {rel =0}
Diéu piy cé nghiala Vx e ]z —a; c'+a[, Flin=0.
Theo Ménh dé trong 5.3.1, fkhong d6i trén ][ —a.c+ a[, do d6 khong tang nghiem
ngat trén [, mau thudin v8i gia thiét,
o ~
Ta két luan [ {x € 7, f°(x) = 0} khong chifa bdt ky khoang nao c6 phén trong khong
rong.
2} Nguge lai, gia s

Vxe?.f'{x}zo

a o
Ixel, f'{x)=0} khéng chira b4t k¥ khoang n2o cé phdn trong kKhong rong
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Theo Dinh 1y 1. ta thdly ngay 2 ftang rén /. Ta lap Juan phan chimg: gid st f khong
1ang nghiém ngat rén {, nhu vay 160 tai (vy. 1) € I sao cho x) < ¥3 va flry) = flva).
Vi flang trén /, nén ta co:

7y € |y ol .ﬂ_r) = flx ),

o
Vi iy, vl € {r e [ £ (x) =0}, trdi v3i gia thidt.
Vay flang nghiém ngat wen /. |

Nl vét:

1) Trudng hop riéng, néu fKkha vi trén 7 va néu {vx € [, f ) >0y th flang
nghiém ngattrén 1.

2} C6 thé xay ra truong hop: fkhd vi wrén /., ting nghiém ngat trén /. va f~
(rié1 ticu it nhat tai mot diém thude £, vi du: f R->R.

[

Céc dinh 1y | va 2 duge sir dung trong viéc khao sit su bién thién cia ham
s6. Céc két qua thudng dugc trinh bay trong mot bang, duce goi 13 bang bién

thién cua f.
Ching han xé f: R, >R dnh xa f kha vi rén Ry va Vi € R,.
BRI
_‘-2
)= —.
(l+,\'2]2 -
Y 0 ‘ E¥e 4] J
F + 4 - J
' |
2 l
/ L \ |
flo |

0

Cée mii tén, theo nguyén 1ic, chi sy don di¢u nghiém ngat.

¢+ | Dinhly3 ChollamotkhoingctaR. fe R, N&u fkha vi trén 7 va
néu (vxel. f'(x)>0) hode (wxel, f'(x)<0),thi fi1— f(H lamdt

xS

song anh,
Anh xa nguge f'l (viét mo6t cdch lam dung léf“) kha vi trén f{f) va:

P

" fef!
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Chitmg minh:

Ching han ta gia thi€t: £ ' > 0 (truong hop £ < 0 dua vé trudng hop nay bing céch
xét — ). Theo dinh Iy 2, f tang nghiém ngdt. Ta co thé dp dung dinh 1§ 3 phfin 5.1.2
dé suy 1a rimg,fl kha vi vi biéu dién dao ham cha nd. ]

Nhgn xér.  Theo dinh Iy Darboux (bai 14p 52.11) ta c6 thé thay gia thi€t
(Vxel, f(x)>0) hay (Vx e Lf () <O b3 Vx e L) 20

¢ Dinh nghia Chol/,Jlahai khoingcta R, fif >/, ne€ N#* [+ oo}
Ta néi £13 mat C"—vi phoi tir 7 1én J khi va chi khi:
f thuoc 1op C” tren [
f la song dnh
7V thuge 16p C7 uen J

o | Dinhly4 Chol Jlahai khoangcta R, f: [ > J.ne N* O {401,
DE f1a mot C"—vi phoi tir [ lén J, diéukién cdn va di la:

f thuéc lop C" wen I

f'>0 hoic f'<O

fih =J '

Chiing minh:

1} Gid sitf12 mot C"—vi phoi tir  1en J. N6k rieng fva £7! déu thude 16p €' va
(f" of)' =1, tir d6 suy ra ((f“ }'of]f'=l _ Diéu nay chiimg o riing f * Khong triét
tiéu 1ai bat ¢ diém nao thudc I vi f* lién tuc, nén dinh Iy cdc gia tri trung gian cho
thiy: f'>0 hoac f’<0.

2)  Ddo lai, gid st f thude l6p C"wrenlvaf’ >0 (g hopf 7 <O duge quy
vé truomyg hop niy bang cich xét ). Binh 1y 3 ching td ring f1a song zinh.}"l kha vi
tren f va (f_]) = ! T

rof

Cong thirc cudi niy chimg 1o rang U‘“l) lien tuc (Vi f° va f"' déu 1ién twe). Tir cong
. thitc nay, mdt phép quy nap don gian cho phép chimg 16 rang voi mei k € {1....n},
£71 thuoc 16p C* trén J, dac biét, £~ thusc tp C" trén J.
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Bai tap
¢ 531 Chof RoR, gzR,—> R saocho
Vinyye R2 [feo- forf s sglx- )
limg=0 ’
o
Chimg minh ring f 13 him hing.
¢ 5.3.2 Chef: R, - Rbichankha vi2 l4n szo cho f*2 C.Chitng minh téng f 13 ham gidm.

el

533 Chore N¥Y (g ..a)eR "' a0 cho a < &) < .. < @, (g, A € R
saocho A, # 0.

Chitng minh rang phuong trinh ilkxa* =0,4nlax € R, . c6 nhidu nhit 1a » nghiem.
=0
¢ 5.34 Tim tilca cdc anh xa £ trong mdi trudmg hop sau:
fi R R khavimgn R
¢ {V{L_v) € R, flx+y) = f0+ )
f:R >R Khavitren R
’ {V(.r._v) e k2, f(,r + f(y)) = f(y + f(x))‘
f:R—=>R khavi2ldnuénR
{V(,r,yj € R%, (x+vif (x+¥r= F0)+ fFln

f:FL1l—> R Kkhiaviten - 1: 11
d)

Yoyre - LI fo+fn= f[“y)
1+ xy

f:R >R khavitenR

I S )

¢ 5.3.5 Chimg minh cic bt ding thic sau:

a) Ve N* VxeR,, o Dxenzo

b} ¥x e |-1; 4o, —x-—sln(l+.r)£,r,
1+x

1 1
v} Vxe |0 4o, l-—i‘(—-— L —
2 8 x -1 2
2
dl Vxe Ozf- , X COSY < z_,
2 16
¢) Yxelll], tany £ =
l—x”

H W¥re | Il vcotans - xtan® = < 2.
2 2 2
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1 K K+l
¢ 5.3.6 o) Ching minh ring: Vi e N¥, [l + }-J <e< [l + ;]

(sir dung bai thp 5.3.5 B}).
n 2 Toon 2
“h) Suyra: ¥n e N*, zﬂ;’%) <(In(n + l))2 < le(kk_+k)
+
k=l k=

¢ 58.3.7 a) Chimg minh rang trong lan can cia (:

2 2
—x——3x4 = Incosx s-x—.
2 2

i)
b} Suy ra: Iimncosﬂ.
k=l N

¢ 5.3.8 Chitng minh cic bt ding thitc sau:

g} Yix,v)e (R: )2. Yim, ne NZ\ m>n= (xm + ymr < {xn +y”r.

bl Vv, ¥ elU; ]|2, [x <y= Yo« Arcsin y — Aresin x < A J .

V-2 yi-5
1’ - 2 — 4
¢} ¥xe ] O -;i[ LYy e 10 1], x - Arcsiny < —1—f—m§~{ .

¥

-

d) V(,\'.y)el{z. [0<x<y<£=>14£a—n—y<il].
4 x fanx & x

5.3.2 Khao sit cac cuc tri cia mot ham kha vi
¢ DBinhnghia Choael, fe R
1) Tanéiring f c6 mot cye dai dia phuong tai  khi va chi khi tai lan

can clia @:
fy<fa)
2) Tandi ring f c6 mot cue tiéu dia phuong tai « khi va chi khi tai lan
cin cua a:
fi) = fla)

3) Tanéi ring f c6 mét cuc dai dia phuong ngat (hoac chat tai o) khi
va chi khi tai lan c4n cua a, trir tai a:
fy < fla)
4) Ta néi ring f c6 mot cuc tiéu dia phwong chit tai « khi va chi khi tai
lan cén cia «, trir tai a:

flxy > fla).
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'5) Tanéi ring fc6 mot cuc tri dia phuong tai ¢ khi va chi khi f c6 mot
cuc dai dia phuong tai @ hoac mét cuc tiéu dia phwong tai a.
6) Ta néi rang fcé mot cuc tri dia phuong chat tai ¢ kKhi va chi khi f
6 mot cuc dai dia phuong chat tai « hodc mot cyc tiéu dia phuong
chat tai «.

viDU:

1) Moi 4nh xa hing c6 tai moi diém mot cyc dai dia phuong va mot cuc ti¢u dia
phuong.
2) |-]:R > R c6mot cyc tiéu dia phuong chit tai x = 0.

X lll

3y FR-SR (xem 4.1.4 Vidu 3) ¢6 mot cuc dai dia phuong chat ta 2 .
x = di{x. 7 2

Nhdn xvét

Ta thudng dua viéc khao sét cyc ti€u dia phudng va vige khdo sat cue dai dia phuong
tir trudmng hop nay sang trudng hop khic bang cach xét —f thay cho f.

o | Dinh1y: Cho/lamotkhoingciaR,u el fe R,

O
aci
Néu ¢ f kha vi tai @ , thh f'{a)y=0.

f ¢6 mot cyc tri dia phuong tai @

Chiing minh:

Ta gi thiét ching han ring f ¢6 cyc dai dia phuong tai . Vi moi h € R¥ sao cho
a+hel, tacd:

f(a+h] f(a)
h

oD — f(ﬂ”ﬁ*f(a)

>0 =

1A
]

[\
o

flngod
flazo’
V& co ban d6 chinh 13 phép chimg minh dinh Iy Rolle 5.2.1.

Chuyén qua gi¢i han khi ki tién 161 O, ta suy ra { vy (@) =0

Nhgn xét.
/) Chinh xdc hon, phép chifng minh trén ching t réng:
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]
ael

néu {f Khaviphdivatrditgia | thi fl(@yz0va f(@)<0
f coeuc dai dia phugng tal ¢

2)  Dinh Iy khong diing néu « i mét miit cta /. Chang han f: [0;1]» R khavi
AL Y
=1z

trén [0; 1], ¢6 cye tiéu dia phuong tai U; tuy phién f (0
i & ma khong kha vi tai a.

3) Mot dnh xa c6 thé c6 mot cyc tri dia phuong ta

Chéng han,
fFR=>R c6 mot cue tiéu dia phuong khong chat tai 0, nhung khang
‘s [xisinzl— néu x=0
0 X néu x=0
khé vi 1ai 0.
¥
y=f(x)
\ ’
AN
4]

4) Néufkhavitaiavaf'(@=0, thi 12 khong thé suy rala fc6 mot cuc tri dia

phuong tai ¢. Vidu fR->R vaa=0.
L B

Trong khi d6, ta chd ¥ dén tinh chit hién nhién sau day von hay dugc st dung.

a
¢ |Ménh dé Choae !.f eR.
Néu ftang trén [ M }—c0; a] va giam trén I
dai dia phuong tai a.

+ oof, thi fc6 mot cuc

x | a ﬂ

Bai tdp

¢ 5.3.9 TinhSup {— o %5-.\'; xeR va xt+36< l3x2}

¢ 5.3.10 Chof: |-l 11— R kha vi sao cho lim f = lim f =+ Ching minh rang ton
-1 1 .

wic e - 1| sao cho f () =0
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54 Ham loi

5.4.1 Dinh nghia

¢ Dinh nghia
Anh xa f: I — R dugc goi 13 16i khi va chi khi:
Vixp x) € P VA € [0; 1], fdxy + (1= Axg) < ) + (1= Dfleg).
Ta néi f1a 1om khi va chi khi - 16i.
' bat:
¥ - = _
f( !y=fl.(x)] .\—/L\'] +(1 A,)Xz‘
) M, MGy, fl),
Af(x,) + (1A} f () Moz, Ax2)), s
M M(x, fx)) 1 cic diém
1 .
Fix) 9 cua dudng cong C;
) bidu dién cua f co
hoanh doé 1a x,, x5, x.
0 X, x X,

Anh xa f16i khi v chi khi v6i moi cap (M, M,), nhiing diém cua C,,
moi diém M clia C; c6 hoanh d6 ndm gilta cdc hoanh dd clia My vi M,
déu & phia dudi doan thing M, M.

Néi cdch khéc, f 161 khi va chi khi duong cong nam dudi moi day cung
cha né (mot day cung & day 12 mot doan thang).

PatE, = {(x,y) e I x R; y 2 i)} g01 la épi-do thi cia f. Jr':'JF dugce bidu
dién hinh hoc béi phin mat phang ndm phia trén Cj.

Ta nhic lai ring mot bd phan E coa mét phang dugc goi la 161 khi va chi
khi:

¥ (A, B) € E%, [ABICE.
& day (AB] chi doan thing ciia mat phéing néi lién A va B, nghia la:
[AB] = {A + AAB; 2 € [0; 1]}

Ménh dé 1 Anh xaflm khi va chi khi épi — d6 thi E, ctia n6 la mot bd
phan 161 ciia mat phang.
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Chitng minh:
1) .
y Gia s&r f 16i, vicho A, B € E,, 4 € [031],
C=A+AAB, (a, o) (b, ), (x, y) ]a céc
A Eg toa do theo thif ty ctia A, B, C.
;x c Tacéx=a+ b —a) = (h - Na + ib, tir
B d6 do f16i suy ra:
B Afx) £ (1 = Dfia) + Afh).
f(b) Miit khde, vi A va B thudce £, ta c6:
A A< va fb)<p
f(x) f _ .
Fa) 7 Vivay fixy £ (1 - Da+ Af =y Do doé
(a C € E; . Diéu nay chimg 10:
ol” a x v ! V(AB) € (E)’, 1AB] C E;
1
2)
¥ Do lai, gid sir £, 180 va cho
2
Ef () el
Ae|0; 1], x=Ax; + (1 = Ayxz,
flw) M, M\ (xy, fxp), Ma(xg, flx)
Mix, fl0).

y A o Vi (M, My € (B, nén
f(xl} [M, M2] jan Ef va dﬁC biet, dlém
f(x) | ~—M P(x, Afx)) + (1-A)fixy)) cling

thuoc E, vay:

O Xy x x x flx) € Afxy) + (1=A)flx).

y=AF(x) + (L-A)f(xa) Diéu nay ching 16 ring f 16i.
Khao sat ty s gia
y‘ / Cr I 3
c Chofe R, (a,b,¢) € I saocho
~

a < b <c Ala, fla)), B(h, fib)),
C(c, fle)). Ky hiéu
p(AB), p(AC), p(BC)1a céc he sO

géc theo thit ty clia cic dudng thing
(AB), (AC) va (BC).
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Do dnh xa [0;1] — {a;¢] 12 mot song anh, nén ta cé su twong duong
Ar Aa+(1-A)e
i6gic nhir saw, néu dat b = da + (1 ~ A)¢ hay A= c=h :
C—d
fAa+ (1 = D) <A a) + (1 - Df(0) & (c—afth) < (c - Bfluy + (b -

ayfic).

Bﬁngacéch lam xudt hién Ab) — fla) hay flc) ~ fib) hay fle) — flu), ta thdy cdc
b4t dang thic sau tuong duong timg doi mot:

(c —a) f(PY<(e - D) fla)+ (h - ) f (o)
PLAB)Y £ p(AC)
p(AC) < p(BC)
PLAB) < p(BC)
Ta suy ra két qua sau:
¢ | Ménhdé2 Chofe R’ Véimoia e, taky hiew

r, 1 —ld >R +, goi 1 4nh xa ty s6 gia tai «. Dé 12 16i, dién
X A-fla)

x—=a
kién cdn va d 11 véi moi ¢ € /, 7, 1a mot dnh xa tang trén f — {u}.
¢ | Ménh dé 3 (Bat ding thic Jensen)
Néu: f € R’ 16i, n € N* x,.... x, € [, Ajrs 4, € [0; 1] s20 cho

i/lk =],thitacd: f{i ;“k-rk } < i’lkf("_k ).

k=1 k=1 k=]

Chung minfr:

Quy nap theo n.

Tinh chat lrér__) 13 tdm thudmg khi 2 = 1; khi # = 2 thi d6 12 dinh nghia tinh 161 cha f.,
Gia sir tinh chat trén da ding véi mot s6 nguyén n € N*, nghia la: vdi moi

n
X)Xy €1 VA Ao d, €]0;1] saocho Y A =1, tacé:
k=1

f[z /Ik,rk}i Zlif(\k ) .
k=1 k=1
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A+l
ChO Xyyos Xy 1 € 1 VA Apps Ay € [0; 1) 520 cho 3 A =1.Néwdy=.= 4, =0,
k=1
béit ding thic ta mudn c6 12 hién nhien.

e £ l 1]
Gia sif (A, A, # (0,...,0) dat ,u=z/lk =1-A,, >0 va x':;Z/{kxk :
k=1 k=1

Vi Xy,.n Xy € I, ma I 13 mot khoéng cta R, nén drnglax el Ap dung dinh
nghia tinh 16i ciia f2

f(z Akxk}fw»o-p)xm)
k=1

< pu f)+ (0= 0 f Fnn) = o (X )+ Aay f(3pn) -
Ap dung gia thi€t quy nap:

H /1 n /1 n
f<x~)=f(z *xk)gz )L 0w,
. Ar . <
vi [Vk (3 {l,.,‘,n},-—-zO] va Z
H
n+l n+l
Ta suy ra: f[z}{kxk]i-z&kf(xk). |
k=1

k=1
yw o
My Bt ding thitc trén dugc biéu dién d6 thi
nhu sau: Da gidc 16i xdc dinh boi cic
diém M, {x, flx, )} (1 <& < n)hodn
M, A todn nim trén dudng cong C; biéu dién
f
MM
& Xy Xy X5 Xg Xy X
Bai tap
o 544 Cholla motkhoingcia R, fJ— R 160 (a bc)€ 1 sao cho a < b < ¢. Chimg
1o rang:
a fia) 1
b f(h H20.

¢ fior 1
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0 54.2 Cho/lAimo6ikhodngciaR.fg:/ - R

2020
Gia st (_f vh g tz‘mg) hoac (f vh g giam).
f.e 160 '
Chimg minh ting g 1ditrén /.
¢ 543 Chof: |1 —=R1éivhg: {U;% =R . Chuing minh ¢ la ham giam.
Ak flaps fll-n)

54.2 Sirdung dao ham trong viéc khao sat tinh 16i
¢ | Ménh dé Gia sitf: 7 - R 1amét 4nh xa 18i. Khi d6 f kha vi phai va

-0
trdi tai moi diém thude 7, va véi moi (&, b, ¢} € P saochoa<h<c ta

cé:
(- flay _ o ' (©)—fh)
IO 1@ ¢ gy gy LOTE)
h—u c—b
Chitng mink:

y Vi f 181, theo 5.4.1, Ménh dé 2, v6i mo1

be ? ,dnh xa
rp: I-{p} >R
L S it
Cf ) x—h

tang trén f — | b}

ol a b ¢ x

o Chou e la; b|;tacd: Vv e b, pla)s T(u) £ B(v) < 7p{c). Nhu vay 7,
tang trén | b; [ va bi chan dudi b&i 13,(). Theo 4.2.4, 1, ¢6 gioh han phai tai b (vay f
kha vi phai tai b} va a) < gluy<f ’p(b) £ e

¢ Nhung khi dé 7, tang trén {«; b} v bi chan trén béi £, (h), vay né cé gidi han
trédi tai b (vay fkha vi trdi tai b) va 7,(a) <f (B Ef.},' (a) £ 70 []

4]
o |H& qua Néu f16i tren khoang /, thi f lién tuc trén /.
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Nhdn xét:

fe6 thé 18i trén |a; b] nhung vén gidn doan tai «, hodc lién tuc tai « nhung khong kha
vi tai a. Vidu:

1)
¥ I [O;I]—)R
1 néu xe{O;l}
0 né&u xeb:][
) Cr
8] X
¥
2) 7 FLi]-R
v —yf1-y?
,Cf
-1 O 1 x

¢ | Dinhly Chof:7— Rkha vitrén /. D€ f1a dnh xa 16i, diéu kién cdn
vadulaf’ tang trén /.

Chimg minh:
1)
g Giasir f 18i vaa, b € I sao choa < b.
b -—
e Theo 5.4.2 Ménh dé: £ '(a) € f(”; fla)
-
fla) B
w LD ¢ i),
a-h
1w dé e £ f°(h).
o a b x

2) Dao lui, gia st £ tang trén /. Cho a, b € { sao cho a < b ching han (trudng
hop a = b 1a tim thudng), va A € |0; 1§ (cac trudmg hop 4 = 0, 4 = 1 1a tdm thudng);
dat x = Ada + (1 - )b
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Ap dung dinh 1y s8 gia hitu han d6i v6i f trén [a; x] va [x; BI; 6n tai ¢ € Ja; 1] va
- f@)=-a)f ()= -Np-a)f ()

@ & Ml sioche: {f(b)—f(x)=(b-x)f“(d)=l(b—a)f'(d) |

Vi f tang tén f(c) < (), vay: M) - fla)) < (1 = D) — fix)), nghia la:

flx) < Aftay + (1 - Af (D).
Ta ké&t luan f 12 4ah xa 18i.

¢ | Hé qua Chof: I - R khd vi hai lan trén /. Dé fla 4nh xa 16i, diéu kién
cinvadilaf”20.
vi Dy:
Cicdnhxa ]O+o[->R , R-»>R.,R->R, R->R 1a 16i vi cac dao
x P -inx ol xe e x - In(l+e®)
ham cdp 2 déu khong am.
Bai tap

¢ 5.4.4 Chof: [0;1]— R khavihailin sao cho ¥ x e [0; 1], £ () < 1. Ching minh:
1 1
f(o)-zf(—]+ fih<—.
2 4
¢ 5.4.5 Chol 13 mot khoang bi chin ciia R va f: I — R 16, Chimg minh rang f bi chan
dudi trén J.
¢ 5.4.6 Cholldmét khodng ciia K, £ T — R 161 Gid sitfbi chéntrén vi dat t3i bién trén

a
tai mot diém thude [ . Ching minh rang f 12 mot dnh xa hiing.

2
[v]
¢ 5.4.7 ChollamotkhodngectalR, (a,b) € (1} .f: 1> R. Chimg minh ring néu f 131

trén 7 thi f c6 tinh Lipschitz trén [a; b].
0 54.8 Cholladmot khoang mdcia Rvaf: 7 —>R16i va kha vi. Chimg minh rang fthudce
16p C! trén 1.
¢ 5.4.9 Chof:R—> Rkhavihaildn, 18i, saochof 2 0. Chitng minh rang:
g: R R 1di
X e%f(e“x)
¢ 5.4.10 Cho f: J0; +oo kha vi hai ldn, 16i, sao che f 2 0, vii @ € [1; +oc[. Ching minh
ring g, |0+x[ R 16i.

=+
x— 12 f(x_“)

0 5.4.14* Cho/la mot khoang cia R, f: J = R . Ching minh ring hai tinh chat sau
twong duong:
() In e f B0

(i) Véimoiacl, fi i->R kdi.
x > e®f{x)
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5.4.3 Bit ding thic 16i

Cho f: 1 — R; n€u fkha vi hai ldn trén / va /" 2 0 thi f 16i (xem 5.4.2, Hé
qud) va ta 6 thé dp dung bat déing thitc Jensen (xem 5.4.1, Ménh dé 3). Ta
néi ring bét dang thic thu duge 1a moét bt déng thirc 16i. Ta s& xét hai vi du
quan trong.

1) So sdnh trung binh céng va trung binh nhan
{Phuong phép khic xem C1.1)

Cho n € N*, ay,..., 4, € R, ta dinh nghia trung binh cong cia a,...«, &
1 I
Ayt ) == D g s
=

va trung binh nhan cba ay,..., a, 1a:
1

n Yn
G{al,...,an)=[nak] .
k=1

Anh xa £ L+ > R 161, vi f kha vi hai lin trén ]0; +oo[ va

x> =Inx
Vxeb; +ao[, f (x)z-lz—z()‘ Vi vay ta ¢6 thé dp dung bt déng thirc
x
Jensen: v&i moi ne N*, ¢q,... 4, € 10; +oof, Ay 4, € [0 1] sao cho

I
ZAk =1,tacé:
k=1

n n
- 1“[24%15 Z’lk {~n ay).
k=1 k=1

H n
Diéu nay tuong duong voi Zlkak 2 na:‘*
k=1 k=1

Dic biet, 14y A, = .= 4, = 1 ta co:
n

nghia la: Glap,... a4} = Aldq )

13-GTY-T1
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2} Chc bit ding thirc Holder va Minkowski trong C"

Chone N* (p,¢) € J1; +c>o[2 sao cho l+l=1,
P q

a) Cho (x, y) € (R)>. Ap dung bat ding thic Jensen thu dugc & /) trong

trtmg hop n =2, @, =&, a, =%, 4, = —AQ_ ta dugc:

1 1
xy < —XP +Eyq .

Bt déng thic cudi cling niy vin ding khi x hoic y bing 0.
b) Cho (x},..., x,) € C", Pyye-¥a) € C", 1a ky higu:
- 1

{gprf. wigor)

Néu a# 0 vd 8% 0, ta c6 thé 4p dung bt dang thic dat duge & g) trong

xe| k| |>’t|

trudng hop: x= . Ta dugc:

Vke{l,...,n;w=wmslm+llyki"

af @ B paoP a4 pl

Cong lai, ta dugc:

[
LS nls—L Sl LSt e g
k=1

pa? =i pa? qp?
P g

Y

Ta suy ra bit ding thic Holder trong C":

Sl P S] -

Bdt ddng thirc Cauchy-Schwarz (xem 1.3.2) la truomg hop riéng cua bat
ddng thitc Holder: p=q = 2.

c) Véi cing nhitg ky hiéu nhw trén:

H n n
3l + vel? < el + vel” T+ el 2™
k=1 k=1 k=1

hﬂ:«!'—-
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Ap dung bat ding thic Hélder hai l4n:

! 1
i‘xkﬂxk +yk|P-1 S[ilxklp}p[im +ykl(p—l)q]q
k=1

pa P
‘ 1 1
n _ n p " _ q
2 lvell + vl lﬁ(Zb’k\pJ [ i + 7| 1).;}
= k=1 k=1
Tir d6 suy ra:
H n
3hrelee + 3P+ el + vl
k=1 k=1
s 1 1
P P

< (Bpr) (£ ] S ofr

Nhung l+l=1,vﬁgy(p—1)q=p.Tasuyra:
P ¢
1 1

1
S P | E A TR PR B p|?
Yolxe +yelf s 2l [+ 2l D lxe + e
k=1 k=1 ] k=1 k=1

Tir d6 c6 bat dang thiic Minkowski:
1

™
o =

gy

Bai tap

¢ 5.4.12 a) Chilng minhting: f@ [+~ 2R 14 4nh xa I6i.
x -ln{lnx]

b) Suyra: V(x, y) e ]l; +00[1, lnp%y) P Jlnxlny .

¢ 5.4.13 a) Chimg minh ring: £ 10,4+ [ - R L4 &nh xa 16i.

xsxlux

.

x-!-y)
a+b '

k) Suyra: Vix,y, a b)e (R: )‘ . xln§+ yln% 2 (x+y]ln



Chudng 6
Tich phan

Trong chuong nay ta xét phép tich phan cac anh xa lién tuc timg khiic trén
mot doan.

6.1 Tich phan cac anh xa bac thang trén mot doan
Trong toan b tiét (6.1) nay, (a, b) chi mot cap s& thue sao cho a < b.

6.1.1 Dai so cac anh xa bac thang trén mot doan

Viéc nghién ciu ndy dd duge bat ddu tix4.1.5 .

+ Dinh nghia 1 Ta goi mot ho hifu han (@;)g= ;< S0 chor

a=ay<ay <.y <a,=b(nz 1) 1a mot phan hoach cla [a ; b).
Ta ky hitu S 1a tap hgp cac phin hoach cta [a; b}. V& méi
s=(@)gcizn€ S buée (hodc modun) cla s ia s6 thuc p (5) dugc dinh

nghia nhu sau: p (s) = 02:133; (@, — )

Ky hiéu F 12 tap hop cdc bo phan hitu han cia [a b] c6 chifa {a, b}. RO rang

12 4nh xa 8: 5> F cho mbi phan hoach (@)p< < p cua [a; b] tng v

mot tap hop {g,; 0 <i < n}, 1amot song 4nh. Duong nhién, F duge trang bi
mot quan hé thit ty, dinh nghia bdi phép bao ham, va 10 rang 13 ¥ 6n dinh d6i
vdi cAc phép hop va giao:

Y (F.Ge ¥ (FuGe 5 FNGe )

Song 4nh 8 cho phép chuyén thi tu (<) v céc luat hop thanh trong (U, M) tir
F vio S. Vay ta dinh nghia trong 5

e mot quan hé tht ty, ky higu =<
Vis,s)e Sh(s <5 b))
(Khi d6 ta néi s* min hon s}
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¢ mot luat hop thanh trong, ky hi¢u 13 v:
Vs, s')e S4(svs=0"(8()u (s
e mot luat hop thanh trong, Ky higu 1a A
Vs, s)ye Shns'=0"(00)n0("))).
viDy _
Loya=0,b=6,5=(0,1,23,4,6),5=(0236).Tadugcs vs'=(01,23.406),
sAs =(0,2,3,6),svas khong so sinh dugc theo <.

Ta 6 thé néi van tat 1a:
s v s thu dugc bang cdch sip thit 1 bang cac diém thude s va céc diém
thude s”.

s A & thu dugc bang cich sip thif tr bang eic diém chung ciia s va 5°.

¢ Pinh nghia 2
1) Mot 4nh xa e = [a, b] = R dugc goi 4nh xa bac thang khi va chi khi
tdntai §=(dg, ..o ,a,) €5 VA Ry, ooy Ayy) € R " sao cho:
Yie {0, ...n-11,Vxela; a0 celx)=2;
& day ta ky hieu E (g, b) 14 tap hop céc 4nh xa bac thang trén [a, b].
2)Cho s =(gy, ..., a,) € SVac¢ € E (a, b), tandi s tuong thich véi e khi
va chi khi, véi moi i € {0, ..., n—1} thuhep clia e trén } ¢; ; a;, [1a
4nh xa hang.
Nhgn xét

1} Theo dinh nghia, néu e € E (a, b) thi t6n tai it nh&t m6t phan hoach [a, bl
tuong thich vai e.

2) Néu s tueng thich vdi ¢ thi moi phan hoach s min hon s (nghia | s < 5") cing
tuong thich véi e.

3) Véie e E (a, b), tap hop céc phan hoach céia [, D] tuong thich véi e c6 phidn
tff nhd nhit (theo thi¥ ty < trong 5), d6 14 phan hoach tao nén bdi a, b va chc diém
gidn doan cia e,

+ | Ménh dé1 FE(a, b)lamotdaisSco donvi ddi véi céc luat thong
thudmg, nghia 14 :

1e E(ab)

e; + ¢y € E(a,b)
e1¢7 € Ea,b) '
YieR, VeeE(ab), AeeE(ab)

V(ey,e9) € (E(a, b)), {




6.1 Tich phan cac énh xa béac thang trén mot doan

Chitng minh

Néu 5, (twang tng; 55) 12 mot phin hoach cha [a, b] nrong thich hgp véi e, (uong
img; ¢,), thi €, + e, VA €,¢, déu khong déi tren mBi khoang m& ndi hai diém lién
1i€p chia 5, Vv 5 (xem 4.1.5). [ ]

Meénh dé sau day 12 hién nhien

o|Menhd82 Ve E(ab), |deEab).

Nhdn xét

C6 thé thiy (xem 4.1.2) ring néu (e, €;) € (£ (@.b)” thi Supe,, e;) € E(ab) va
Inf (¢,. ¢,) € E(a.b). '

6.1.2 Tich phan cia mot 4nh xa bac thang trén mét doan

+ | Ménh dé-Binh nghiat Choe € E (ab),s = (t)gs i<, € S WIONG

thich véi e, vi vdi moi ie (0 .., (n—-1}, 44 gid tri cla e trén
=1

1 @, a; , ([ S6 thuc Z(am —a;)A; khong phy thudce phan hoach s
i=0

tuong thich véi e. S6 thuc nay dugc goi 12 tich phin cila e trén [a, b

b b
v dugc k¥ higu la j e, hayj e(x)dx.
a a

Chiing minh
n-1

patl (e, 5) = Z (3,41 — a1 -
1=0

7) Chos=(a) p<;<n € Stuong thich véi e va véi moi i & {0, ..., n=1}, % la gid
tri cha e tén g, 4+ L Cho ce(a, b] sao cho c & 8(s); tén tal mot
k €10, ... n—1} sao cho gy < ¢ < &

Dt 8 =(@g, ooes By € Qg ] oo a,), nghia la s'= g7 (@) v (e
¥ ) :
Anh xa bac thang e khong déi va bang A,
(C - ak} }vk trén ] dy s ey [ v
mk-fl' c) kk

(¢ ~ahy+ (@g v — Ok = @y —ad -
T d6 suyraf (e, sV =1 (e.5)- '

Diéu nay chitng té [ (e,s) khong thay d6i
néu ta thém mot diém vao s.

185
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2) Cho s, t € S tuong thich véi e va sao cho s < t. Sir dung /) va bang mot phép
quy nap don gian ta thdy: I(e,s) = I(e,1).

3) Chos,, s, € Stuong thich v6i e. Theo 2):
I(e,s1)=1(e,s1 V53).
I(e,s5)=1(e,s, Vs5)

vay I(e,s;)=1(e,s;). | |

Nhdn xét
1)

Trong mot mat phing Euclide
dinh huéng v6i mot hé
quy chiéu truc chuén thuan, ta

b
biéu dién hinh hoc j ¢ R
a

t6ng cédc dién tich dai s6 cua
nhitng hinh chit nhat.

2) I(e, s) khong phu thudc cdc gid tri clia e tai cic diém gidn doan.

3) Cho e,, e, € E (a, b) tring nhau trén [a; b], trit ra tai mot s6 hitu han diém.
Khi d6 t6n tai s € S tuong thich déng thdi v6i e, vV e,, va sao cho ¢, va ¢; tring

b b
nhau trén m&i khoang m& ndi lién hai diém lién ti€p cua s, vay ta c6: J‘e} = Iez .
a a

¢ |Ménh dé2 Anhxa E(a, b) - R1aénh xa tuyén tinh, nghia la:

el—)jbe
a

b b b
Vae R, Ve, e,) € (E(a, b)), I (@ e +€2):aI e +I € -
a a a

Chitng minh

Tén tai s = (ag, .., @,) € S tuong thich déng thdi véi e, va e, (ta c6 thé 1ay
5 =5, V 5y, V6i 5| tuong thich véi e}, 5, Véi e,), sau d6 v6i mbii e {0,..,n—1},tén
tai (4;, ) € R? sao cho':
o= A
Vxelasayg Iy 44 :
ey (x)=

Vi vy ta cé: Vx € 1 a; aj [, (aey + ep) (0) = ad; + p, do dé:
b n-1

Ja(ael +92)=Z(ai+l _a!)(a’l:"'#i')

i=0

o b b
=a2(a1+1 _a!')l i+Z(ai+1 'ai)auf' -——EIJ € +Iael - p
j i=0

a
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¢ |Ménhdé3
b
1) VeeE(a,b),(ezo:j e20)

b b
2) Ve, ey) € (Efa, b))z, (e, <ey=> I e Ej ey)
a a4

I:e < Ije\ .

3} Ve E (4, b),

Chitng minh
/) V@i cic k¢ hiéu trong Ménh dé-Pinh nghia 1. vi ¢ 2 0 nén ta c6:
Yie {0,..,n-1},4,20.Dod6:

n—1
[[e= T am-a)a, 20.
a i=0

b b b b ]
2) e 5e32ey—e12 0 | (e —e])z(}@jez—jel 20 <::>Iel sjez.
a a L a ia

3) Trute tién, |¢] € B(a,b) (xem 6.1.1, Ménh dé 2) sau d6, vi - el <exlefm
b b b b b .
suy ra: —I |e\£JeSI lei nghia 13 Ie sj |e| u
a2 a i ia a

¢ |Ménh dé4 (Hé thic Chasles)

Gia sit (@, b,¢) € R* sao cho a < b < ¢ v ¢ € F(a, ¢). Thé thi cdc thu
hep chia e trén {a; b] va [b, ] 13 nhimg 4nh xa bdc thang va:

b c [
Ji e felia=
Chitng minh

T6n tai mot phan hoach cia [a; ¢] wong thich véi e va c6 chifa b. Ky higu

s =(ag... a ) b=a;, A; 12 gid tri cha e rén Ja;; a, ) [ v6i mbi i € {0, ....n-1}. Ta cé:

- k-1 n=l
J.je“a;b] +Le‘[b;c] :Z(ai“l _ai)/l £+Z(af+l _ai)j' i =
i=0 i=k
= nz_l(a.-ﬂ —a;)/l; = I:e
1=0

Thay cho e

b ¢ IS
[a:] va el (et 1 thudng k¢ hidu e vi c6: Ie+ je = Ie ) |
' ’ a b a
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6.2 Tich phan cdc anh xa lién tuc timg khuic trén mét
doan

Trong cdc §§ 6.2.1 dén 6.2.5, (a, b) chi mot cép 56 thitc sao cho a < b.

6.2.1 BDai s6 cic anh xa lién tuc timg khiic trén mét doan
Khdt niém dnh xa lién tuc ting khic trén mot doan dd duwoc dinh nghia o 4.3.1, 3).

¢ | Ménh dé 1 Tap hop CM cic dnh xa lién tyc timg khiic trén [g, 5] 1a
mot dai s§ con ¢b don vi cha RI* 2 dgi voi cée luat thong thudng,
nghia 1 :

le M

f+gecm
feeCm

VieR,VfelM, Af e CM

Y(f,g) € (CM*, {

Hon nita: Ve CM, m e CM.
Chitng minh: Tuong tu nhw d6i véi Ménh dé 86.1.1.

¢ | Ménh de 2 Cho f: [a, b] - R lién tuc timg khiic. Tén tai g: {a, b] > R
lien tuc va e: [g, b] — R 14 4nh xa bac thang sao cho: f=g + e.
Chitng minh
Quy nap theo v, la 56 cdc diém gidn doan cia f
e Neuv=0,tac6théldyg=f,e=0.
e Néu v =1, k¥ hiéu ¢ la diém gi4n doan cia f (c € [a; b]).
¥ Xét g: [a, b] = R xdc dinh bén;
S(x) néu xe[a;c|
lil_nf néu x=¢
4
81 - (lim / ~lim /) néo
[ 14

xelc.b]




6.2 Tich phan cac anh xa lién tuc ting khic trén mét doan

lim g = lim f
c c”
glc)y=lm f
R& rang 1a g lién tuc trén [a, b] — {c); honnita { ‘< . .
"(lim g = lim f —(lim f —lim f)
et et et e
=1lim f
L ¢

bidu d6 chiing 16 rang g lién e tai c.
Piat e=f-g,tacd:f=g+e vi e € E(a,b).

» Ta gia thi& tinh chit trén di duge chitng minh cho cdc dnh xa lién tuc ting khiic ¢
v diém gidn doan, va gid thiét £ [a, b] > R lién tuc timg khic ¢6 v + 1 diém gidn
doan. Bt ddu nhu déi véi trtng hop v =1, talap g; : [a, 5] > R Lién tue timg khidce
¢d v diém gidn doan, va e;: {a, b] — R 13 4nh xa bac thang sao cho f=g; + ¢,. Theo
gia thidt, wn tai g: [a. b] — R lién tuc va e;: {a, b] — K 14 dnh xa bic thang sao cho
g =g+ ey Culicing: f =g+ (e +ey), vii g |2 dnh xa lién tuc, €] + e, 12 4nh xa
bac thang. |
6.2.2 Xip xi mét 4nh xa lién tuc timg khiic trén mét doan bing
nhimg anh xa bac thang
¢ [ Binhly Gidstf [a, b] > R lién tyc timg khic va se R,.
Tén tai cdc 4nh xa bic thang ¢, ¥: [a; b] — R sao cho:

Pp<f< ¥ P-g<ae

& day ta dng nhit s6 thue £vA 4nh xa hing ¢ : [a; 5] > R.
xE
Chitng minh
‘Theo 6.2.1, Ménh dé 2, t8n tai g: [a, 5] — R lién tuc va ¢;: [a; b] — IR 14 him bac
thang sao cho f'= g + e|. Trudc hét ta tirn hai him bic thang ¥, ¢y [2, b] > R sao
cho @ <g< ¥ va ¥ —¢ <& khi d6 d rang ring néu dat ¢= ¢ + e,
¥= ¥ + ¢, thicap (@, V) s€ thod min:
(PP eE@bY. v-p=yi-p<ap=g+eySg+re=f<yj+e=y.
Cho £> 0.
Vi g lién tyc trén doan [a; b] nén theo dinh 1§ Heine (4.3.6, Dinh 1¥), g lién tuc déu
trén [a; b]. N
Tén tai > 0 sao cho:
V@, ©) € la b1 (fo-x" | < 7= [g(x) - ()| < ).
b-a
n

Téun tai N € N* sao cho: sp(vida N=E (b—_—E-J+1) .tachd ¢ring nva N
n

phu thudc vao &

169
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b—a

Véike {0, ... NLakfhieuag=a+k , v x& phan hoach “déun”

s ={ag) p<gsy cla fa; b).
Véi mbi k €{0,... N-1}, g lién tuc trén doan [ay; a3 4], vi vy (xem 4.3.4), g[
bi chan; k¥ hiéu :

me= Inf g (x), M= Sup g

xelay ap.] xelay ay.]

[ag iaker]

Xét cac 4nh xa bac thang ¢, v [4, b] > R, dinh nghia la:
{ vk e lOJ 1eney N-1 }s Ve [ak; ak‘l—l[v (991(1) = mk vi w’(x) = Mk)
p&y=mpy 1, ¥y B =M 5.
¥
P om.

L il

O a

Rorangring: ¢ <g< .
Chok € {0, ..., N-1}, ta ¢0 véi mot (v, x™) thude [g; b]z:
b-a

’ (1] 2 ] ] !
(x"‘)elab'“kﬂl=>|x‘x15“k+1‘“k= N =7

= |g(x')—g(x")| e = glx)—¢& = glx").

C6 dinh x" trong [a;, ag4] ¥2 chuyén qua bi2n trén khi x' chay khap lag; a; 411,
ta suy ra:
M, ~ ¢ < g(x").
Sau d6 chuyén qua bién dudi khi x" chay khip [a;; ap 0 M — & < my, suy ra:
Mk - mk £ &

K&t qua la:

Vkel0, .., N-1}, Vx elag aqpl, ) -0 =M, -my < &

£.

Vita concd: w(B) — py(b) = My_| —mpy_; & nénta kél ludn: gy — ¢ < n
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6.2.3 Tich phan trén mot doan mét snh xa lién tuc timg khiic
Cho f: [a, b] - R, lién wc timg khiic.

Pat A={¢eE(a,b);gasf }
B = {We E(a,b); f < W)

5 A=“§o:¢e A}
B={Ltp:we3}

1) »A=Q W, theo 6.2.2, Dinh ly (I4y £= 1, ching han) t6n tai @y € A, vay
A=

Tuong tir, ton tai yy € B, vay B = .

} ., vOn 1A nhiing b6 phan cta £ (g, &),

L'

, lanhimg bo phan ctaR.

* Tach: Vope A, @< <y,

b 2]
vy Vo € A, _f;v < Iwo ,
a

2

h
di€u ndy chiing t& ~A bi chan trén (b&i | g ).

@

b
Tueng tu, B bi chan dudi (b Iqao ).
T

Nhu viy, A v B 1a hai by phan khong r8ng ciia R, theo thit tr bi chan trén va by
chan dudi; do d6 (xem 1.2.3) A ¢6 bién trén va B cé bien du6i trong R; k¥ hidu -

4 = Sup (A), oy = Inf (B).
2} Taching minh = u,.

* ViVpe A, Ve B, ¢< ynénkhi c§ dinh @ trong A va chuyén qua bién dudi
Khi ychay khap B , ta cé:
b
Yepe A, Igo Lty

a
sau dé chuyén qua bien wen khi @ chay khap A: gy < p1y.
s Cho £> 0. Theo 6.2.2, Dinh 1Y, t8n tai (¢, v) € (E(a, »!‘9))2 sao cho:
esfsy v w-p < e

b b b b
Khidytacé pe A, we Bva: Iw—IQJ:I(w—y)sIg:(b—a)e.

iq i1

b b
suy ra: ,uzs‘[y/s(b—a)s+ Iw S{b-a)e+ p,.
a [}

Viay: Ve> 0wy - (b ~a)s do d6 14, — SO0 s .
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Cuéi cing: x4y = th.

Nhdn xét  Céc bo phan A va Bké nhau (xem bai tap 3.2.7).

Tém lai:

¢

Ménh dé-Binh nghia  Chof: [a, b] = R, lién tuc ting khuc.

b
Céc bo phan cua R: {I ¢ ; peE(ab) , qasf} va
a

b
{ I wiweE(ab), f< ty} theo thit tu c6 bién trén va bién dudi trong R,
o -

va céc bién dé bang nhau.

b
Ta goi bién chung d6 1a tich phan ciia f (trén [, b)) va kj hi¢u J' f
o

b
(hay: -[iablf hay : L f(x)dx ):

b b b
% peE(a,b) \ "¢ weE(ab) \ Ja

0

p<f sy

y o i
j f chi dién tich dai 6 ciia
a

phdn mat phing giéi han boi
cic dudng thing c6 phuong
trinh x = a, x = b, truc cic gid
tri x, va dudng cong biu dién f
(hé quy chi€u truc chudn).

Nhan xét

Pinh nghia trén mo rong dinh nghia & 6.1.2, boi vi néu e: [a, ] — R 14 4nh xa b
thang thi:

c6 phén tif chung 12 s6 thuc .[ e

b b
{I o< E(a,b) , gase} Vi {j vy € E(a,b) , egw}
a a

b

a
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6.2.4 Cic tinh chit dai s6

¢ 'Ménhdé Anhxa CM — R 1amot dang tuyén tinh, nghia la:
W)

b b b
V(g € (CMAVAER, I(Z_j'-}-g):,‘{_ja f*J. .

49

Chitng minh _
b h b
1) Chof, g € CM\. Ta s& chimg minh: I(f+g)= f+.[g )
[r3 7 i1

Cho £> 0. Theo 6.2.2, Dinh 19, t6n tai @, ¥, ¥, ¥y € Ela, b), sao cho:

P < f <y P2 < f Sy,
£ Va £ -

- é— —_— S_
¥y 9 5 Wo =@ 5

Ky hitup=¢, + @ v = ¥ + s, tach
(p. W) € (B b)), p<f+rgsy y-¢se

T A6 suy ra:

b b b b b b
I(f+g)$jw£(b—a)g+jqo:(b~a)£+I@] +j.(o2 S{b—a)a+rf+jg
a a2 a a a a [’}

b b 5 b b b
f+j.8$j¢/1+r;/zz WS(b—a)£+j¢)£(b~a)g+j(f+8)_
a a O 7] a T . 2

Vi nhu vay khi cho ¢tién & 0°, ta duge:

ﬁf+g)=Lbf+I:3-

2) Gidsit fe CM, A e R.
Cho &> 0. Theo 6.2.2, Dinh 1¥ 16n tai ¢, v, € E(a, b) sao cho:
g <fswyvay —-pse
« Gidst AeR_.
Ky hidu ¢ = A, ¥ = Ay, lach:
(@ w) € (E@ b)Y, o< A<y, y-9< A6

193
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suy ra:
b b b b b
I(Jf) S.[y/.é(b—a)/lg+jgo =(b—a),lq+quol g(b—a)ishljf

b b b b b ’
i[fsijw] si{b—a)g+/1jgol =/l(b—a)£+j(p£/1(b—a}a+'[(i Id
a 1 [* ] 2 [

va nhuf vay khi cho & tién t6i 07 ta duge:
b b
[an=afs.

¢ DatAy= (¢ € E(a, b), p <[, By= (e E(a, b); f < wl; wong W véi A_p B4 I

rang licic dnhxaAy — By vag, - A_; 12 nhimg song 4nh,
p>-p pi-y
tir do:

e so(fo)-sm{fr)- so L)1

yeBy

Tasuyra, vdiAe R :
L= e n=-aftn=-3 L)L
Cu6icimg:  V(f, g) € (CM*. ¥ A€ R, r(ﬂ.f+g)=jb(zl f)+r:g=,1jbf+rg |

Nhdn xét: Néu hai doh xa f, g thuéc CM chi khéc nhau & mot s6 hitu han diém thi

b
If=rg.'['hai vay, tén tai dnh xa bic thang e: [a. b] >R saocho g=f+e,
Led a2

suy 1a ! Eg=j:f +Ee = I:f.

6.2.5  Cic tinh chit lién quan dén thir ty
s |Menh dé1 Chofifa b} > Rliéntue timg khic.

b
Néu f2 0 thi j £20.

- Chitng minh

b b b
Vi Oe E(a h)vA0<f,néntacd J.()éjlf,nghialh (}EIf. ]
[+ a <



6.2 Tich phan cac &nh xa lién tuc ting khie trén mdt dean

¢ |Hé qud1 Néuf g [a 5] > Rlién tuc timg khic thi:

pee= L ref's

. b b
Chiing mink: fsgc:»g—fzﬂ:Itg—f)ZOc:stIg. [ |
a a ia

*

Hé qua2 Chof: [a, b] - R lién tuc timg khiic,

m = Inf fix),y M = Sup filx). Tacé:
xefub] xelab)

b
m (b —a) s_[ F<Mb-a.

¢ DBinh nghid Chof: [a, b] — R lién tuc timg khuc, gid tri trung binh
b
ciia f trén {, b] 12 56 thyc — I f.
b—ada

y 'Gi4 tri trung binh cta f 14 chidu cao
' . cha hinh chit nhat (¢6 cdc canh
song song véi céc tryc toa do, c6

¥ b .
dsy 12 [a; b]) véi dien tich I .
a
V6i céc k¢ hiéu nhir & he qua 2, gid

tri trung binh cua f trén {a, b] ném
giita m va M.

¢ | Ménh dé 2
Véi moi f thude CM: Ibf sjjf[.
. b
e el o
Chitng minh: {-—fslfl = _I‘;’f:J‘E_f)SI:M = IISL\fl- m

14-GTT-TY
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¢ | Hdqua3
1) Giasif,gecMm |f], = Swp fn). Tacs:
xE{a;b]
b b
[ a[<. [l
2) Gidsl: f € CM, “flloo = Sup |f(x)l. Ta c6:
xe{a;b]
b
[zo-oit. -
Chitng minh
b b b b
o \[a< [V = [ Wle= b [ o

2) Apdung 1) véig=1.

¢ |Ménhdé3 Gidsife CMsaochof20,vaxs € [a, b] sao cho flién

b
tuc tai x 2 fixp) > 0. Khi d6 ta c6: I £50.
a

Chitng minh
. e .

w X v b

Vi f lién tuc tai xg va flxg) > 0 nén
t6n tai @ > 0 sao cho:

vx ela; bl nxg— & xg + al.

f) 2 % o).

K¢ hiu: [1; v] = [a; D) [xg — & xp + @l va e: [a, b] = R 12 4nh xa bic thang xic

dinh bdi:

0
‘%ﬂxo)
]

e(x)=

b b
Khidétachd: fze, viy Ifzj e
a aq

néu x € [a; uf
néu x € [u; v]

néu x e |v; b]

%(v—u)f(xo)‘;vo.
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B dé sau day (suy ra tir Ménh dé 3 bing 19p ludn phan chiing) rdt quan trong
(chang han trong viéc nghién cifu tich vo hudng xdc dinh béng tich phan). Ta
nhic lai ring ta dd gia thi¢t a < b.

¢ |H@ quad Chof [a b] >R
Slién tuc
Nén fz0 , thi f=0.
b
[ir-
a

Nhdn xét  Theo he qua 4, ta o
, |
1) Néuf [a,b] - R lén tuc va néu I F2 =0 (wong d6 F2 =), i f 2 =0. v
Vi vay f=0. ‘

b
2) Néu f: [a, b] - R lien tuc va I If| = 0thi | £] =0vadodss=o.
a

¢ | Dinh ly (Bat dang thic Cauchy - Schwarz déi vdi tich phan)
V6&i moi 4nh xa f, g: [a, b] > R lién tuc timg Khiic, ta c6:

RS

Véimegi LeR: J'b(,l f+g) 20, td6 bing cich khai trién:

. VieR, Ubﬂ)ﬂ +2[J:;'g]l+j:gz 0.

b
. Giésfrj 72 =0.
[+

b b b
Néu Ifg>0. thi 2 [Ifg))ﬁj gl—i?—w, mén thufn. Cing vay, néu
a a

a

b b b b
Ifg«:O thi 2 [Ifg}l+j g? —oa méu thudn. Vay Ifg:(),vé bat
a a [

a
ding thitc ta mong muén tré nén tm thudng.
b
o Gid sit I fiso.
o

Theo (1.2.3, 2), khéo st céc tam thiic thyc) biét thifc < 0, nghia li:

IDRING KR .
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¢ | Ménh dé4 (Khao sit trudng hop déng thic trong bat ding thic
Cauchy-Schwarz déi véi tich phan cac dnh xa lién
tuc)

Chof, g: [a, b] > R liéntuc. Ppé [_[:fg]z :[I;fZ] U:gz]

didu kien cdn va 40 2 (f g phu thudc, nghia la ton tai
(a B € R* - {(0, 0)}saocho of + fg=
Chimg minh
/) Gia si (f, g) phu thudc.
Néu f = 0 thi két lugn 12 hién dhién.
Néu f#0, thi tén tai & € R sao cho g = af, vatacé:

(L Larf oL Ler)(Dr L)

2) Do lai, gia sif ¢6 déing thite trong bat ding thitc Cauchy — Schwarz. Néu f=0,
thi {f, g) phu thude .

Gid slr f= 0. Vif lién tyc, nén rfz >0 (xem Ménh dé 3). Tir d6 ta suy ra:
a

I:fg 2
+_ﬁ;

thi r(1f+g)2 =0,r8i (xem Nhan xét 1)

vileR, I:(ﬂ.f+g)2 =[I:f2)

[i
Pic biét khi chgn A =—

f2

(4]

Af +g =0, va vi vy (f, g) phu thude. [ ]

Bai tap
1 1

& 6.21 Chof [0; 1] — 10; 1]11ién tyc sa2o cho f= O va I f= I 2 (véif2 = ff). Chitng
0 o

minh ring f=1.
¢ 6.2.2 Cho{a, b) e R%sa0 choa <b, ne N*, s o Syt [t B = R li¢n we va khong cung

b H
bing 0. Chimg minh ring n tai uy, .., 1, la; ] - R lién tuc, sao cha I [Zfi“i =1.
“\i=l



6.2 Tich phan céc anh xa lién tuc ting khic trén mét doan

$ 6.2.3 Chola b) € R2 saocho a < b, [ [a, Bl = R lién tyc timg khiic, m = Ir[1fb] flx),
) . XE|4As

M= Sup fix).Gidstm > 0. Ching minh Tang:
x€lak]

b
a) 2ng—a)sﬁj':f+mj‘a%$[l+%] (b-a)

b b MZ
by w-a’<| | 7 * (b—a)zi’"zﬁ—

& 6.2.4 Chof: [0: 11— R lién tyc sao cho vai moi dnh xa bic thang va tang g: (k1] — R.
1a co j;fg=0.Chﬁngminhr§ngf=0. |
0 6.2.5* Chof: [0: %] — Rlén tuc, 20, sao chot
¥n e {0.1,2,3.4), j:f(x)cosnxdx = (-1)' (2n+1)
Chimg minh ring: f=0.
.

g
0 626  Timh lm _[ d

Xat+woex (lm ’

' 6.2.6 Hg thitc Chasles

¢ | Ménh dé1 Cho(a b.c)e R3saochoa<b<cva f:a; ¢l —-> Rlién
tuc  timg khic. The thi cic thu hep cha f trén [a; b] va [b; c] hén e

fimg khiic va I:f+_[;f=£f.'
b b
& day ta ky hiéu L £ thay cho L s

Chiing minh
RG rang ring 11 (ap] 2 ][] tiem tuc g K.
Cho &> 0. Theo 6.2.2, Dinh 1y, tn tai @y, ¥4 € E(a, b), @1, ¥, € E(b, ¢) sao cho:

(a‘lgfl[a;b]SWl 2 sfl[b-,.:]S‘,‘/z
€ va £
T 21 3—2“ Wz‘%,sa
K¢ hieu @, w: lac] — R 1A cdc 4nh xa duge dinh nghila bdi:
{Vx € [a. b], (@)= @, () VA P = ¥ ()

Ix e b cl, (px}= (x) VA pAx) = g5 ().
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R& rang 1a: (p, ¥ € (E(a, c))z, psfsy, w—-ps & Tuddsuyra

¢ c b Il b c b r
Ifsjw=jwl +-[1,.'.r2 S(bwa)a+j¢l +I¢2 S(b—a)s+If+If
a a a b a - b a h
b I b c b c c ¢’
If+L;f sf:;;l +jy/2 s'(b—a)g+j‘qa1 +Iga2 =(b—a)£+jzp s(b—a)g+If
a a b a b a a
b c ¢
va khi cho £tin 16i 0%, ta suy ra: If+If:J.f. n
a 3 o

¢ Binh nghia-ky hiéu

b
J F=0 néua=»>H
a

b a .
If:—J. f néua>bvaf:{b; al - Rlién tue timg khic
a b :

Céc tinh chdt dai s6 (6.2.4) khong thay déi, cdc tinh ch4t vé thi tw (6.2.5) c6 thé sia
déi dé ding thy theo vi trf rong d6i cia a va b.

¢ | Ménh d& 2 (Hé thitc Chasles)
Cho a, b,c € R va f1a mot 4nh xa nhén gid tri thue, lign tuc timg khiic

¢ :] ¢
trén mot doan chifa g, b, c. Thé thi: I fzj f+jbf.
a a

Chitng minh
» Né&u (a = b hoac a = ¢ hoic b = ¢), thi tinh ch4t 13 hién nhién.
s Néua<b<c, xemMénhdé 1,
¢ Néu a < c <b, theo Ménh dé 1 ta cé:

b L) ' c b eb b pr
f-feefs was fr=fg-fr=fly
a a = a a c a b
o Céc trudng hop khic (h<a<c,b<c<a, c<a<b, ¢ <b <a)ching minh
tuong . |

Ta suy ra mot cach d& dang nh¥ quy nap theo N ménh dé sau:
o | Ménhdé 3 ChoN e N* qq ...ayc R, f12mot dnh xa nhan gid tri

thue, lién tuc titng khic trén doan 16n nhdt chiia 4y, ..., ay-

N-1
ay 25
Khi d6 ta ¢6: ”fzzj‘ 'f
a k=0"%

4,




6.2 Tich phén cac anh xa li&n tuc timg khic trén mét doan

Bai tap

¢ B8.27 Cho(a, b e R’ saocoa <b, f: (@ b] — R lién tuc timg khiic sao cho f20va

_[:f=o.

Chwing minh ring { bing 0, trlf ra tai mot s6 hih han didm.

¢ 6.2:8 Chof' 11, 4% [ — R thute 16p C' v2 16i. Chﬁrngmmhrangvf;i moin € N—{01}:

¢ 6.2.8* Ching minh ring, v6i mei n € N - {0, 1}

3n+1 Y e
= - &£ —.
2n+2 Z( ]

=17

(C6 thé sir dung bai tap 6.2.8)

¢ 6.2.10 Chof (0 %]—-»R lién tuc sac cho tén tai ¢ € [0; %] thod mén:

vrelhd, flx)>0
Vxe]c;—;—[, <0 ’

E E 4
Chimg minh réng: (j 2 f(x)cosx dx)” + (I 2 f(x)siny dx)” > 0.
4] 1]

6.2.7 Toéng Riemann

Trong § 6.2.7 nay (a, b} chi mot cdp 56 thuc thodnmdna <b.

¢ Dinh nghia Cho f: [a; b] — R lién tuc timg khic, s = (dg, ---» @p) Ia
mot phan hoach cha [a; b), vAvéimoi i € {0, ..., n —1}, §lamot phén

n-1
tlt clia [a;; a;; ) Ta goi s6 thye Z(am'— a,--)f(g,-) 1a téng Riemann
i=0
lien két v6i £, s, (&g < i <n-1-
Nhu vay téng Riemann néi trén 12 tich phan clia mot 4nh xa bic thang e xac
dinh bdi: Vi € {0, .., n—1 }, ¥x € la; @; b e(x)‘=f(§i).
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202 Chuong 6 Tich phan

0

¢ | Pinhly Chof:[a, b] > R lién tuc.
b
Céc téng Riemann tuong tng v6i f déu hoi ty dén I £ khi budc ciia
a
phan hoach din dén 0, nghia la:
" Cho &> 0 bt ky, t6n tai &> 0 sao cho véi moi phan hoach
s = (ag, - @,) cha [a; b] c6 bude < a vamoi ho (§) g<;<, -1 a0 cho

(Vi € {0, ..., n -1}, & € [a;; a; 1)), ta co:

n—l1
I:f_z("m ~a;)f(&)| < e.
j={)

Chitng minh

Cho &> 0 ¢6 dinh. Vi flién tuc trén doan [a; b] nén f lién tuc déu trén [a; b] (Pinh 1y
Heine, 4.3.6, Dinh 1¥). Vay t6n tai &> 0, sao cho:

Vi, € b, (v=r] s@= -] < 5.
Cho s = (ag, .., @,) 12 mot phan hoach ctia [a; b] ¢6 bude < &, nghia 12

. Vie {0,.,%=11 “ay; —ap=s o

Choi € {0, ...,n—1},tacé: Vx € [a; a; 1], |x - é‘i L£a,,,—a, £a,vay:

&
vxelagay) [fO-fE)<5—-

tir d6 suy ra:

ﬁff’ -f& »1 < j a’ If - £ (@ —a)

}ﬂ —(a; —a;)f(&; )] =




8.2 Tich phan cac &nh xa lidn tuc tihg khic trén mét doan

Ta suy ra:

n—1
I:f*Z(am -a)f (&)=

[j G-I J}
=0

f (@41 — a;)f (5;) ‘

f

£
SE,("; 1 —a;)—={a, —“u)
i=0 i b-a

=£. [ |
b—-a

Nhdn xét

i } Ta c6 thé chiing minh ring két qua ciia viéc khio sét trén van dling cho trwong
hcfp téng quat hon, khi flién tuc timg khic trén [a, b], (chd § ring fc6 thé c6 nhiing
diém gian doan trén [a; bl.

2) Mot téng Riemann khéng chi phu thudc vio budc cha phan hoach ma cdn phu
thudc vio chinh phan hoach dé v céc diém &,
3)Néu f: [a, b] - R c6 tinh k-Lipschitz (k € R ,) thi v6i moi phén hoach

s = (ag, ..., a,) cla [a, b] c6 budc k¥ hidu 1a p(s), vamoi ho (&) g < j s , - thda man
& elaayg] vield, .., n-1}tacéd

n=l n-1 P
[2r-2@n-arre) s 2[ " lro-reas
i=Q i=0

n—1 -1
[T @y
sZk_[ e-gldre < kZI pls)dx = k(b—a)p(s)
i=0 "% i=0 "%
Trong trudng hop ndy (f Lipschitz) két qua cfia dinh 1§ duge ching minh ma khong
cdn dén khéi nigm lién tuc déu. _ [ |
Mot trudmg hop thutmg gap 1 trwdng hop phin hoach (ag, ..., a,) 12 déu (nghia 1

Vie {0, .., n-1}, a4 —a;= b—-q vd £ bdng g, (hoic a;,; hodc -;w(a,- +a;4))
. n
Khi d6 ta ¢é két qua sau :

¢ |H& qud Chof: [a; b] > R lien tuc. Ta c6:

ey [

n~-1 .
1
Dic biét néu £ lién tuc trén [0; 1] thi: 1 2 f[—l-]-——é I
n
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2n-1
viDU:  Tinhn Z—
wl L8
Tacs: VYnelN, n — nz =—
F k? (:+n) " J
=n
n
Vi fi[0;1] > R lién tuc, nén hé qua trén chi ra ring:
X > 1 3
(1+x)

1 1

R6i I 1 5 dx =[ ! ] =—l+1 =1 (vé quan hé gifta tich phin va dao
0 (1+x) 2

ham, xem §6.4).

Bai tap

¢ 6211 Xécdirﬂlgidihgncﬁadﬁychob&isdhmgtdngquétcﬁanﬁ:
1 1 1

1 a-—
aj b) k¢n o« o @), a0, +of-{1)
Zk?' +" ) a+l kzl
) Zsini ‘ d) i””‘z ) 2§l
€ k i 3 g 3 ¢ 2+ 1
k=p k=l =N
4
2 n ”_2 n L
+ak+6)* g n*|J]#* By | Yemtk [-n
k=1 k=l

¢ 6.212 Chof g: [0; 1] - R, lién tuc; chitng minh:

A=

fLir

l



6.3 Mdréng cho cac ham cé gia tri phic

6.3 Mod rong cho cac ham cé gia tri phic
s Pinh nghia Cho £ [a; b] = C lién tuc timg khic. Ta goi 1a tich phan
b b
clia f (trén [a; b]) v K¢ hiéu 1a I £ (hay I . hay _[ F(xdx, 56
a [a.b] a
phiic xdc dinh boi:
b b b
j f:j Ref+fj Imf.
a i a
Chti ¥ ring: Re v Im f déu lien tye timg khiic trén [a; b] vA c6 gié tri thyc.
Dinh nghia niy mé rong dinh nghia & 6.2.3, vi néu f ¢6 gid tri thyc thi Re f=fva
Imf=0.

) b
¢ | Ménhdé1 Anhxaf—o I £ 13 mot dang C-tuyén tinh trén C- khong
[

gian vecto cac 4nh xa lién tuc timg khic trén [a; b].
Chiing minh

Néu 1 e Cvaf g: [a; b] - C lién tuc timg khiic, thi khi dat o= Re(4}, F=Im(4),
r=Ref,s=Imf,u=Reg,v=1ng,1acé:

[1s 0= [lar-ssrsiarsaron

- [lar-sssuiffasesron
(fiafie i ool T

- rip{[roife o fuesfb)oafr o .

¢ |Ménh dé 2 Véimeif: [a; b] - C lien tyc ting khiic:

Pt

205



208 Chuong 6 Tich phan

Chiing minh
Trude hét chi ¥ ring |f| lien tuc timg khiic, KY hieu # =Re f, v =Imn f. Ta c6:

-foeliesl-L
({0 A1)
(1] A )

R& rang ring Vu? +v2 —v20 v yu? +v% +v20.Céhc 4nh xa g, & [a; b] > R
1 1

dinh nghia béi: g = ( u? +v% — v)E ah= (Vu? +vi + v)i lién tuc timg khic trén
fa: bl va gh =[u| .

Theo bét déng thiic Cauchy - Schwarz (6.2.5, Dinh 1):

() <{

b
j AR
a ]
Ti d6 suy ra két qua cdn fim nh¥ chd § rang:

(0] (] () :

1) Chof,g: a; b) > Clién tuc ting khdc. Ta c6

|Cs sl

2) Chof: [a; b] = C lién tuc timg khiic. Ta cé:

I

< b-alf],




8.4 Tich phan va dao ham 207

¢ | Ménh dé 3 (Hé thic Chasles)

Gia sitra, b, ¢ € R vi f 1a mot 4nh xa c6 gid tri phitc lien tuc timg Khic
trén mot doan chita a, b, ¢. Khi dé ta cé:

J:f=.[;bf+.[:f )

Chitng minh

L}zLi(efHLimf

[Liae o fre f]ﬂ-Ujm s+ fim f]
[ja;ef+fjaznf]+[jbae fHL;nf]

[f7- o

t

6.4 Tich phan va dao ham
Trong cd §6.4 nay, I chi mot khodng ciia R khéng rong va .éhéng thu vé mét diém

C4c ham duge xét dén c6 gi4 tri trong K (K =R hay C).

6.4.1 Ham tich phan cia can trén

Cho x, € { va f: I - K lién tuc timg khdc trén /, nghia la lién tyc timg khiic
trén m&i doan bao ham trong I. V& méi x thudc 7, thu hep ciia f trén doan c6
cdc miit x, va x lién tuc timg khic, do d6 ta c6 thé xét 4nh xa F: [— K dinh
X
nghia bdi: Vxe I, F) =1 f.

Xp

x .
Nhu vay f duge coi ny mot ham cla x 1a cdn phia trén {ta cling goi la:

A0

can trén) cua tich phéan.



208 Chuong 6 Tich phan

¢ [Ménh dé1
F:I-5K liéntuctrénl
e jr‘:]f

Chiing minh
Ta s€ chimg minh ring v6i moi doan [a; 5] bao ham trong /, £ 12 dnh xa Lipsheitz.
Cho (u, b) € Fsaochoa<h. Vi f lién tyc timg khic tén [a; ], nén fbi chan trén

[a; b]; dat M = Sup |f(x)| . V6imoi (¢, x™) € [a b)? sao cho, ching han x' <x",
xelab)

ta cé: :
x" x' X
-{A=|[ 1

Xg Xo x'

Piéu nay chimg té ring f 12 M—Lipschitz trén [a; b], vy lién tuc trén [a; b].

Cu6i cing, vi f lién tuc trén moi doan [4; b} bao ham trong /, nén 18 rang 13 F lien
tuc trén I, u

[F(x")-F Y=

< r |/} < M(x"-x).

+ | Ménh dé 2

oF: ] »K thuocI6p C' timg khic.
B J'x';f

« F kha vi tai moi diém x, thugc 7 tai d6 flien tyc, va F” () =f (x1)-
Chitng minh
1) Cho x, e I sao cho flién tyc tai x,.

Véi moi x thude F - {x;}, tacd:
FO=F) g, )1

X"‘Xl

jf f (x—x)f(x1)

lx xll
1

lx x1|

(f fxl =

R

I |f = Fex)f -

Cho &> 0 ¢& dinh. Vi flién tyc tai x; nén tén tai 7> 0 sao cho:
veel, (i-x|sn=f0-fx)se).

Chox & { - {x;} saocho |x-x1|Sr}.Khidéta06:

X
£ I#zsix—xl‘.
*1

— fx)|
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Nhur vay ta d chiing 'minh rang: _
Yex 0, El.q>0.,—.‘v‘x el-{x}, {lxvxlisr;::» —M—f(xl) < 5},
X-x
_ F{x)— F{x))
nghia la: y ;
ghia —x prey flx)

Piéu ndy chimg td F kha vi tai x; va F '(x)) = fix)-
2)Cho(a. by e R? sao cho a < b v [a; b] =T . Vi flién tyc timg khic trén [a; b],_

nénténtain e N*va(ag, ....a,) € R ™! sao cho:
a=ag<..<a,=b,
Vi méiie {0, ..., n—1}, thu hep clia ftrén ] a; a,,, [ c6 thé thic trién
lien tyc Ien [a;; ;).

Két qua trén ching t ring F khi vi trén [a; b] - {ag, ... a,} V2 FY‘}a,‘a [ cé thé

R R |
théc trién lién tuc tai a; va a;,;.

Nhu vay f thudc 16p C' timg khiic trén [a, b]. vi F thude 16p C' timg khic trén moi
doan bac ham trong { nén F thudc Iép C' timg khiic trén /. ]

Vi DU:

y=Fix) Xét ham dau:
f: R = R duce xé4c dinh béi:
-infux <@
1 y=ftx) ¥xeR, fix)=<0 néux=0
1 néux>0

x X
VxeR_,F(x)=I0f=I0—1=-x
Khi fy F:R >R dugc xéc dinh boi : o . .
xofyf VxER+,F(x):IUf=I01=x

nghialx: Vx e R,F@) = |o.

Ta chi ¥ rling F lién tuc trén R, thudc 1op c! trén | —oo; O] v trén ] 0; o[, thuge 16p
! timg khiic trén R, nhung khong kha vi tai 0.
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| Hequd1 Véimoip e Nu (+ oo}, néuf thuoc 16p C" én / thi
F:1-K thuociépCP* wenivaF =f.
N

Trnudng hop p = 0 clia hé qué ndy rét cd ich.

¢| Hé qua 2 Cho 1, J 12 hai khodng clia R, , v; I = R thuge 16p C*
saochou(NctJvav(hcJ, f:J— Klién .
Athxay:J 5K thuoc 16p C' wén 7 v

(x)
X “(x)f

vxel, w' @) =f) v — fu()u'(x)

Chiing minh

Chicdndat: F:J — K (trong d6 yo c6 dinh trong J), ta c6:
yeis s

Yx eI, wx)=Fu(x)) - Flu(x)). | [ |

VviDU: Anhxap:R 5> R thuée 16p €' rén R va:

x> ]:x-\.lll+r4df

vxeR, y'x) = 241+16x% —Yi+x? .

6.4.2 Nguyén ham
¢ Pinhnghia Chofi7—K, ¢;/— Klahai dnh xa.

Ta ndi ring ¢12 mot nguyén ham cha £ trén / khi va chi khi : ¢ kha vi
tren I va ¢' =f.
¢ | Binhly Chos:7—Kliéntuc. Khi dé:
1) Véimoixy € I, anhxa F: I —» K la mot nguyén ham clia fttén /.
xb—)j’;:()f
2) Vi moi nguyén ham ¢, ca f trén /, tap hop cdc nguyén ham cta f
tenfla{ ¢+ 4; A€ K}
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Chiing minh
1) TheoHe qua 1 3§ 6.4.1,4nhxa F:J —> K thuocl6p C' vaF' = Vay F
x> [ S
12 mét nguyén ham cita ftrén 1. Do d6 f ¢6 it nhdt mo6t nguyén ham trén /.

2) e V6imoi A € K, do+ A 12 mOt nguyén ham ciia ftrén 7 vi gy + A kha vi trén
Lva(dy+AY =g, =Ff
¢ Do lai, gid sit ¢ 12 mot nguyén him clia f trén 7. The thi ¢ — ¢, kha vi trén /
Va(d—dgo) =¢ — do=f—f=0, vay (xem 5.3.1, Nhan xét ¢ — ¢, khong d6i, nghia
latdntai A € Ksaocho ¢=¢, + A N

Phép tink mdy méc mot s& nguyén ham sé dugc trinh bay trong chuong 9, Tdp 2.

Vaif: I ->Kliéntuc, taky hiéu | 7 hoic / - K 12 mot nguyén ham
x> [ f

nao do trong cdc nguyén ham cia f trén I. Ky hiéu nay c¢é wu di€m 12 gon

nhung khong tigén vi né chi khong phdi mot ham, ma thuc t€ 13 v6 han ham

khdc nhau mot hing s6 cOng.

¢ | Ménh dé-Ky hiéu Cho(a, b) e /A f:1>Klien tuc,
¢: I - K moOt nguyén ham cla ftrén 7. Khi d6ta cé :

b
[ r=p0r-s0@.
Phin tit #(b) - ¢(a) cha K duge kg hieula  [(x)]*=% hosc don gian

hon [gi( r)] q» Yaduoge goi 1 blen phan tir @ dén b cha ¢.

Chitng minh
'[heoDinhl)’(n‘entdntaiﬂeKsaochogi F+ A, urds
$(5) - 4(a) = F(b) - F(a) = f jf

Chuylémenhdélrénnél ring, néu f 1-+KthuOc lé‘pC trén J thi:

ff'(x)dx - fBY-f(a) . »

16-GTT.T4
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Bai tap
4 6.4.1 Chof g:10; +o[ — R lién tuc sao cho:

Yxe [0; +od , g(x)>0
f don di¢u

Ta k§ hiew f: [0;+w]—>R , G: [0;+x] >R
xHj:f PR .[:3

Chitng minh ring -g— don digu wrén ]0; +oof .
¢ 64.2 ChoF:R—>Rlienmue, g: R—R
x!—bf[x)j I
Chiéng minh ring néu g giam trénRthi f = 0.
o 6.4.3 Cho (g, by € R?sacchoa<b, f: [a, b] - R thude Iép C!. Ching minh;
1 by
Vrela b, |f(x)] < 5(|f(a>+f(b)|+ L, lf I)-
0 6.44 Chof [0, 40 [ = Rlientucva sao cho t6n tai k& € R thod man:

Vx e [0, +of, 0<fx) skj:f.

Chiimg minh ng f=0 (xét x > ¢ j;f ).
0 6.4.5 Tim t4 cd c4c anhxaliente f: R — Rsaocho

Vi, peR% 0 -fo)= [my

0 6.4.8 (B dé Gronwall)
Cho f,g: [0,+c[>Rlitntye, f 2 0, g20,va ¢ € K, sao cho:

Yre [0, +of, f0) s C+j:fg.

X
Chimg minh ring: Vx € 0, +0 [, f0)sSC Jo#
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6.4.3 Phép déi bien

Ta nhic lai ring, néu ¢ J - K vd g I > K déu thuoe 16p C* wen céc

khodng Jval, vainfu g (JYcLthig c ¢: J > K thudc lc.‘lpCl trén J va:
x> glex))

(g @) =(g's ¢) ¢ (xem 5.1.5, Dinh Iy 2)
Nhir vay ta cé: Ig'( e(x)) @' (x) dx = gfe(x)), tit d6 suy ra ménh dé sau:

¢+ | Ménh dé Cho (@, B € &, ¢: (& B - R thuoc 16p C! trén [ ), fia
mot 4nh xa nhan gid tri thue hoac phife, thude 16p C° trén mot doan

) @)
chta @([a; A): The thi: L F(@0))0'() dx = j:{a) F (o) du,

Ta néi ring ta d thue hién phép ddi bién u = @ (x).

1
E+ 1 3
viDy J‘zsinzxcosxdx=.[ uzdu=|:u—} =%.
[

0 3 1
Trong thyc t&, nhin tir ¢ '(x) khong phai ludn c6 sin trong tich phin dang
khdo sdt, ma phéi dua vao bing cdch chia cho chinh ¢ '(x). Diéu nay ddi hdi
@ ' phdi khic khong trén khodng dang xét. Vi ¢ thuc 16p C' trén mot
khodng nén dinh 1y cic gi4 tri trung gian chi ra rAng di€u kién niy din dén:
@'>0hoac ¢' <O.

Bai tap

0 6.4.7 e
w4 xl4 =
a)ChL’mgmirlh:I 1n(cos.r)dx=.j0 ln(ms(i—xndx.
[H

xfd :
b)Trxdésuyragjéu@cﬁaJ' In (1 + tan) dx.
0

: 2 -1
0 648 ChoaeR, vdaf:10; 2] > Rligntuc sao cho: ¥x € 10; a] {f(x)

FO)fla-x)=1

. 71
Tinh Jr_) I+f(x)dx'
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¢ 6.4.9 Chimg minh rang: Lﬂ & 0.

n
nZ +x3 *

0 6.4.10 Chof:[0: 1] - R li#n tyc sac chof>0.

a} Chiing minh ring, v6i moi n € N*, t8n 1ai (xp, .. . . X,) € [& 1] ™! duy nhat thod min:

U=x0<xl<...<x,.,_1<x,, =1

Ly 1l
Yk € {0.,...n —1},L: 'y =_n_j0f

1
b} Xac dinh lim - S fx)
ez B k=0

' 1
0 6.4.41" Chof: [0; 1] - R lién we sao cho; Vke N, onkf(x)dx=0

a) Cho (@ B € R¥sa0 cho 0 < @ < f< 1. Ching minh rang t6n tai da thic P he s6 the,

bac 2, 520 cho: {Vx € [a; A1, P(x)=1

Yre[Oaluwifll, 0<P(x) <]
1
b) Ching minh: ¥n € N, jo PO fixydx =0

c} Tirdé suy ra f=0

6.4.4 Phép tich phan timg phan
+ |Ménh dé1 (Phép tinh nguyén ham tiung phéan)

Cho u, v:1—)Kthw:}cl€1‘pCl trén [. Ta co: I u'vzwu—juv'.

Chitng minh: (uv)' = v+ w' (Xem 5.1.3, Pinhly 1,3)trdd wv= j u'v +j w' .

¢ |Ménh dé 2 (Phép tich phan timg phan)
Cho u, v: [a; b] = K thuoc 16p C' trén [a; b] . Ta c6:
b b b
j w'v=[uvl, —I '
d

a

Chitng minh: Suy ra d€ dang tr Ménh dé 1.

Phép tich phan fimg phén 12 mt trong cAc cong cy ¢ ban cha Gidi tich c6 dién. N6
fhudmg cho phép thu duge méi lien hé gilia céc tich phan phu thudc mot s6 nguyen.
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viDuy:
1) Tich phan Wallis
i z{2 n Lo
Ta sé tinh gid tri cia I”=ju sin x dx vimoin € N.
Véimoin 22, bing cich tich phan ting phén:
xf2 — _ b7
}n=L sin” Lx sinx dx =[ - sin" lxcicis;nc]g’;2 - JO - (n—l)sinn_‘zxcos%cdx

=(n-1) .[:n sin" 2 (1 ~sin0) dx = (1= Dilp—g — 1)

T décohe thic: nl, =(n-1){,3.
Ta phan thanh hai trumg bop thy theo tinh chin 1& chia n; Véimoip € N, ta cé:
2p-1 _2p-12p-3 1

I = I =, _...I
2 2p 2p-2 2p 2p- -272
L2 2 272 2,
2pH = 1 P T T o 2p-1 73

Vi 2 P xiz 22 _ )
ilp= dx=—2— va I} = sinx dx =[-cosx]y’" =1, nén ta két luda:
1) H
_@p-1) @p-3)..iz__Qp} 7
%= "0p @p-2.2 2 @PpY2

20 2p-2)-2_ _ @7 pty?
ep+h) @p-1)..3 @p+IN

vpeN,

12p+l =

2) BS dé Lebesgue d6i voi mot dnh xa thudc lop ct
Cho (a, b) € R%, saochoa < b, f [a, b] »K thuoc 16p chva v(n moi thude N:

In= j FExe
Cho n € N bing cfich tich phan timg phin:
olnx b b inx
[f(x) —] [T r@Sa
a a m
b
— L inb _ ina ‘_L ' inx
=Ly - r@n)-- _[f (e d

1 b
Tuwdé: |f,|< —(if(b)l+|f (a)l+L | l] :
Vay I, — 0.
(Ta ¢6 thc chung minh ring k&t qua may (/, —— 0) vin diing khi f chi lién tuc

e o sy
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Kh1 xét riéng timg phin thuc va phén o, ta c6 két qua Ix: néu £ [a;b] - R thude 16p
¢!, thi:

b b
I S(x)cos mxdx——0 va _[ 06y sin e dx ————->0
a nac a nac

(rd ring 12 hai két qui cusi cing van ding khi fnhan gi4 tri phitc) .

Bai tap

¢ 6412 Cho(g b, 0) e R’sacchoa<c < b, w [a,b] — R thudce i6p c' tren [ab],
v [a;b] — R sao chov{ [a:c[ V2 vI Je;b] €6 nhilng théc rién thuoc 1op ! tren [a, c] va[c, b]
“Chifng minh ring;
b tap — b b + -
Ia u v_[uV]a—-[a aw—u(c)(vicT )=-v(cT ).
trong d6 w la dnh Xa théc trién btk chav' len[a; b].

b
el Int ds
a

¢ 6,413 Ching minh: 1.
cx Inx X—=»4c0

' +1
0 6.414 V&iee R*, c6dinh, hiytinh:  lim xI% Ix sin (12) dt
X x

6.4.5  Cong thirc Taylor vé6i phin du tich phan
Ta da thiy (xem 6.4.2) 13 néu f thude 16p C' trén [a; b] thi:
j:f'(x)dx = f) - f(@).
Nhu viy, néuf thuoc lop C* trén mot khodng 7 cia R va néu (a, b) € I* thi:
F(b)= fla)+ Lb F'(x)dx cong thic ndy cho phép bifu dién f bing mot

tich phan d6i véif”.

Bay gidy chiing ra s& m& rong cong -thic niy bing cich sl dung cic
dao ham cfp cao cia f.

¢|Binh 1y (Cong thiic Taylor véi phan du tich phan)

Cho /12 mot khodng ciaR , n € N, f: 7 - K 1a mft 4nh xa thudc 16p
" tran I(a b)e . Ta cé:

6= Z“’ iy @+ [T 70 Gy
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Chimg minh: Quy nap theo n.
Ta di thfy tinh ch&t ndy v&i n=0: n€ufthudc 16p C! trén [a; b), thi:

B
fby = fla) + jf'(x)dx .

Gia sit tinh chét da ding v6i mot s6 nguyen n, v £ [ — R thuoc 16p-C "2 wren 1.
Béing céch tich phan timg phén:

b
b n n+l b n+1
B=2" )y | BT D ‘I BT ) iy
.L n! f ) (n+1)! ! ™ a {(n+1) / x

[/

_ antl b _ n+l
:(b(nj)l)r FUD gy, (b(ni)ly £ (dx

Diéu d6 ching minh tinh chét téi cdp n + 1. |

Bing céch coi b 1a bién, cong thitc Taylor v&i phén du tich phan cho phép

PPN
bidu dién f dudi dang téng mot da thic {Zgﬁ—)— f (k) (a)} va phan du
k=0 ’
b - n
1a tich phan j Qf_) £ Godx
a nl

Trong kh4 nhiéu trudng hop ta ¢6 thé khao sét tich phan ndy (thudng
1 Jam trdi modun clia n6), va ohd vay uéc lugng su sai khic c6 thé c6 gilta

n k o .
fib) va da thic zﬁ;—‘:)—f“‘)(a).w (chinghanvéia b ):
k=0 '

Ib ® -nJ!C)" D < Lf(nn)‘ wL” (b ;J!C)n dx

a

_fptn+n (b-ay™"!
/ w {(n+1!
néntacéd: [f(&)- iﬂf”‘) (a) SM Sup. £ ()
pr S n+D! yerab]

Béit ding thitc cudi nay duge goi 12 bit ding thitc Taylor — Lagrange.
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Bdi tap
¢ 6.4.195 Ching minh ring véi moi (n, X} € Nx R

_iils |xr|+le|x|
pmrs k!

(n+1)!

¢ 6.4.16 Xic dinh cic s6 thye &, a, b, c sao cho v moi da thife P thude R(X] c6 bac <5,
ta co:

L" P(cos8)dx = a (P(a) + P(B) + P(c))

0 6.4.17 Khio st ham sau day (tap ngudn va tap dich: R)

fxl—)J

—--—dI
12 +sin?r

¢ 6.4.18
a) Ciimg minh riing v&i moi n € N, tdn tai mot da thie duy nhélt P, € R[X] sao cho:
Xt 1-XY=0+XH PR+ (-1 4

b) K¢ hieu. a,

— 1pl
=D [ B (aMx. Chang minh ring:

vxel, |:r an|<—=— 5“_1

0 6.4.19 B4 ding thac Young

Choa e R,", f: [0; a] & R 12 mét 4nh xa thude 10p C! sao cho: {:foif(ga]- x>0

Ta ky hiéu (mot chch lam dung) £ ~': [0; fi@)] - R 12 4nh xa ngugc cvia f.
a) Chitng minh ring: Vx € [0; al, j f+j ) 4 = ()
b} T 46 suy ra: ¥ (x, ) € [0, a] x [&: fl@)], J:f+J:f—12xy.

0 6.420 ChoaeR,.f: [0, a) > Rthudc Idp C' sao cho f* >0, vé g : [0; A@)] = Rlien
tuc sao che ¥x € [0; a), g(flx)) 2 x.

Chiing minh ring: Y(x, y) € 10; a} x [0: @)}, j: i+ J:g > xy (st dung bai tp 6.4.19 b)).

0 64.21 Cho aeR, ' Tim 1t caénhxaf:[0; +w[—)[0'+co[lhu0c 16p C' trén [0; +oo]

saochof '>0,/(0)=0vA: Vx & [0; +m[._[ e j F (sirdung b3i13p6.4.19 a)).
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6.4.6 Xip xi mot tich phan, phuong phéap hinh chi¥ nhat, phuong
phap hinh thang

Cho (a, b) € R?sao cho a < b, VA £ [a; b] - R thudc 16p thich hop. & day chiing ta

b
muén c6 mot gid tri gin diing cla J [ bang cich sir dung céc gid tri cha f ta1 cic
a2

diém a, clia mot phan hoach déu [4; b] (n € N*, a,=a + b-a ).
n

1) Phuong phap hinh chir nhat
aj Cho(a,ﬁ)eR sao cho o <ﬁ vaf:[la; 1 — R1amot 4nh xa

thudc 16p c.
. — y=fly
Xét 4nh xa hing e y=e(x)
e:la; f1=R
x - flo) fo
o X
Ta cé:

{7 rooae- | e(x)a{ -|fZ eo- raneds 170~ riafi.
Vi £ thude 16p C' tén [a ; f], nen theo dinh Iy s6 gia hitu han (5.2.2):

vxela:fl |[fO)-Sf@)|s@-a) M),
trong 46 ta k¢ hieu M, (N = |1, = S, FAOE
te[a:f]

] a2
Suy ra: j" |f(x)—f(a)ldeMl(f)[ﬁ(x—a)deﬁ—g)—M 1
a o 2

b)Cho(a, b) R? saochoa<b, f: [a; b] > R 12 moténh xa thudc 16p '
n € N*, (dg, ... a,) 12 phn hoach déu [a; b] duge dinh nghia bai:

b-a

Yie [0, . ..n-1},q;=a+i
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Y
Bing céch dp dung két qua cla a)
trén moi khoang [a;; a;y,]
(0 < i < n—1) va cong lai, ta co: y = f(x)
"5 a,=a a; a, 4 a,= b X

f)dx — (a1 —a;)f (@)

\j [~ Z(a,ﬂ a)f @)

a! +1 2 '
Z Sup |/

tefasainl

g b —a)>
S%n[ a) Ml(f)=———_( 2 M (),
2n

n

& day ta da k¢ hiew M,() = £, = Sup |f'@)]-

te[a;b]
n-1 n-1
Mat khdc " (a1 - )/ (@ )———Z f(a;).

i=0
Tém lai:

¢ | Ménh dé: (Phuong phép hinh chit nhat)
Gia st (a, b) e %, sao cho a < b, f: [a;b] — R thudc 16p C', ne IV,

a; -a+;—— (0<£<n 1) Khi d6 ta c6:
n

n-1

. Sap
[ o= T2 0| LoDy (n).

Trong d6 M, (f) = flle = Sup |F'@)-
rela;b]
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Nhdn xét

1) Két qua trén d6i khi duge goi 12 "phuong phap hinh chif nhat bén trdi”, cdn
"phuong phép hinh chit nhat bén phai” 1a cich xdp xi

n-1l -

&
.. b-
j feode i 222N @)

i=0

2) Néuflién tuc va don dieu, ching han tang (khong nh4t thiét thuge 16p C*) thi
ta ddng cong thifc kep:

n—1 n=1
b-a b b-a
- Ndxs (410 -
- ‘_E:Gf(a.)s'[] fix)drs . lgof(am)

Ma bién d96 la:

-1 n-1 n=1

- - b—

28N fan) T8y 1@ =222 (fla)-f@)
i=0 i=0 =0

n n n

b-a

n

(f(by- (@)

2) Phuong phap hinh thang
a)Cho (a, B) € R% sao cho a< f,vaf [a; A1 - R1amét 4nh xa thude 16p 2,

y

Xét doh xa afin

¢ [a;b} > Rtring v6i fuai @ vi f(B)

A (nghia [
wa)y=f@vapBh=fB) [

vikvhiéw: g=f—¢

R& rang 1 g thude 16p C* v ]

g'=f"g(=gPH=0. 0

—y=j{x
— ALY,

Chox e [, 7).
Bing céch tich phan timg phén ta c6:

x X
= L] = — 1 x _ "id
g(x) L g'Odi =t -a)g' (Nly L (t-a)g"(H)dt
= (- ()= [ -a)g" 0
v turong or,

b5
2@ == Mg - [ €~ P =--0g'e - | " (B-0g 0

221
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Tix dé:
B-a) gx)=(B-x) g+ (x - a) gkx)

x B
=-p-0| -t -(x-a) [" =g .
Vi vay, v6i k¥ hieu My(f) = Ifllo= llg"l, ta duge:
" 4 g
(B-a)|g)| < [(ﬁ—x) [ a-anreix- 2| (ﬁ—r)erMz %)
=(ﬁ—a)(x;a)(ﬁ—x)M2w_
Nhu viy ta da chiing minh réng:
veela ] . |70-p] s EE2ED ).
T ddy suy ra:

jjf(x)dx—jf p(x)dx

B 1 B
< [T - gl a S M (0| -axp-na.
a 2 a

Bing cédch tich phan ting phin ta c6:

r B
B et Bir Lt
[C-a -nae=| 22 (ﬁ-x)] [ g
14

» 9. a
[(x-a)? x-a 1’ (B-a)°
= L 2 (ﬁ —x) 4+ 6 :!a = 6 4
3
Ta két luan: Iﬁf(x)dx —Iﬂw(x)dx = MMZ .
a a 12
p 1
Mt khdc: J‘ px)dx =—(B-a) (@+[(B).
o

b) Cho (a,b) € R? sao cho a < b, f: [a; b] - R 1a mot 4nh xa thudc 16p C?,
ne N, (ay, ..., n,) phép phan hoach déu ciia [a; b] dinh nghia bédi:

b-a

Vie {0,...,n - ll,af =a+i

y

Bing cich dp dung két qua
clia @) trén mdi khoang

[a; a;,] (0<i<n-1)va
cong lai, ta thu dugc:
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[ ronte- S (o - ap L2 )

i=0
it a1 1 ’
szoj FCMx = (a4 =&)X + (@)
n-1
1 X (b-a) (b-ay
= —Adjy i Sa "t 5—- M( )= — M, t
Elzmﬂ ay s |f°0) [ } 1= =50 wong
d6 ta dd k¢ hiew Mo (f)= Sup | (0.
refa;b]
Miit khic:
n-1 n-1
)+ . b—
Z(a;+l—af)f(a) 2f(ﬂ,+1)= QZU(a:Hf(am))-
2n =

Tém lai ta c6:

¢| Ménh dé (Phuong phép hinh thang)
Cho (a.b) € R*saochoa< b, f: [¢;b] > RihuoctopC? ,ne N,

a =a+i (0<i<n—1). Khi d6 ta c6:

n

[ f(x)dx——Z(ﬂa )+ faa)| <D0,
trong d6 ta ky hi¢u Mp_(f) = o= Sup ().
telarb]
Nhdn xét
Véin € N, ta ky hidu:
n-1 n-l =1
b— -

R ()= —n—a;f(a.-).Rp(n) - Zf(am) T =25 Z(; (@) + )

b
I3 cdc gid tri gdn diing clia I F(x)dx tuong ¥ng voi phuong phap hinh chiy nhat ben
o
trai, hinh chit nhat bén phai va hinh thang.
1} Rongla:Vne N

1
T(n) = E(R’ (n) + Rp(n)).
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2) Véi moi n thuoc N* ta c6
£
b-a <0 f(a)+ f(d4)
T(n)= ;
() n Z 2
1=0

Vay T(n) 12 téng cic dién tich
dai s6) ctia cdc hinh chif nhat c6
day 12 [a;; @;,,] va chiéu cao
fa)+ f(ai)

s R

a=b X

O {io = (]'] ﬂ'z f.l"_‘

N6i cach khac, T(n) thu duge bang cich thay f trén mbi [a; ), [0<isn=1), bai

trung binh cOng cdc gid tri cua f tai g; vaag,
3) Khi n tién téi + oo

b b 1
R, (n) :L f(x)dxw[ﬂ, R p(n):L f(x)dx+0[;),

b 1
T(n)= j S +0] — |-
o n
Nhu vay, khi n 16n, phuong phép hinh thang, n6i chung, cho gi tri gin ding cia
b
j' 7(x)dx 16t hon 1a phuong phép hinh chif nhat.
a
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Chi dan va tra 1oi
cac bai tap chuong 1

1.1.1 ay m” =21n% > m > n . tit d6 suy Ta sy ton tai cha p € N sao cho m = n + p. Nhu
theEmP=2nm e 2np+pt==>n’>p’ = n>p, viyibntaig e N*saocho n=p+q.
R6i 2np+p? = n* < ¢% = 2p? . Didu nay chimg td rang néu mdi cap (m,n) thich hgp, thi
ton tai cap (p.g) thich hgp sao cho g < n<mvap<n Viyg < m-lvap < n-L

Vim, n, p, ¢ |2 ohimg s6 ty nhién nén vige xay dung nhu trén khong thé tién hanh vo han
duge.

b 2l2n=m*va21a s6 nguyén 16 nén 2|m. T6n taim’ € N sao chom =2m’, suy ra
nt = 2m"*. V6i cing 1§ do d6, 2 chia hét .
) nin2 =m?-n?. Mat khéc, néu mot s6 nguyén d chia hét m va m — a thi n6 cling chia hét

m i m = (m— n) + n it 46 UCLN (m, m —~n) = 1, cling ntut vy UCLN (2, m +m) = 1. Suy ra
UCLN(, (m - m)(m + 1) =1, n =1, m*=2, miu thuin.

d) m*=0hoac 1l [3]va 21% =0 hoac 2 (3], vay mt - 20 =0 [3]. Suy ra 3, von la s8
nguyén t8, chia hét m v a.

1.2.1 Che £ :(x,y)— xv ndu (g.h) thn tai thi:

YyveR, gl+h{(y)=f(0,»)=0,
vy h khong di. g cling vay va fcling vay.
o Traloi: [:ixy)—xv.

1.2.2

xt+y=2z
aj {2 :.‘ax2+y2+zz=(x+y)2—2ay+z2=0=>x=y=z=0.
z° =xy

¢ Tralsi: @.

b} Béang cheh iy, suyra (- y)(x+y-2z-1)=0.
. Néux:y:z,hedéntﬁihz:x.

2 = x+2z-1}=0
e Néux=y=z, hedintt {x T2z =X , nghiala {X( ) .

x+z-2y-1=0 z=x+1

x+y-2z-1=0
®»  NEu x, .z khdc nhau limg doi, la suy ra: { Y tir dé ¥ = z. mu thulin.

x+z=2y-1=0

16-GTT1-T1
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¢ Traloi

111 1 12 12 1 2 1 1
0,000, (10,03, (0100, (00| ==~ M -7 " 73 3 N3 3 3"
{( (100 (010 }(333]( 3 33][ 3'3 3][3 3 3]}
c) Rt y=7z-xz vi the vao

(1_22)x= 8z-7z°

{x+(’;’z—xz)z =8z
{(1-z)x=12-8z

. c6thé quy vé
x+T7z-xz+z=12 awy {

12 -8z

-2z

o Tralei: {(4,6,2)(%9.979.-6)}_

Rorang laz# 1.1 d6 x= vathé udlai: 22 +42-12=0

1 x(1-x)+py-D+z2E-1=0
d) Bé.ngcéchtrﬁ,tasuyra{() -y -D+z7z-D ;

@) y(-yH)+zz-D+xi(x-1)=0

Thue hign (1) — z(2: *(1- X +x+xz)=y(1-y)l+z +yz), v do hodn vi vbng quanh:
y(L= X1+ y+yx)=2z(l ~z)(1+x+2zx).

Cac he thifc trén ching 10 rang, nfu (x,y,2) # (LLD) thi
(x:-l,y)l,z>l) hoac (x <Ly <lz<l).

Nhung trong ca hai trudng hop x+yt +20 £3.
o Trdtak {(1LLD).
1.2.3  Vin dé thyc chét 1a riit gon mot dang 10an phuong bing phuong phap Gauss.

a) 3x° +y2 +22 ~2x(y+2) =3[Jc2 —%xy—%xz]+y2 +z°

o Traldi: {000V}

b) Cling nhu v6i a) ta cé:

2 2 g 3y
x? +4y2 +18z2—-4xy—12xz=3[x—;y—2z] +—(y—‘—z) .

o Tralsi: {[3:,%—; z); zeR} hoac {(61.31.2), e R}.
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1.24  Kiém ching bing céch khai mdn:
(x +y2 2)2+(z +t —2)2+2(xz yt (x +z —2)2 (,v +¢ —2)2 +2xy zr

1.2.5 (X] -1'2)2 +(X2 ——x3)2 +.. +().‘n_] —xn)l +(xn —X])z =
=2(x,2 okl )—z(xlx2 FoF X Xy F XX, ) =0

1.26  aj Quy nap theo n:

ntl k n k n+l 2"” - n+l 2n+2 -
l—[(.):2 +l]= I_I[xz +1) [x2 +1)=£————-——1(x2 +1J=x71_
=0 palie) x-1 x-1

b) Cing phuong phap vdia) .

1.27  Kyhitufix)=x®-x> +x* - x* +x ‘x+-i—.
¢ Nfux=Othi f(x} [x +x4+x2+4) (x +x3+x)
 NEuxz1thi f(x):(x5+x3+x)(x—l)+% >0,

o NEuO<x<l.thi f(x)=-x{1-x) ‘(t4+x2+l)+% va 0 x(l-x)<

1
4
o<xt +x? +1<3 vayfin > 0.

128 @ Kyhitus=a+b,vip=ab. bt ding thic cin chimg minh trong duong v6i:
V() e (R (5P ~4p20 =5 -3sp+222p+5),

2
~5+2
chia L Vsg) € (RO |52 —4p20 = ps 20720
nghi () (+)[ P PE—r
2 2
3 5 —5+2
hoac ti€p theo: Vs e R, — & ——— .
S R 4 35+2
V6i 52 0, bt dng thitc cudi trd thanh: (s - 2f (s +2)20.
¢  Tradldi: Codangtmickhivichikhi:a20vib20via+b=2
by Kehiew x=250: (n-1)a"+5"2na"b o x" -1-n{x-1}20
ia

o - 2"+ l-m 20

sNgux>1,thix" 4. +1>n

sNeEux<l, thix'+..+1<n

229
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0  Tradl&i: C6 dang thic khi vachikhig = b.

¢} Phuong phdp 11 nhu trong bai tap 1.2.3 ) :

: 2
a? +b2+cz—ab—ac—bc=(a—b+c] +1(b—c]2_
2 4
G
Phuong phdp 2: Sitdung s6 phic j=e 3

2

a2+62+02—ab—ac-—bc=(a+bj+c‘j2)(a+bj2+cj)= a+£:|j+cj2

Phuong phdp 3 al+b?> 2ab, b2 +c? 22be. c® +a® 22ca va cong lai.
¢ Traldi: C6 ding thic khi vachikhia = b = ¢
d) ¢ Neutrong v€ 2, molihita s8 <0 cdn hai thira s§ khae 20, thi c6 bét ding thie.

e N&u trong v& 2, it nhét o6 hai thita 56 < 0, ching hana+ b-c<0vib+c—a=0,thita
suyra2h £ O,vayb=0via=rc.

s Gii sit ca 3 thira s6 wong 2 v&€ déuw = 0; kihigw y=a+b—c, @=b+c-a
B = ¢+ a—b; bit dang thitc din t6i: (a+ﬂ)(ﬂ+y)(7 +a)28afy.
chiyring (@ + B) 2 4af, hosn vi vong quanh 6i shan.

¢ Tré ldiz C6 dang thic khi va chi khi:

a=0 h=0 ¢c=0
hoac hoac hoac a=h=c.
b=¢ a=c a=h )

¢) Chimg minh ring
S+ e —a%b-bre- c2a~(a b){a c)(a+r:)+(b-c)2(b+c)A

C6 bat diing thic nén @ khong nim gilta b va c. Hodn vi vong quanh, vén 6 bit déng thic néu
b khong & giffa @ va ¢ hode néu ¢ khong nam gilta g va b.

0 Traldi: c6dingthifc Xhivachikhig=b=c
/) » Ap dung bat ding thiic Cauchy — Schwarz cho (ab, be, ca) va (ca, ab, br) dé cd bat dang
thic ddu.

o Bt ding thic thit hai suy ra tit ¢) 4p dung vio (&, B, %
& Tra l3i; C6 ding thic & bt ding thitc thit nhat khi vachi khi @ =& =0 hoic b ¢ =0
hosc ¢ =a=0,hofica=b=c, vadbat déng thitc thit hai, khi va chi khia® =8 =c".

2 2 2
g/ Chuyring (3 —E] = % +b—q 22 , 1t d6 hoan vi vong gquanh va cong lai:
¢ b o c

a? B 2) (b ¢ ] x[a b]Z {b CT [c‘ ]
a L =t = = M= YT .
B2 2 g2 ) \a b o] 2{\b ¢ ¢ a a b

¢ Tra\di: Codangihickhivachikhia=b=c
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k) Quy déng mAu s6, blt dang thifc din dén ¥V = Oma

N ={bcll +c)1 + ) +ca(l +a){i +b)+ ab(l + 6){1 +¢))1 + abc)-3abell + a)l + )1 +¢)  khai
tri€n va chii § ting N = ab{l + b)(1 - ac)? +be(l +e X1 -ba)® +ca(l +a)l - cb)* .

¢ Tralél: C6ding thitc khivachikh:a=b=c=1.

2 5 3
i) » Apdung [a_—;ﬁ_] 2 aff vio g=——Va B= b
b'c

, Suy ra:
EJE

1 a* 8 ab
+——| = =+ hoan vi vdng quanh r6i cong lai dé suy ra:
a

2l p3,3 7 38 .

ab  bc ca y at +p + ot

¢ d B a’b?c?

. ) b
. Cing nguyén tac, 4p dung vio « =a—3- va fi= b—j SUY ra
< ]

ab bc ca _ b c a
s e

3 ad B ea ab be

. Tiép tue, v a=—b—.1|3=L ta suy ra:
ca ab

¢ Traléiz Co ding thic khivachikhia=b=c.

1.29 xy=3—(x+y)z=z2 -5z+3 va 4xy=(.:r+y)2 —(x-y)2 5(14:+y)2 =(5-2)° .t
doé 4(22—52+3)S(5—z}2.Giﬁ.ira,talhuduqc —1£z$1§~.

1.210 Cdchgidil: a+f+y =(a+—1—)+[b+%]+[c+l) va chwi ¥ ring x+l22 Vi
a ¢ x .

inxER:.u‘Idésuyra a+f+y26 NeuMaxa+f+y <2 thha<2, f<2, y<21rdé
a+f+y<b.
1 1

Cach gidi 2: giast0<a<hb=c, theth ls—s—.mdé b+—5c+—l—=y;
c b a b a

nhimg b+%22 (Vi(b-1Y2z0)nényz2

n i}
1.2.11  Khaitrién l_[(l +a;) . lam xudt hién t8ng [l +Za,-] va moi s6 hang déu > 0.
i1 =l

Ta cling o6 thé 14p luan bang quy nap:
n+l

[Ta+an= [n i+ a,)](l rapy)z [1 +Za;}(1 +auy)
i=i =1 i=1

ot n A+l
=]+Z]a,- +[Zai-]an+1 21+Za,- .

=1 i=1

i=:1
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Truimg hop dang thiic:
s Nfu# = 1: hién nhién.

« NEunz2wi n 1+a >I+Za + Za, j _I+Za, , nén ta suy ra Z{J,aj =0,
lafe y=n =1 lefe yen

vay (lsiﬁ_;Sn:oa,-aj =0).

¢ Traldi: C6 ding thirc khi v chi khi ¢6 nhiéu nhdt mot q, (12 i< n)=0.

1.212 Apdungbaitap 1.2.11d6i v8i (@ — 1) 1 <52,

0 Tralsi: ©5 ding thic khi va chi khi ¢6 nhiéu nhdt méte; (1< i<m=1.

-1 .
1213 Dat b, =2 ¢ [0 +oo| , bilt ding thifc cdn c6 tuong duong vOi:
I_[(1+b)>l+——2b,.dayléthuacuabmtAplZH(v1 2151).
=1
2n+] n-1 -
1.2.14 ———Zx Z(Xk+x2n_k)+xn

k=0

Vi ke {0...n-1}vax> O P, P =x"(xk n 24 x" k)
~

chi ¥ ring r—2+]?20 v6i moi ¢t ER:,.

Ta suy ra x* +x27 % 2 25" sau d6, nhdy phép cOng suy ra bét ding thiic cin ching minh.

1.215 z( ) Zx - Zx —-Z(j Dx; -—Z(n

lsi<j<n ls:<1<n 1si< j<n

=~(n-1iq +Z((k 1)~y + (L)
k=2

={n—1)x —(r =3y ..+ {1 -3y + (=Dt
Tdnp, nay dat gid i 16n nhét néu cdc x; 6 he 8 < 0 déu bang 0 va cdc x; ¢6 hg 56 > 0 déu
bing 1. Ta phan biét 2 trudng hop sau tuy theo tinh chdn 1& clha ».
e N&un=2p peN, pgidtrlén nhdt bang: 1 +3 + ...+ (2p 1) nghiala bang p*
e Neun=2p+1,pe N, giatrilon nhdt bang: 2 +4 +.. + 2pngtiala hing p* + p

2
0 Traldi: p2ndun=2p p>+p nfun=2p+1.(p e N hayE[nT}

1.2.16 Quy nap theo n. Dat u, 1 v€ phii cha bit dang thiic; ta c6:
2 2 2
1 2n+4Y _ (2n+4)
= 1+ >2n+3 =
il u”( 2n+3] ( )[2n+3] 2n+3

va ching minh (27 + 4)° > (2n + 3)(2n + 5).
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S 1 11
1.2.17 Quy nap theo ». Trudng hop 7 = 1 thdy ngay; ndu E <~ thi:
o (x+1) X x+hn

n+l 1 <l_ 1 . 1
le(x+f)2 X x+n ()c+1»1+1]2

=11 -1 1 D S
x x+n+l \(x+n)(x+n+D) (x+n+1)2 x x+n+l

et o (1) « (-3

1.2.18 4

n
vi Zx,— ={; sau dé
i=1

"
1249 2K hiew u, =——+ 0
2" n

s VoimoipeN: u =—1-»+L.t&d60€u2 51:1:2.

R 2p 22p 2p P 4
o Véimoipe Niuyy, =—r———t

Ap - 2P+l—22p+l 2P+1,

1 1 1

1r dé: —l £ - S u
3

€ —— 5 =,
2p+l © PP T S2pa g

L] Vé ul =—%_

Cuficing: ¥Yne N, ——;-::.rl Swu,Suy =

|t

0 Tra iz Infp(E)=- % v2 Supg(E) =% . 46 ciing 12 phdn tir bé rhat va phén tir 16n nhat.

_ 1yt
LD o
"

b) K¥ hi¢gu u, =
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s YrnelN, u, sz—nst-nz,vay {u,, ne N} khéng bi chan dudi tren R.
n

e VYneN-(1], 4, S2-n* €2-4=-2vany=-1.

¢ Tra l&i: Infg(£) khong tén tai vi Supg(E) =-1, & day bien trén nay ciing 12 phén tir 16m
nhét.

1.2.20 a} A, B, A+ Blanhing bo phan khong réng va bi chan trén cta R, vay chiing c6 cic
bién trén trong R.

. Choc € A + B, 16ntai (a, b) € AxBsaochoc=a+ b, i d6 suy ra ¢ < Sup(A) + Sup(B).
Pidu nay chifng t6 Sup(A) + Sup(B) ]2 mot chin trén cia A + B trong IR

Vay Sup(A + B) < Sup(4) + Sup(B).

. Cho b € B; tacd Ya ¢ A, a+ b <Sup(A+5) (via+be A+B). Vay Sup(A+B)-b la
mét chan trén cta A trong . Theo dinh nghia Sup(A) ta c6: Sup(A) = Sup(A + B) - b.

Diéu nay chimgto: ¥b e B, b < Sup(A + B) — Sup(4); Sup(A + B) - Sup(4) 1a m¢t chdn trén
clia Btrong R, tir d6 theo dinh nghia cbia Sup(B): Sup{B) < Sup(A + B) — Sup(4).

k) . Va € A, a < Sup(A) vay ¥ @’ € -A, a’ 2 —Sup(A).
Biéu nay chimg 1o ring -Sup(4) 12 mot chan dudi cha —A trong R.

. Cho m 1 mét chan dudi clia —A trong R: Ya € 4, m = —a. Thé thi —m 14 mot chan trén
ctia A trong R. Vay Sup(A) < -m, nghia 14 m < -Sup{4). Nhu vay —Sup(A) 1a chin dudi lén
rihat cha —A trong R va —Sup(4) = Inf(-4).

c} K¢ hitu a = Sup(A), B = Sup(B), y =Max (Sup(A),Sup(B)] . Tap hop céc chén trén
cha A U Brong R 12 [or+a[m [Bico], 10 13 fyiae] . NG €6 s& bé nhat 13 y.
d) Vi Avi Bbjchannén 4,, B,, A, B ciing bj chin.
@) NéuA,=1{0} hoic B, = {0} thi thdy ngay. Ta gid thiét A, # {0} va B, = b} va
k¢ hiéw & = Sup(4, ), § =Sup(B, ).
o Y(a, b) € A, x B,, ab < afivay aff I mot chan trén clia A,, B, trong R.
e Cho M 1a mot chan trén-clia A,, B, wong R: V(q, b) € AB,. ab = M. Gia st
hY
beB, #{0}; vi (Vae A,.a S%J n -—A;’i 12 mot chan wén clia A, trong R. Vay

{theo dirh nghia cla a):

a <M p < M. Bt ding thirc cui vén ding khi b = 0.

Nhu vay M 13 mot chin trén ciia B, trong R (chu ¥ 1a & > 0).
o

Do d6 (theo dinh nghia cta B f < % af <M.
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Ta di ching minh ring &ff 1a chan trén bé nhit cia A, B, trong R.
B)  Sup(A,B)=Sup(-A.(-B)) = - Inf(4,(-B)) = ~Inf(A,)Inf(-8)
= ~Inf(A,)Sup(B.), sau khi 06 quan he gilfta c4c hien dudi trong g nhar & dya).
& Tralol: Sup(dB) = -InfA,)Sup(B), Sup(A B,} = —Sup(A )Inf(B,).
Sup{A_B_)=1Inf(4_)Inf(B_).
y) Sidungc)
3) Inf(AB) = —Sup({-A)B) vA (-A),=-A.(-A) = -A,.
o Tra lgi:
Inf(AB) = Min{Inf(A, Inf(B, ).Sup(d, Ynf(B ), Tnf(4 YSup B, ), Sup(4 ISup(B )
¢) Lap luan nhu & b) sit dung phén tit nghich dio. thay vi phin tir d6:.
1.2.21 achag: V2 +7=W2 1)

0 Traloi: 2.

5
b) I(yhiéua=33+ 9+g, h=3-3+ 9+]—2—, x=a-—b.
u 27 U 27

Khids 6=a® —b® = (a~b)a® +ab+b?) = (a~b)x> +3ab)= x(x* +5) bai vi:

ab=3-9+ 9+1—2£ =£.
27 3

Cui cdng: x° +5x—6=(x—1}(x* +x+6).

o Tealdi: 1.
1.222 ¢ Traloi [—1;1—-—‘!—;1].
1.2.23 Trudc hét: x € [ =313; 313], r6i &n:

P13+ x + P313-x = 6 & 313+ + Y313-x = 36-24313% —x?

y<1i8

K¥ higu y =4113% - % . Phuong trinh quy vé {626+2y2 1296 L4y + 432 .
¢ Traléiz {-312,312}.

|s?2-P=1
1.2.24 a) DiatS=x+yvaP =xy h¢ tuong duong voi
§%-aP=S§

: 3852 +8§-4=0
nghia ja: .
.2
P=5°-1

6 Traléiz {(1,0), (0}

235
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b) ¢ Traldi: {((37.12)}.
1.2.25 @} Tircée phuong trinh di cho suy ra:

1={x—y+z)2 = x* +y2 +2° ~2xy+2xz-2yz Wrdé xy-—xz+yz=24.

s 1 1 1
Vi xy+xz+yz=m[—+—+—}=0 nénsuyra xp+yz =12 va xz=-12.
x y z

ROi (x+y+2)° =x2 4% +2% +2(xy+xz+yz) =49 .t d6 x+y+z =7 hojc 7.

¢ Tralsi:

{(—2,3,6), (6,3.- )_[-—{3+J_) (3+J_])[ (3+J_) 4-—(3+J_))}

b) Kghitw X =yx.¥ = y—1,Z =Jz-2 .khi d6:
\/;+2JF+3JZT=%(x+y+z+ll)

X +2r+3Z)= X2 +r% 27 114

@(x —23) (r-—4¥] (22—62)+14=0

e X -1f +{r -2 +(z- 3 =0.
¢ Tralai:  [(1,5 10}

1.2.26 g z+t=-x-yva zt=%((z+t)2 -z° ~£2)=%((x+y) -x? y) Xy viy

(-—x.—y) va (z.r) 12 nhimg nghiém cla cing mot phuong winh bac 2. Do d6
(z:—x v l=—y] hodc (z=—y va r=—x).

0 Trs 1Gi: {(x,y,—y,—x), (x,y)e R2vax< ¥ }

b) bat p=-xyzt. ta suy x* +2x=y2 -2y =22 -2z=t2-2= p. Vi phuong
tfinh bac hat: #° —2u - p=0 o6 phifu nhat 12 hai nghigm trong R, nén két qua 13, chinh xéc
dén thit fu, [x =yvaz =f) hodcx=y=z.

o Teatgiz {10} (- L-1-13)va céc hosn vif, S nghiem.

1.2.27 Bt ding thic 1a Am thudng néun = 1.

V6i n = 2, biing cach khai trién theo nhi thic Newton:

n
2 2
{HJ:] >14C2Z=n.
n H
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1.2.28 Cdch gigi

4
: 5
Kynien P= [z, = 5850005 = [TGx)

5@, 81

Vi(x 20,y 20,%+y 20) . nén ta thdy 0sxy, =x(l-x,)%

wr do FP= : ¥
424

al-

o € &, chira 24 phén (o nén it nhét mot trong céc 2,14 khéng [6n hon % .
Cach gidi 2
Trudc hét chli § TANE X| w0 Xd > Y1 V4d déu thuge [0: 1].

. 1 1
e Neutdntaij ke (1. 4}phﬁnbletbaochox}Szvéxk<zthltOnmaeC4<ao

1
cho a1} =j, o) =k, 7,5 I
e N&u khong, ton tai it nhdt 12 hai (va ca 3) chi s6 j, k € {L....a} phén higt, sao cho
X 215 Vi Xy 2% thi y; S% ViV 4;_ vi ta sit dung hodn vi o € C4saoch0 at3y=jva

a4 =k

1.2.29
n-1 1

kz‘;\,_kﬂ"'\{a Z r (J—- J_) J_ J___J;:+J;'

1.230 a s¥a b e ®,)\ Ja+bs Ja ++/b nhu ta théy bang cach so sanh céc binh
phuong.

. [E%J_] Sz T $in, wassyes 55 5

b) Jp_l+‘n;—-b|z1l|b[+|a-b| zJ]—;[.

1.2.31 a) Quy nap hai budc theo #:

e Tinhchft1a hifnphitnvéin=1van= 2.

=2 . <@
e NEu <9 , thi @+ D) S Py SO (1+@), & d6 suy ra
YRR IR

+1

vi 1+w=w2.

" S Py SO"
b) on? >m+1)? e @-n —2n-1>0.
Tamn thitc (@ -1JX2 =2X -1 ¢6 céc khong didm:

1- J_ 1+

(<0) va
w1

’a

(= 3,68) <4
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¢} Quy nap theo

+ Tinh chit 12 hién nhién v&i n = 13.

o N2 >n? o™ >anls>h+1)? sinz1324).
d) ¢,=n" o=n*>e"? >n<12. Tinh do.dd2

O Tralsi: (reN:g,=n’}=1{0,1,12}.

1.2.32  Ap dung bét dang thiic Cauchy—Schware ddi voi [—L] va (ak J;)Iékf-.n:
i

5] 525

¢ Chimg minh: z < 24n.

n
Phuong phdp 1: Z%snjl”%suj]"%:z&-lszJE,
X

Phuong phdp 2. Quy nap theo n. Néu Z <2Jn thi:
k-—

Py —[ (Jm—af;)—ﬁ]

n+]

DI

k= 1

1 1
L 2yn+l = ——
\-‘n+l+J- n+l ] {\J'n+1 nH)

_2J:—[
<2dn+1.

1.233  Kyhigu g; =,Ja;.1=i<n tack

M n
2 P - 3
Z Z"f = ch,' +al . tal +J0* 03 el +.‘.+‘!02 . +0° +ap

< Ja,z +(2,) +... +(na,) -
theo bat ding thirc Minkowski vdi # phén tir (xem 1.2.32).
1.2.34 ) Bt ding thirc 12 hién ohién néu xyz = 0. Gid st xyz # 0; ta c6:

3 ) Sy ety =z[5+1]

Xz z y x

(trong d6 I chi t8ng thu dugc bing cich hodn vi vdbng quanhy va LAY
¥y X

2
doX X TN |
y x Xy
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b) Theo bt ding thire gilta trung binh cOng va trung binh nhan, 4p dung cho (x?',y3 ,2° ):

1
xyz =3 Jr3y3z3 SE(x3 +y3 +z3),

1.2.35 Ap dung bit dang thic gila trung binh cong va trung binh nhan vie

& & Gnm Gn
as 33 a, 4

1.237 a) (n+))” 22"»1@[2@1 —znl & —Zk >[nk]

P

Diéu d6 13 két qua cia sy so sdnh cde trung binh cOng v trung binh nhan cha (1,2....0).

il
X 1
b) Ciing nhua), v6i (17, 2 ,.n)). bidt ring Y k% = nln+ 2”“)‘

k=1

1.238 @) E() <x<y<EQ®+ 1, suy ra E(x) € E(Y), vi E(x) va E()) déu 13 nhimg s6
nguyén.

b) B <x<EBx)+1=-Ex)-1<-x<-Ex}

¢) E()+E()<x+y<E@+E()+2.,vay: E(x+p) e B0 +E(y), B0 +EQ) + 1}.

di Bo+asx+a<E@+l1+ca vaE(xj+aeZ.
1.2.39 a) Ding biéu thic lien hop.
b) Cong cac bl ding thie thu duge & a) vdi atir 1 d€n N (¥ € N*) 1a thu duoc:

EW-J_) <Z(J_-J_)
nghia la: (JNT—}.)d—é—Z-j:{JF.

10 000

Truomg hop rigng: /10 000 1 <% > % < 10000 =100
n=| n
Vay (,}10 000 — ])z 99,005 .

o Tralsii 95

239
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1.2.40 Xét 6 tnudng hop tdy theo 16p modulo 6 cllan. Vidun€un=6p + 4 (p € N):

n n+2 n+4d R ntd
El[=|=2p+},E|l —— |=p+LE =p+L,El— |=3p+2,E =p+l
[3)“’ [6)" UJPE{ZJP{JP

1241  Kghieuf: Ry >R
X E(xHE[l]
x

1 1
« Vixyx—=1néntact (x21heic — 2 1), vay E{(x)= 1 hoac E(wl—Jal,ttrdé Fixyzi.
x . X

¢ Traldi: 1.
_ : 3Y" 3" P
1.242 Vé&ineN kyhitu v, =E > e N*. Vi 5 # IN* (3" [a 56 1&) nén ta cé:

3n
Ty, < Py < u,+l.

T d6 ta suy ra: 0 < 3" — 2", < 2" Nmg 3" - 2%4, va 2" 14 s6 nguyén, vay
14 " A

3 -2"u, +%<2" .

f
Tir dé: u,,>(%] P

gt
1.243  Chiyrang, vdi moi & thuge N*:
. k+z";21
. E%‘-/—E—<2@k210‘

4 néu n=1
0 Traldi:  S,=12n+43 nfu 2<ns<9.
n+12 nfu nzl0

1.2.44 ZE( ) 21+22+ + Z(n D+n

k=(n— 12
=3 1+5-2+4.. . ~(2n-1)n-1)+n

n

=Z(2k—l)(k—l)+n = 2i:k2 —Sik +2.n
k=]

k=1 ki
_zn{n+l)6(2n+l) _3n(n2+l) 2

o Tratéi %n(4n2—3n+5).
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2n .
1.2.45 K¢ hi¢u u, =(J§+1) Y =(J§—l)2n. Bing cdch Khai trifn theo nbi thic -
Newton, ta c6:

“ﬂ+vn=(4+2\f§r +(4—2J§}" [(2 J‘)" J']"]

E.| - |
_on zzckzn k(J_T mz 2k ar2ak ¢ 2" N,
k ch§n
Pac higt, vii, +v, € Zva0<y,<lnéntaclis, +Vv,= E(u) + 1.
1.246 K¢ hitu g var 1a thuong va du chia phép chia Euclide E(a) cho #

E(@)=ng+r. (greN°, 0grsn-l.

Khi d6: Vk € {0....n-1], q+r+k < atk {q+r+k+l _
n i "

Cho ke [0,....n-1].

. Néur+k+1$lth‘1:q£q+r+k<a+k4q+1‘vay5[£j—k-)—q
n " n
o new Loy rrkza wds
n
q+1$q+r+k€ k<q+-r—+—"'11-5q+£”—_l<q+2
n n

do d6 E(gﬁ]=q+1 .
n

V&YZ LQHC) _E.,‘H Z(fi‘*l =(n-r)g+rig+h= ng +r = Ela) .

k=0 k=n—+

1.2.47 Cho (x.y) € R¥saochox<y.

« Néu x20 lhiJ;{J;;léﬂ tai g € Q sao cho Jx<geyy . wrdé x<gl <y va
g € D.

e Neéuy=0thi NERY cy-x . t6n tai ¢ € Qsao cho ,f—y 4qq\’—x Ly dée xc—q2 <y
va-g €D.

. Néux{O,vay>Othitacélhéchc;nqzo‘

1.2.48 Cho (x, ¥} € R* sao cho x < ¥ Vi D tri mat trong R nén tbn tai d € D sao
chox>d>y,v@.yde£vax-<d<y



Bt~ T P

1.249 Cho(r, e R*saochox<yvae=y—-x>0 Tontair € N* sao cho ¢ > 1. Vay
L

04—n<l=2.1(}’/h1'¢u m=E( "x)+1, tacs m—-1<2"x <m ,1irdé6:
2 I

m 1 1
¥ —<x+—<x+t—<X+E=V.
2™ 2" "

1.2.50  Cho (x, ») € R?sap cho x < . Vi I tri m&t trong R nén ¢6 vo 38 phdn 1T cha D
trong |x: ¥[. Vi F hifu han nén t6n tai it nhdt mot phidn 1k cia D - F trong ],r;y[.

1.2.51  Lap luan phan chimg,

aj  Kjhiéu q=\E+\/§+J€ vigidasig € Q. Tacé q=J5+J5+Jg
:;(JE+J§)2=(Q—JEF+I¢$q2+l=2(q+l)Jg<:>(q2+]=0Vf«lq+l:0) vi JoeQ

(nhu trong bai tap 1.1.1). Ta di d&n mot maw thuén,

b} Kyhitu g=¥5-43 vagiasirlage Q Tacs:

g=¥5- =g+ 43f =5
= ¢ =543 3+ 33 +333 =0
= q3—5+3q\5}2 =(3q2+\/§}2\/§
o 6—10q3+9q2+25)-3(q4+10q+1)\/§=0
= g% +10g+1=0

(vi \E g Q . mau thufn vi g > O).

1,252 Truech&tchi§rhngex+d=0bdivi(c.d e QL (c. )= (0,0, xeR-Q . ba

y:ax+z,tasuyraX(Cy—a)ib‘dy- Néucy —a=0,thi b—-dy=0,suyraad - be =0,
cx +

_dy

b
mau thudn. Ty désuyra x = : néu y € Qthix e Q, mau thuin.

1253 Ditd=x- 5, y=21 soy-J5. Tacs
x+2
s 5 [-vik+s-245 _ 2-45 5
x+2 x+2 x+2
trds: |5 = 5209 ¢ 25 1.
x+2 2

2 | 3 |
1.2.54 ﬁ—%>0@7b' >a® . vaciing vy ﬁ—%>—b = lva’ +2+—.
P 2

a
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o Gidsira>1.ViTh'va a* 1 nhiing s6 nguyén, dé chdng minh 752 > a2 +2+-&15 ,chicén

chimg minh 7b* =a® +1 va 762 # a® +2. Nhim muc dich ndy ta ding céc 16p dong du
Modulo 8, biét rang: .

n=0[2} = n2=0 hay 4 [§]
Ynel,
n=1[2] = nt=1 [8]

7" a+1 a+2

a chin
b chin 0 hoac 4 1 hoic 5 2 hoac 6
a chin

. 7 1 hoiic 5 2 hoac 6
b 1é
alé 0 hoac 4 2 3

- ac

b chan :
a 16 7 2 3
h1é

Txds7H 2 +1vaTh za*+2.
e Nifuag=1,h7¥>1,Tz27>4

1.2.55 Hai tap hop E. F dugc goi 1a o6 cing lue Iong khi va chi khi t6n tai mot song anh tir
Eléen F, khi d61a k¢ higu E «» F.

1) » [O;I]H[a;b],véia-:b; nhiy 4nh xa afin x> (b—a)x+a

e Cltng minh cing cich dé: 10; 1] « la: 5] ,.[0‘. 1 & [a b, 10; I & l= Bl
]-©; 0l ] - al, -wx; 0 & 1 a[, [0, +of & [b; 400, 10, +oo & 1B: 4.

2j 10:1]< [0; 1] b3 4nh xa afin x> 1—x . Chémg minh nrong wr: 30, 0] & [0; 4ol ,
J-e0: O[ & 10; +o0[.

3 10 1] © [0+ b3 xl—)-lx—.Cﬁngnhuthé.chL'mgr_ni.rﬂl:

-Xx

10: 1[ © 10, +o[, R &> 10; +oof.

17-GTT-11

243
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4) [0:114>[0; 1[ bdt ¢ [0; 11— [0; 1[ x4c dinh bdi:

. 1
—— nfutbntain € N 'sapchox = —
x)=qn+1 ) "

x néu khbng

5] ]0; 1] ]0; 1[ qua thu hep cha p véi ngudn 12 ]0; 1] va dich 13 10; 1| (¢(0) = 0).

C 1.1 /) Tinh chét Ia tdm thudmg véi m = O ; va 12 hién nhién v&i m = 1. N€u tinh chat da

ditng v&i m € N, thi vé moi (3 eyl ye (R, }zm+1 :

1 * 1Yz

m+i m m
G(al """ azm+l ) = (ﬂ] "'a2m+l )2 = (a'.l.'"azm )2 (62”'1—1 '-'azmﬂ }2

= g(g{tﬁ v---a.zm )»g(azm +lv---tazm+1 )]
S _AG@ 8 1 G Gy oeeBymar ) (TUODE WP = N
< j(ﬁ(a;,...,azm Y, Ala

2},,+1,...,a'2m+1 }) = ﬂ(ﬂ[?..,,ﬂzmq )

2) _/d(ﬂ'l,. '5azm+1 ) 2 g(alr‘,azm-i-l )

1

Ll L el 2”‘_”
o 2':n [Za, +(@2m - n)a] z [[l—[ a,)az _”]
i=1 i=1

1
1 m+ I L P m+
2m+1(m+(2 l—n)a)z[G(al,...,an)az ' }2 !

-

L] R

LI
o a2z Ca.a) " a

n n

o a?™" 2 Qg a2 GG ay) -

C1.2 A [)a) ChoElamodttip dm duge va F 12 mot bo phaa vo han clia £ | 16n tal mot

song 4nh f: E —»N . Vianhxa F - f(F) 1a mot song dnh nén chi cén chimg minh f{F) dém
o> fix) :

dugc. Chimg minh ding @: N — f (F) x4c dinh bési:
(0} = Min(F)
@(1) = Mia(flF} - {0}

@} = Min(fiF) - (#0),.... p(n-11})

1a mot anh xa va 13 mét song anh.
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5) Cho E, F 1a hai tap hop dém dirge.
Trucmg hop 1: EF =@. T6n tai hai song anh : f: N — E . g : N — F: kiém chimg rang

h: NoEuUF 12 mot song ankr.

fip) néun=2p, peN
m_){g(p) nfun=2p+1,peN

Truomghop2: ENF2 QD X8 E ' =Ex {0} vaF'=F x {1} chiing déu d€m dugc va khong
giao nhau | theo rudng hgp 1, E'=F".

Mit khde, dat G = (Ex {0} {tx,);xe Fvax g E},
Anh xa ¢: £ F — G duge xéc dinh bdi:
x0) nfu xek
YxeEUF, ¢(x)= (x0) néu x
(x]) néuxeF vux¢l
12 mot song anh. G d&m duce, vay E U F cling d&m ducc.

2)eChoN e N ;tbntain t=.Nduynh&tsaocho(z"l;'\e’\f.’iz'”'l]L N, ei t6n tai m € N sa0
cho N + (2m + 1)2".

o Néu N = (2m + 1)2" thi n 12 s6 mfi clia 2 trong dang phan tich N ra thira s6 nguyén t6 tir d6
suy ra tinh duy nhat cla » r6i cha m.

3)-Nd&ndu¢(NaN lamotsongé.nh);meoAZ).suyraN x N d&€m dugc,
n— ntl .
e ZP=NPU N x (“N) L (- N) x ) U (- N) x (- N)) 12 18p dém duroc (xem 1) b).

e Taphop @ = ((mn) € Z' x N ; UCLN(m.m) = 1} U {(0,1)) 12 mOt b0 phan vO han clia z*,
tap nay d€m duge, vy  cling d&m duge (xem Hay.

e Anhxa (- Q lasong dnh, vy Qdém duge.

m
(m :n)H_'
n

B 1) ChoneN:vib,#a,, Va0 8y 0,2-Guy- 2 0, by, By b 480 12 cic biéu dién
thap phanrigng cha & (m) vAixnentaclx # f(n) voibdtky ne N.

Vay & khong phai 12 song dnh.

2) Vikhong t6n tal mQt todn dnh nao t N* 1én [0 ; 1[ nén khong 1n tai mot song 4nh nao I

N 1en [0; 1[ . Vay [0 1[ khong dém dugc. Neéu R dém dugce thi [0 ; 1] 12 mdt bo phin vO han
cha né cfing d€m duce (xem A [} 4)), méu thudn. Vay R khong d&m duge.

C13 1o - ChoxeA+B,tdnu_ai(a‘b)EAstaochox:a+b.V1(a1éaSagvﬁ
byshshytasuymaa + blsbsa2+b2.TudéA+Bc[a1+a2;b1+b2]

* Dio lai :
Choxe[a,+a1;b1+b2]‘Ch\iyréng:al+a25a1+b2$b1+b2.
Néua,+a25x5a1+bzthix=a1+(x—a,_)véia1eAvAx—aIEB.

Néua, + by xSdy+bythix= (x-by+b,véix—b, e Avabye B.
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B Datm=Mina by, arby, arb1. b)) M = Max(a,by, @by, asby. daby).
o Vi 1t ca ay by, @y, aqb), ayb, déu trong AB nénm € ABvaM € AB.

<as
~eChol(ab)EAXE: HEasd
bsbsh
abh  Ggilta ajh va azb
Ta suy ra (theo ddu cia b, a;, 2, ) 12 ab & pgilta aphy va ahy
a;b O giffa asby va azby

Vaym sab <M.
Diéu nay chimg 0 AB < [m | M.
o (3 day ta ky hieu, v6i moi (aff) € R*: |a',;3| = {[a Hf1 nés as<f
[f.a] néu azf
Ta c6:
ABD Uy 1By U (ta By U Alh DV A{s))
=| ayby ; ayby| v asby s absl o ayby s azb| | @y, by
= (o a byl by i aabol) o ( arhy Laghyl ) ayby s ahl)
= [ Min(a,b, . 6,5 » aal1) s Max(ayby t1by , aby)] W [ Min(a by . ayby . tabn)
Max(a;b, . arby . Gb)]
= [m , Ml.
2) Céc tinh chdt tir 4) dén f), duge thiy ngay, bang céch sir dung dinh nghia A + BvhAB.
2 N&jA:t[O;Olvaﬂi[ﬂzﬂ]uﬁtdntaiaeAsaochoa:tO.vébe B sao cho & = 0. Do d6
- ab#0vaab € AB, vy AB=[0:0}
h) @ -VaeR.[a;aH[—a:—a}z[O:{)]
e Néu A ={a; ; a,] o6 phin tr d6i xing B = [b, : by) di v6i phép + thi @, +by =a +by=
g tby=ay+ by =0 VlY 4y =& vab, =by=—ay.
B » YaeR ja:dla’ ca =111
« Néu [a, ; @] c6 phén tir d6i xing B = [by ; by} A6 v6i phép . thi ab, = aiby = arb) = by
=lvd‘ialatO:a,_:az.bl:bz:a]"'.
ij eChoxc AB+C): tbntaie e A . be B.ce € saochox=alb+c)
Tir dé x = ab + ac € (AB) + (AC).
s Cohé xdyrala A(B+ ()= (AB) + (AC) nhu da thiy trong vi dg A = —-1:1L.8=(-11,
C =[0;1];wongdé1ace:
{B +C=[-1;+1] . AB+Oy=[-1.+1
AB=[—1;+l],AC=[—I;+l],(AB}+{AC}=[—2;+2]
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J Tagidslt Vib.c) € BxC ,bc20.

Ding thic A(B + C) = (AB) + (AO) 12 hién nhien néu B = [0 ; 0) hay € =[0:0). Gia sit
B=[C;0]vaC£[0:0) Khidéto‘nlz_nbgeréibO=t0v£icoeCsaochocﬂto.Chﬁf'ring
trudng hop by < 0 c6 thé dva vao trutmg hop by > O ( bing cch xét -8 va -C). Do vy gia sl

babo.\ﬁ(‘v’cEC.bocz{J)1asuyraCcR+d;‘;cbi¢t'c0>0;saudé,vi(Vb e B, bcpz0)
msuyrch&.V@yLﬁntaial.aq.bl by ¢, ¢, € Rsaocho A={a, cay) B =By byl
C=[c, :c;].aliaqzosb,sbz;{}s.cls.:'z.
Vi(aby S apby . a1by 2 azby @y C1 S Gafy L ByC2 S G0y nén tacé:
(ABYHAC)=[Min(a, by, &by Max(ayby. as5)] + [Min{a 1 ayc2). Min(acy, daca)=lay: )
o = Min{a b .a +Min{a oy .40 )
Trong 66 { " 1oy ay by} o 4ic2)
@y = Max{aphy . ayby) +Max(ayc,ax07)
» Néua, 20 thi @ = aiby + 3,0 = a (b, +¢)) €AB +C)
o Néug, s0thi oy =aby +a1C2 =ay(by +c3) € AB+C)

Diéu nay chirarang a; € AB + ), cling vay @, € A(B + C) nlung A(B + C)1a mgt doan,
vay lay: ) cAB+ O
B {) Tukch&XcR, vaXa R_.viy X=[x): 5l v6ix <0 <Xy

_ : T
Ktud6[2:31X=[—l;2]@[3;:1;3;:2]:[—1:2]@ =
3xy =2 x, =2

viquala: —l<0-<3
3 3

o ]

2} Ch!ingminhXC&.tﬁdéX:[xl;xz]véio <X, S Xy
Vay: [1;2]X:[2;4]<:>[x1'.2x9]:[2;4]@x1=x2=2.
viqualaD <2
o Traldi: ([2;2]).
3 Ch&ngminhXC&.tﬂdéX:[x,_;xz]vfri(] £ X Sxp

1
vay:[1:4x=[1 ;2]<:>[x]‘,4x2]=[1 2lein=l.n= 5).mauthu§n.
o Traldi: ©
4) chimg minh XC R, vaXc R .suyraD e X,r6i0 € [~3: 11X, man thudn.
¢ Tralsi: @

247
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5)e NeuXe R, thi:[-1:2X=[-2:4] & [-x: 2] = =274 & x, =2 VA %y 12 didm bat
k¥ trong [0 2]. ’

e Neuxg R thi:[-1:2)Xx=[-2:4] & (2 -nl=[-2 e (g =-1.x ==4),vo ¥

Min(2x - x7)=-2

e« NénXe¢ vaXg Rothix, <0<xva [-1;2)X= —2:.4] &
R, ! pva (1 2X= 124 {Max(-xl,2x2)=4

Xeét rieng hai tnudng hop (2x; £ -xp . 2% 2 —x,), chiing minh ringtadidén x; =-1. %, =2,

o Tralei ([x:2]:x €[-1:2))



Chi d&n va tra 1oi

cac bdi tap chuong 2

221  Kiém ching lai rfing véi moi (x, y, ', ¥') € R
{¢({x+iy}+(r+iy')) = p(x +iy) + @(¥+iy)
o((x +W)x+0")) = o(x + )X +V')
bang céch chi §: F = -f, hon nila (1) = L.
Thiy ngay ¢ 1 sonp 4nh.
222 a) degX?+1)=2 vabisithicchaX*+1 am.

b} Kiém chimg ring (C , ¥, &) 12 mét vanh, va & 14 mot ding cdu vanh; ti€p theo, i C 1
mot thé nén C cling vay.

223« Néu fthich hop, ap dung gia thi€t d6i voi z va -z dé ¢6 (1 + 22)f(zy =1 + 2% Xét
riéng timg wudng hopz =i, z=-4, z =i, 2= -1

& D30 lai, X¢ét xét xem cdc Anh xa tim duge ¢6 thich hgp hay khong.

o Traldi: [f.C-)C .aeC}
1 néu zxiviz=-i
z la néu z =i

ig+l-i nfu z=-i

224

m+lz bk o x™ z(yk k+lkk e Zykcfmk _em iykﬂcfnﬂc
k=0
= z +k xmzlemH 1

k=0
41
'xmzyk(cm-rk m+k 1) X"y Cn

(& d6 c;‘ =0 v6imoipe N).

K§ hi€u i, , ia biu thifc cin xét, ta c6:

"t
nt &~k m p+len n+l !
Hpn =X Z)’ Cok1 =X Y Chun +¥ ZI Cn+!

'I'"ZJ/‘C(M Dk +yn+]zxtcn+|'

=Upqn-



£V Louong £

Suyrau, , =u, ; =..= ug,, va do tinh d6i xéng, Uy, =Upp g =...=Ugg=X+y=1.

225 Véi{x, e R, dit z =x + iy, ta cé:

(x,y)EEﬁFﬁxz—y2+i[2x)J+ 2y12]= 2x +3i
x4y x

x—iy
4yt

2

ox? -y $2y= +3iez

=l+ﬁ
z

©22-3iz-1=0& 23 +3i2y- 32 - iy3 - 3ix+3y~1=0

{x3—3xy1+3y=l

< (e,eGnH.
3xly-3x-y3=0 by

= 1
,VAy P=—-— rdi:
stoopaz 2

226 Kyhiew S=x+y, P=xy;khidé {

X34+ =§I-3pS = % # 3.

¢ Tra i Khéng,

227 x(x-D+2yz=y(p-D+2zx & (x-pNx+y-2z-1)=0
o 0= (x+y-2z-D+(r+z-2x~D+(z+x-2y-1)=-3.

¢ Tralsi: Q.
2.2.8 Bing cich nhén, suy ra: xyz =0 hoac xyz=1.
0 Tra s £0.0,0, AL, (,-1,-1), (-1,1,-1X-1,-L}.

229 o (fOF = 7{2)=£(-1)=-1. Vay tbn i s € {1, 1) sa0 cho i) = 6.

. V(x, y) € Rz, f(x-l- iy) :f(x) +ft1y) =ﬂx) +ﬂ1)_ﬁy) =x+£i ¥
2210 Kyhituz=x+iy (x,)) e R 1ac6: 22 +6Z =3 +2i o (Br=3, ~dy=2).

o Tralan: i-l'}.
8 2

2211 Néuz:O,%:%e]R & 22ekR o zeRUIR.

I2]
O Tra loi: RuiR.

1 1 | betca+ab

2.2.12 O=a+b+c=—+—+—= L dé az=—a(b+c),r61 a® =abe va

a b ¢ abc
theo tinh d6i xitng cla a, b, c.
2.2.13
ot el af” =l ad ez el - el = o ).
2214 o |2z +1|2 +z- z']2 = [z?r +27+52'4] +|z|2 —z?~§z'—>-|z'|2 = [|z|2 +l](|z12 +l]




Chi aan va tra 104

e Tinh tuong iy d6i V6L |zZ'- 1[2 -z -z']z :

2 — =
lz +;’1 =zz+zz'+z7 +2'7

—lz—;1=—zf+zz‘+}._"f—;z' .
2.215 a2 __ ,roiconglal
i‘z+iz'| =izz7 +2z'-zT+iz7'

3 - -
—I‘Z—l;‘ =izz+2z-r7—-iz7

2.216 Véimei k. 2) e (C-{iDx(C- {1}k

x+1 cz+1

I=— & x=i—.

x—-1i z-1

1

- —+1
+1 - ] +1
Néu‘zl:lvéz#lw‘ix=iz lh‘lx:—ii——=—1z =:-z——=x

z-1 z-1 l—l z-1

z

s 2(E-1)
Téng quét hem, 2i Im(x) =x — E=iz—ﬂ+if+‘ =
z2-1 z-1 |z_1|2

2.2.17 =: Quy nap theo n.

e VGin=1tinh chit 1a tim thudmg; véi n = 2 tinh chat di bigl
(xem 2.2.3, Tinh cht 9).

e ChorneN-{01}vagidshV (2..29 € Cc*

n

n
sz =Zl2k| = (Bu eC, oty E (R.,.)". Yk e {ln} 7 = aku] .
k=1 k=)

- n+l
*l
Cho (21, Zp4}) € C™ saocho

n+l
Zk = Z\zkl .

k=1 k=1
n+l H ntl
Vi z:k < sz +jzas1 < Z|2k| ta suy ra céc dang thic
=1 k=1 k=1
L H
(1) sz +Zn4l) = sz +|Zn+l|
k=1 k=1

o) z) -kl
k=1 k=1

]
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n
* Gid st sz 0 _He thic (2) va gid thiét truy héi cho thdy tn tai xe C, (y....a,) € (R,)"
k=1

sag cho Vk € {1...,n}, z; = apu. Vay he thic (1) va k&t qua clia trudmyg hop u = 2 (xem 2.2.3,

n
Tink chét 9) cho bift tén tai @ € R, sao cho z,, =aZz;r W dd z,,, = a4 VO
ksl

n
Qppl = aZak sR,.
k=1
n
o NEu Y z, =0, he thic (2) cho thy 2 =.= 2, =0, viy:
k=1

(e =z, =..= @, =0,a,,] =1) thich hp.

2248 (1+]af® J(1+16f’ ) - farbf” = t+{af'ef’ - aF - b= fi-apf’ .

0 Tral&i: C6 ding thirc khi va chi khi: 1-3b =0 nghialda =0 va b=—“2—.
le}

X :
2219 [i+i)e +id < 2o 2[1] 1.3

(1+i)2° +iz < 22 +|7 < 5153
2.2.20 LAp Juan phén ching : Gid sir t6n tai 7 € C sao cho |1+z|<% va l1+zz‘dL

batz=x +iy. (x. ) € R? 1a c6: |l+22‘ <le (x2 +yz)z +2(,v2 —y2)<0 = x% <) va

|l+z|<%<=>x2+y2+2x+%‘<0.

¥
‘1”2‘ <1
Tt d6 ; =2 42542 < 0,
|1+z| < — 4
2
m [ mau thuin.
2l x Vin dé quy vé viec chimg minh rang dia

{(x,y)e RZ;LK‘2+1)Z+_V2 < %}
v phén mat phang:
2
xy)eRY[x2+y2] +2[2-v2 ) <0
(x.y) y y

nam beén trong dwdng lemniscate khong giao
nhauw.
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2221 Viée khéo sét trutmg hopa=0hoac b=01a dé
-b

dang, Giaséta =0, va b= 0vaky hicu u=|i|, v=|—b|.
a

Bat ding thiic cdn xét tuong duong véi:

e

BTN Y I
el T+

K¢ hi¢n 1 =11 _ |a| Ebl[ m=l(y+v) dz—lz—(v—u).[ﬂla_li

[+l

quy v& 1m+(1—2}t)dl 2 |} . Cha ¥ rang Re(mﬂ:Re{i—(uF—:Tv ] =0 v |u[2 = |v|2 (=1

|u +v

Quan he Im +(1 —2)d| 2 m ciing thiy duge trén so dé, bl vi tam gidc tao nén bdi cdc difm
c6toa vi 0, m, m + (1 - 22)d B tam gidc vuong, gée vuong tai diém c6 toa vi m.
2222 2l21| -lzz +z3| < |22] + 2, +z3| < |21 + zz| +|21 +z3| , 1 d6:

2|21| < |21 +22|+lzl +Z3|

Hodn vi vdng quanh, ta ¢6 4 bt ding thifc: cong vE vai vE.
2223 DitZ=a+ib (@b e Rz =x + iy, (o yp € R
Theo bt ding thic Cauchy - Schwarz (xem 1.2.2):

wot(Bon] < (4]24)

s 1
Néu o > [ xﬁ]z ,thi b < Zyz]z;mdo:
k=1 k=1
+ZL“'¢ “ ok ) Z)’g +Z(r‘§ -yf)*—'Zx% , mau thufin.
k & %

1

2
n 2
Vi vay: la! £ [Z } va cudiclng Zxk < [Z]xkq diu ma chiing ta s& thily khi

k=1 k=1 k=i
khai tri€én bidu thic ¢6 d4u binh phuong.

1- er+l

H
2224 DPa: P= Zx" - € C(X) , tac6:

n+l

ikzk_l - P = l—(n+1)z"+nz

k=1 (1"")2

| < e o 1- (n+llz] +n|z|
(B 2 -

n+l

l]—(n+l)z" +nz"

| -F !

Tit d5:




Chuong <

22,25 K¢ higu M, M, [ hai v& cha ding thic cdn chimg minh, va S =|al+lb|+|c| .
T=‘a+b +c1. U =‘a+bi+|b+c|+1c+a| tach: M, =(S+T-UXS+T)va

M, =2{alle| +}alic| + e} + (1;: w8 b+ +le+ af] ~SU+28T -TU = M, +V
i v = -57 =12 + 2|+ e +lell)+ (Jo + 8 +}p-+ o +le ol
= 2{|af +lof +}f* ) -2Releb +az +0 ) (pf +1d” +2Re®) +|ef

+|af? +2Rela| +|af? +}of" +2Reab) ) = 0
b) = Neu ja|+[p{+|e| +ja+b+<|=0 tha=b=c=0vabi dang thirc 12 hién nhién.
Né&u khong, hdy chd § bat dang th idc lbl+|c|_|b+c| 20
L . p thifc tamn giac: .
ukhong, hdy chd ¥ el dEe B o lbte] +la+bd 2 0

2226 |z-|< ||zl—l1+|z—|z" va dit z= pleos@ +ising), peR . FeR:

|z-12| = pleos@+ising -1 = p((l ~cos@Y +sin’ 9}12 = pl2(1 - wsev))5 = ,g{zism%].

Ta biét ring: ¥re R, |sinr1 = ‘:l vy 12 - iz“ < pl9| = |zuArg(z)l

( & day, lArg(z)l = Inf"ﬁ’]‘, 8 = Arg(z) [2;-:]}).
pat AD.M(@, Nz}, 1aco: AM < AN +NM va NM < WM

'\:

M ()

ol Arh) Nz x

1 1 1
2227 |28 R P .E_fb‘fifﬁ{c‘b]zi
- e-aj b |1 111 \a-cb) a \ec—a) b
¢c al b

2
Vay Arg[[c-b )%1 =0 [z]. Tir day c6 1 thire cédn tim.

ca
K&t qua dugc biéu dién hinh hoc: g6e ndi tigp LACB bang mot nita goc & tam LAOB.



Chi d&n va tra lai

Bi(b

A (a]

C(c)

231 (d-a)p -c)+(d-bYe -a)+(d - N - b)=ba - ab)+ch ~ b2 )+ (a7 - )€ iR .

dwa__1 _ —ale-7) .
v o _lb_ciz(d )(b )

“Bién dién hinh hoc: trong mét tam gidc, chc dudmg cao déng guy.

C

A B

232 a)Kyhitu z = x+iy,(x,y) € R* tacs: 1z|=2lz—i|-:=>.::3+y2 =4(,r2+(y—1)2}‘.

& Trdldi: Dudng trdn tam [O%J va bén kinh ?23-

RN
z_+j_ = §e il
|2+

Re(z2 (z~ i)): Re((xz -yt 4 2ixylx— % +l)i)))= Jr(x2 —y2)+ 2x0(y +l)
= xle® + y* +2y). ‘
0 Traldi:  Hop cha(¥'y) va dudng trdn tam (0, -1) bdn kink 1 bd di diém (0, -1)

233 ABCIAtam gidc déu thudn kbivachi khi BC duge suyTa tt BA bdi

. R
i
hép quay vecto v6i géc -—, difu Kkién nay thé hi¢n bdi: c~b=e 3(g-b). RGi dar
P q 3 Y

255
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241 Kghieuz=c? geR.

2 . . . ,
23— +2l =(e318 L +2)[e'316 _g 8 +2) =6-4cosd ~2cos 20 +4cos30

=8 -16cos8 - dcost @+ 1600539.
Xét sy bign thién clia P: 1 1]->R
t— 4(2—4:—:2 +4:3)
o Trawgi: V13-
2.42 ¢l pel(@47) +el@ 20 o 1+eF +e¥ =0
{l+cosx+cosy =0
=
sinx +siny =0

0 Traldi: {[a%ﬁ + 2k::,—s-23£ + 2k:r}, 6.k 1) e [F11]x 2 x Z}

2.4.3 a) Tralsi {eig,e-ie} néu 920 [x}, (11 néu =0 [27),

{-1}nuf=r [27m]
b) Ky higuz =ix (x € R)lamot khong di€m thugn do:

23+(1—2i)22+(l—i)z—2i=0¢—ix3—(1-—2i)x2+(]—i)ix—2i=0.
—x2+x=0
L = x=1
-3 4+2x® +x-2=0
edi: z3+(1-2i)z1+(1—i)z_2i=(z-i)(z2+(1-i)z+2].
0 Tra foi:
{i, %[(—1— Jl_'?#d)+(l+\”1_?+4)i), -12—((-1 Jﬁ—4)+[l— Jﬁ+4)i)}.
¢) Odng phuong phap nhu & a) va b).
o Tralsk  -3.3i1-20.2-i)
d) jvaj®(=])1anghiém, r6i 24—23-1-7.2+2=(zz+z+l)(22—2z+2).
o Tralsi: {j,jz,l—-i,1+i}X4—X3+X2+2=(X2+X+1l¥2—2)(+2)‘
2
e) (22 -4z+5) +(z+1)? -——0@(35&{—1,1}, z2-4z+5+si(z+l)=0].
¢ Tralsh

tl—i,1+i,3—21,3+2i}.(X2—4X+5)2+(X+l]2=(X2—2X+2XX2—6X+13).
f)Vé‘iZ:zz—Sz.taquyvé22+402+375=(}.
o Tralé:  {3,5.4-3L,4+31L
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2
g) Khai trién: (z+i)4+(zz +1) +(z-i)* =0 & 328 ~1022 +3=0.

o Tralsi: {-Ji,-%,%,ﬁ}.

h) Gizl +3z—1)2 —(6z2 +3z—1)(3z2 +6z+1)+(3z2 +6;:+1)2 =0

(622 +3z- 1}+ j(}zz +62 +1)= 0
<> |hoac

(6zz‘+ 3z 1]+ jz‘gzz +6z+ 1]': 0

¢ Tralsi: {—-2—2 L) :-l+—j, 1+—2-l} hay cbn:

E a

3 3 3 3
LB BB
2 "6 3T 2 6 3|

2.4.4 Truéc h&t tinh can bac hai cha Z: ta thu duge 24 + (1 -a’ }i va phén tir 461 clia né. Sau
46 tinh can béc 2 cba hai s phiic nay.
¢ Tralsi

1 . 1 a1 4 1 .
{—E((l o) - -0 ) 0-a) 0=t aR) e a)I)}.

245 a) Newz=0,datz=p pe R.:..Ge R:

cos@>0 -~ [cos# <0
t=z+i p"’e‘“e =2poosf <= p4 =2pcosf hoac ,04 =-2pcosd
49 =0 [l 40=r [27]

1 1 1
o Trali 10,23,2 3(-1-1)2 3(—1+i)}.

L

= 1 7 _
b) z _?ﬂlzl _-IZP 23

o Traldi:  {-1,44,-)

246 a) (Hy)[xg_ﬁ]:gw - (xz_y2)(x2+xy+yz)=319

(x - y)(x3 + y3] =399 (12 - yz) (x2 - Xy +y2) =399

(xl - yzj(xz +y2) =609 (x2 - yl) (x + y)2 =1029 {ws 1029
= .

o
(xz - yz)axy =420 (x2 - yzj (x - y]z = 189

v HsX-—y VX4 Y.

wv = 189
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{189

hart

5 : L =3,

uy ra u 1029

o Tralsi:

{5,2), (2.~ 30), (53, 21), (- 2iw,-Siw), (5,-2), (20.50), (-5, 21), (2iw,5iw)}. &
2% ;

day w=¢ D =1—‘%.

b) Suyra x=y2=z4=x3, tirds x =0 hoac x =1

1k

o Trawi (0.0.0)0 llor0b.0f) k= ..6) Laday op=e 7 -

247 Chagring af +agbe +bi =|a - byl tix do:

2
H("E +aidy ”’3): H(ﬂk —ka* .
k=1 k=1

n
S6 phiic l_l(ak —ib,) c6 dang A - JBVGi (A, B) € Z% (ugring i =-1-))
k=1

n
2.43 a) Dat P=ZX" e C[X), tacé:
k=0 .

1-x"! no {1-x™! 1—gn+1E"+nx"*1
p=_— —eC|X v P=Y K" = =
——<Clx} >

- k=1 1-X (I‘X)Z'
nfu@ #1
o Traleh: w(_il)
f—n___ﬂéuw=1

2
n-1 -1 1— P
B) Zwk”:z(a)p)k =——Ml - =0 nfu@f=l
k=0 k=0 —@

0 nfe @f =1
¢ Traloi: {“um*

n nén @f =1

n-1 n
¢l ZCﬁ ¢ =(1+w)"-co" =ul+c052n£]+isin2—xJ -1

k=at n
n "
3 T K
=|2cos—| | cos—+15M— -1.
H n M

o Trald: -2"cos"Z-1.

n
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=1

Z(a +m*51

k=0

n=1 n-1 n
Ciing vay: nlbl < Z'b +a)kal = Z|w_kb+ai = Z |'m_(”_")b+a|
k=0 k=0 1=

" n-1
= Z\wib +a| = Z\wkb +a| .
i=1 k=0

249

n—1
na +[Zwk ]b
k=0

-1
= |na| , tir dé: nlal < ila +wkb‘ .
k=0

ik
2440 Chok={1,2.3,4)va e, =¢ 5 .Tact: (w,,—m;‘)z =-2+0f +@] 161
o~ +5koy - 0 f +5 = -1+ 0 +@} +a + 205 +af = 0.
2
Ditew=m=c? ,cickhtngdiémB o-o'. 0’- (0o’ -(0H o' -(0ohH*
2ix
¢ Tralé: {u—w",wz —03,@13—0}2,@4—@} voi w=e 3 .

254 C,+iS,= iei[“”’b) = ei“ki k).
=0

k=0
(n-l-]b
, ) (ei&r“ -1 e 2 Zisin—-—(n“)b {mﬁ} sm-——(";l)b
Néu e‘batl:t‘{fﬂ,+i.S‘,,=¢.:“l = =g" : > 2 _.\ 2
e’ -1 i sin—
e 22isin—
sau d6 14y phén thye va phén do.
sinw .
: Zl—2— neubeg2z
o Tratdi: C, = c"{“z] b UE
(n + l)cosa néu be 277
‘ b sin (n +l)b
sin[a +—]—£— néu b ¢ 277
n= 2 sin— )
: C 2
(n +1)sina néu b e 242
252 cosikx= %(cos?lh +3coskx) vabaitap 2.5.1.
¢ Trd l&i
i 3 +1)x i {n+1)x
1 cos3m 2 +3cos = 2__ 4| nfuxg27Z; n nfu xe22Z.
4 2 3x .x
B0 ? Sin —

259
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253 lemk' lemlﬂ Zsm k:—z —cosZk 11Hll———ZcosZk

va ZcosZk = cos”ﬂ’i{ g —.
— sinl sinl
H [} n n
254 [Zx" coskG]H[Zx" sink&] = Zx"c”‘g = Z(xc'g)k )
k=0 ,=0 k=0 k=0

Né&u xel? 21 , thi:

n i6 1- (xclﬂ K (1 2l i(n+1)e )(1 yeif )
:é('](‘ ) (l xel? )(1 xc_lgj
_Li-x" cos(n+l)9—1x sin(n+1)6 ](l—xcosﬂﬂxsinﬁ‘)l

1-2xcos &+ x°

r6i 14y phén thuc va phén do.
¢ Traloi:
" n+l néu [{le hay {x:-—l
choskﬂ: §=0 [2;2] bo=r
_ _ nl
= 1- xcosf— " cos{nn +1) 6‘2+x cosnf o Knong
1-2xcos@+x

0 néu [{x=1 hay {x:—l ]
ix“ sinké = 020 r] o= lor} .
=0 xsing - ™" sinfn +1) 6+ x*2 sinng

1-2xcos@ +x°

nfukhong

Chii §: néu |¥ <1, bing céch cho n ti€n 161 +oo, ta thu duoe t8ng ciia cac chubi sau:

+a

Zxkcoskﬂ- [ xcosé Zxkquﬂ— xsinf
pars 1- 2xcosd + x° 1-2xw'-9+x

c6 th coi chiing 1 céc chuBi nguyen (d6i v8i x) hojc lugng gidc (d6i voi 8).
. i ) n H
255 o 4,(x)=1 +L:"" +e“")+...+@"lJr +c"’“)= 1 +22005kx =-1+ ZZcoskx
k=1 =0

nx 1N
—l+2cos®E 2 (xem bai tap 2.5.1)
2 an

2
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x
gin = sin -
2 )
. (n +l)x
1 < 1 1 x o) 2
. Bn(x) = T x Zsin[(k+-2-—]x] = T sm[5+—2-—J——T— {xem bai tap 2.5.1).
8N — k=0 sin — in =
2 2 2
2
. ] . n+l
sln[[ﬂ + —2-]):) Sln[[T]x}
0 Tralgi: A,(x) =t Bfx)=| —— L2
sin= sin 2
2 2

=t
Bo sung

C.21 i) a) Tim cac diém bat dong néu c6 chaT, 4

=az+b - ab +b
7 = z=a z+b)+ -

gapla)=z @ z=a3+b & {

Do lai, dit @ = ab ”; Jtach: ggplw)=a
1-fd| 1o

RéiVz e C, g 4(z)-w =(a§+b)—(aﬁ+b)=aiz—wi, tir dé:

ab+b , _ab+b _
2+ = 2—@.
1-la

{ga,b(z)—wl = |a|jz - o .
arglg, s (2)- o)+ Argle - 0) = Argla) 2]

Ta chuyén tir QM den Q?&‘biM } b&i phép hc_![.; giao hodn cha phép vi ty vecto véi ti 6 |a| vi
phép d6i ximg tryc giao qua dudng thing vecto c6 gée cic %Arg(a) [:r]

¥

7, (M)
/

(9] X
Q
{D)/
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Chuong 2

b) gﬁJ,(:): alaz +b)+b =|a|2z+a3+b =z +(a5+b), vay T2y = 12 & day @ la vecto c6

toa vi %(ab_+b). Dat Uyp =T,potey va bgp .C > C la4nh xa mavéimbi, ze C g

véitoavicia Ugp (A1), trong d6 M c6 toavi_i&z.
bf _ 1 1 - i i
Ta ct; ha‘b(z)=a(z—-i~(ab +b))+b=az+§b—5ab.md6 ha‘b(z)—-z—b=a[z——2-b].

2 n - . 1
Nhu véy, U, 5 13 phép d6i ximg tnye giao qua dudng thang di qua diém c6 toa vi 3 va gée

cuc %Arg(a) [:r] .

2} Sit dung nhitng 1ap luan & /) voi chiéu nguge lai.

C22 1) Tl ¥=——, y=—5>

b) Véiz=x+iy.(x,y)eR2:1:=-EL T i
z

c) Traloi:

e Anh ciia dudng tron (bén kinh > 0) di qua O (bd di didm O) 12 dudng thang khong di qua 0.
e Anh cla dudng trdn khong di qua O 12 dudng tron khéng di qua O.

o Anh ciia dudfg thing khong di qua O 1a dudng tron di qua O (b3 di diém O).

"o Anh ciia dudng thing di qua O (b di diém O) Ia chinh 6.

az+h

a be-ad a bc-ad)l 1
2) a) =—4 = —+ 3 —
cz+d ¢ c(cz+d) ¢ P d
24—
c
b) Chi ? !‘ﬁﬂg Tﬂ N Simbc_ad_. S(rx}. IU)], Td b'lél'l dlfbﬂg rin hOi_i.C dub'[lg thfing thanh
F)
¢ ¢ c

dwemg tron hoac dutmg thing. Sy bién ddi dudmg tron - dudng thing cb thd xay ra “trong
chimg myc” cha phép nghich dao.



Chi dan va tra 15i
cdc bai tap chuong 3

3,11 « Néu(u,), c w12 diy dimg th tén tai N € N sao cho: Va € N.inzN=u,=HRd
rang 12 (u,), < w hQi 0 161 L.
» Dio lai, ga sl (i), « 5 D01 te v k¥ higu giGi han chand 12l T6n tai N € N sao cho:

VneN.(n2N=>|un—!|$%).

Khi d6 ta c6: ¥n € N, (12 N, = |u, —uy| <juy —I{+|l—un| < 1) vi u, va uy déu thuge Z ,
suy 1a i, = iy Nhu vy (i), c v 1 day dimg (va hoi ty dén up).

312 VneN.0sa-u,<@—u)+b-v)=@+h) - +v)vi
(a +b)—(u,, +v,,) —”—m—b{) . Dinh Iy kep cho phép két luan rang t, ——a. 6i

(u,, +v”)"‘ﬂ”—-”T)b .
Sup{x,y) = %(x+y +1x —y|)

3.1.3 Sirdung: Y(x,y) € R%, i
ot Lees s

Xy —m-;—> limau,, limv,,)
¢ Tralo: me w0 S
yp——>In limu,,,,limv,,]
R o nes
3.1.4 @ Yk e N% ﬁﬁﬁzi_k_lﬁ‘ @ 6, cong lm. Vn € N¥.
SRS
kzlkk+1 n+l
o Tralds 1.
Z(3k+1)
3nc +50+2
b) Sidung ¥n € N*, zk n(n )] dé suy ra: Vn € N*, ——~—k' ___2n 8” e
-+ &
= . sz+3) "
k=0
¢ Tralsi E-.
2

¢} ¥n e N*, 22 < Y3+sinn < ﬁ

N

¢ Traidi: 1.
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3.1.5 Kyhitux, =Re(n,)vay, = lm{uﬂ)

Chimg minh ting ¥rn € N, (x,,,; =

¢ Traldi: (u),cn h0i tu d€n Re(ug).

3.1.6  Viét uy dudi dang luong gidc #, = pe“*

i—

quy nap theo n: # = pe 2 cosE oo

Né&u = 0 thi véi bitky n € N*:

9 o sin
y =pc‘;:; sing %7 -1
" . @ Y R |
2sin— 2sin— 2sin—
2 4 27

x
—1.

x—0

& Traldi: (u,),exhoiwdén l“0| Slge

() hoi tu dén ug, nfu u; € R,

317 a) Tonta iye (1., p} saocho Max a;

l<izp

1
. n _ min
Tacé: Vo e N¥, [iﬂ,a,"] =ay iﬂ,[%} , tirdd:
i=] i=] o

zna < [Zz,a ]]

(g g

i=1

dung a).

» B
U, = R ws;uos

=X, VR Yy —-—) trdé suyra =, = xy +S—yﬂ—>x0.

JpE R: , @€ [0; 2n[ ), ching minh bang

9 1
g 2008 —
2
_ on _sing sind
Il"s'mi e o
zﬂ

—a

i

=]

— Max (a,_

1€i<p

= Min g,

lzi5p

3.1.8 Bing céch vi€t mot tam thiic du6i dang chinh tic, voi moi » € N:

2 2)_
a(auﬂ +bu,y, +cv, ) = [

bv

dac-b*

2K

4

2
]vﬂ ‘

(trong d6 &= Arg(u,) € 10; 2x[ ) név 1y € R, va

bang cdch ap



Chi dan va trd |di

2
0 S[ b;”} < a(auﬁ +bu,v, +cv,2,)

F g
0s [:‘4_”}2 < alau? +buyw, + )

3.19 ChoA>0cOdinhvi u”—”T«t , nén tdn tai N, € N sao cho:

u,

suy ra: , Vidac - B> 0.

VneN,(n2 N, = 221> A+1)
]

"

L o . ty.) W+l
Vay voi moi n € N thod mén n 2 Ny, 1a 6 z A+, 2 A+1,.., ——

n-l Up-2 LA

i
1 .

Uy Ny Jvay w2 (A4 +1 ?

o y vay w2 ( 4“),\,

.

= A+1.
1]

u n
Vi My »1, nén tbn tai N, € IN sao cho:
(4+1" ne

1

Hyr n A
vneN,|nz N, = L z
; [(Aﬂw] A+

1 1 .
Ta suy ra: Vi € N, (n 2 Max(N, Np) = w7 2A). Va)r ull e 4w

3.1.90 o Gidsu s'mna—-;w—ﬂek.

Ta c6: ¥r € N, sin(r + 1)a = sinng cosa + sina cosna,
1-cosq
‘=1 .

tndé ¥n e N, cosna=sm(n+1)a__sm"ac°sa . Suy ra cosna » ' = —
51D & : R -sinex
#Ciing vay. nfu cosa —FI ' eR, ta suy ra (sl dung: cos(n+l}a= CcosAOROS A-sinn asing):

Q-
sinno » = (l .cosa).
o SN %
_ I'=lt I'=t o
e Dat 1= % e = N =i=r=0.
) sin ¢ ==l I(1+r )=0

» Nhung (¥n € N, cos’na + sin’na = 1), nén chuyén qua gidi han khi n t€n 101 +oo
241221, mauthuln v6ii=1"=0.

¢ Tralgi; véi Yae Rsaocho % ¢ Z.hai diy (sinnd), c y V2 (cosna), c n PhAD k.
x
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SO - Traldl: w, ——
o

Ghuong 3 Day s6

2
3111 Dé c6 udc luong can: (Vx € R, x-% <1In{l +x) < x), ta khio s4t sy bién thién

2
ciia xl—bln(1+x)—x va len(]+x)-x+~‘—2- (xem 5.3.1). Ap dung v&i x=l+i_,- 16
n

n

cong lai, véi k t¥ 1 dén n. Cubi cung:

i[l k) n{n +1) 3
—+— =l+——"
ek 2n Ao 2
1,

2 2

n

R e L e et
k=l” n H n n n=x

o Traly: 7.

3.14.12 & Nfuae 0 1], thi v6i moin € N*, (E(a”))l; =0.

1
s N&ua =1, thi v moi n € N¥, (E(a“)); =1.
1
* Gidstra> 1; voi moi n € N¥, tact: a(l-a""]; <u,s4a
1

va .n[(l-a—n);].._;,.mg.-a.-n)~-£:To._

o n

o TPA I (E(""))}'T{O néu 0«:a<l.

a néu azl
3.4.13 a) Chii § ring véi moi n € N
(1 +3)(n+2) (p + Dy =+ 2)(n +V)nu, - (n+2) , r6i cong tir 1 dén .k hitu
v, = (n+2)(n+l}m,, . ta suy ra:

nt+3n Con+3

Jtrdé u, =— .
Y ST

vy =V~ 243+l +1))=-

o Traldi u, ——0.
na

2 2

u'ﬂ'zun—l-'- n-i

. 1
b} 1: =>u§=1+%+...+-%=2—2”_1

u% =u12+—

¢ Tré ldni; iy T JE .
c) Ynz2, (n+1}u,,+1 =y +..tu, = (uo +.,.+u”_1)+u,‘ = nuy, +u, = (n +1)u, . va Vi th
(u,,), 1a diy ding tai 4,.

Hy +I¢]
2



Chi d&n va trd 1di

+
d) Ynz2 u =|w+22 s ¢Hod | En_y G En F L
n+l 1

n n-
2 n-1 n n n

niy

Suyra:¥nz3, u, = u,_; r6i {bing cdch nhan): Vaz 3. u, = =

n-1
¢ Traldi: w,—— 0.

ko)
cosni 1

s—.
R "

3114 a)

¢ Traldgi: ©

L
n

1 n
) < £ .
Jn2+2n EJ;Z+2!( Jn2+2

¢ Traloi: 1.

c)"z P N

k=1 n? 2k an +2n’ \E .
¢ Traidi: +oo.

1% (n+l (2n+l) x
— ) kE(kx) < kix = — =
4 "3; Z "l ‘
e 2 (n+l)(2n+l) _n+l x
-— Y kE y—
nsg{ ( Z& ) 2 2!32 o 3
o Trai: 2
3

¢) Chd § ring khi khai trién tich (xem bai tp 1.2.11)

n

k Sk n+l
n[l+—)zl+2—_=l+ —_— 4w,
n e 2 oo

k=]

¢ Tra 1ok 40,
3115 a) Quy naptheon.
» Tinh chét 12 tAm thuimg khi n=0.

UM |
n k f
o Neu | ][1-:2 ]: S m
k=1 1=0

i) [n( ]}(mzw]

k=0
an+l an+l 1 2n+l -1 2n+2

T 1+z2’”‘] T Y- zz
{=0

m—Z"H

Ciing ¢6 thé liu ¥ ring moi s6 nguyén thute [0; 2" 11 c6 mét bidu difn duy nhit theo b
cosd 2.

2n+1_1 2n+1
: b) ZZI T m— —
=0
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N i
3.1.16 Bangcichdat a=1-g, g, =1-g% (ke N),1ac6, theo bai tap 3.1.15 a):

L 1

k
" 2 "
1—[ 1-¢ H[aaoal ap ]2"
Z
k=0\1+g 0 k=1
SERPRE g L
_ 1 2 21 au [agal 2..,(0001..an_1)2n
ag 1 _] 1_
y 2
al af ap”
SR B S 1
1 =
- 2"4— ao 2?! a] 2" an 2?1
1
n+lY a
- 2n+l (l—q2 ] 27
+1 — 1 1 2!
n L H+
Vi In [1—(;2 ] 2 =———nln(l—q2 )N 4 p ——» 0, tadi d&n két luan. -
2 . Heo 2 nac

3117 a) Lap luan bing phin ching: Gid sir un_jm—»%.

Khi d6 t8n tai EER:_ saocho: YN e N, Ine N, (n=2Nva un—% > 260

Vi 2u, +liy, ~——— 1. nén t6ntai ¥, € N sao cho:
YneN, (n2N1=>12u,,+u2n—(1Se).

[y +u3, -1 < €

!
- > 2
ity S’ &
! !
2(1‘,, —3] +[u2,, —5)

-&>138.

N&i riéng, tn tai n € N sao cho n > Ny v

/ i
2(:{,,—5] - “2n_§15

!
Z(Nn - 5]

Chimg minh, bang quy nap theo k& ¥k e N,

Khi d6: £z,

vy 2

Han "3

uzkn—% > (2" +1)s £

i ! {
2(1&2};”—5J -1 ”—5 = 2[‘”2&}1“;}*’[“2;‘*1"“3]

] k ) k+1
2(“2":1_3) —-e>2(2 +13-£=(2 +l)£.

Niumg ket qua thu duge tréi v6i tinh chét bi chan ciia (#,), i (lk +1]~‘3 Tiode T %

Néu bt ding thirc thod min vdi &, thi:

<E.

2Ir+l

Tix 46




Chi dan va tra 18

—1y* An tai =27
b) Trd 18i: 4, = 2(-1)’n néu 16n tai pe Nsaocho n=27
néu khong

o) Tra I8i: u, < 0 néutén wi (p, m)eN2 saocho.n= #(2m+1) .
1 nfukhodng
2+l
— 1 1
3.1.18 a) Hymu —Hyuw = 2 T 2 (2m+1 2m)2m+l =5
k=2 +1
bj e Cong cc bat diing thic & a) v6i n t 0 dén p (p € N), ta thu duge:
Hyp ~Hy 2 251, 006 H,puy —— +.
2 po

e Chii § ring (H,), tang (xem 3.2.1, Dinh nghia).
3,119 Ky hi¢u /= hg v, , von 16n tai trong R,
nely*

Cho £> 0 ¢6 dinh; t8ntai N € N’ saocho: IS vy <l + %

Vi moi n € N sao cho n 2 N, bing phép chia Euclide n cho ¥, ta dugc (¢, 1) € N sao cho:
n=Ng+r valsrsN-1

Khi d6ta ob: u, = #ngs, Syt < (uN)qu, 3 tr e

Isv,= Inu, < glnuy +Inu, < M +]nu, (“_s Inu, .
_ Ng+r n
K¢ hiéu My = usl\fsa;_]lnur , 06 cf dinh doc 1ap véi ». Nhwr vay ta cb:

VneN'(nZN::»ISvﬂ<I+—2-+ Ny,

vi MY 0 néntén tai N, € N sao cho: Vn € N, (nle:M—N<%).Kyhi¢u
n "

N, =Max(N, N), cubicing tacéd: ¥n € N.(n2Ny=>1sv,<l+8),vd v,——l.

n "
321 Véimoine N kyhieu U, = u vV, =Y v . Véimein & Ntacs:

=0 k=0
Upst _ U_ _ (Un + “n-'-l)vn - (Vn + "’n+1)Un _ Ve - Vpe1Up
Vﬂ+l v, - VnVnH - ntn+l '
n H
va Vo —VplUn = Z(uml"'k —Vn+]uk) = zvkvn+‘l[“"+l —u—k] 0.
k=0 k=0 vﬂ+1 vk

>1.

1 1
222 a o Mo 2""2)(2"“]*”* 12 [+ L T

K a(n+ 1) Jn (n+1) 4(n2 +n)

Vay (u,), 1 téng nghiém ngat.
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1 1 1 11 1 )
* ]nun+1—lnu"=31n{l+4 2+n]5 3 7 .=‘8-(;—m).tﬁdﬁ(:@ngl@l.

H n
3 iy i) © &;] %("*J <L

e pes 4+
- 1
nghia ta Inu,,; < Iny +§ .
!
Nhu vy (u,),,, bichan trén (bdi we? ).
Ta két luan (u ,,)

nzl

hoi tu.
by s Vi (”n)nal ting nghitm ngat va hloi il néntact: Yre N¥ u, </,

e Ta di thily frong 124 gidi cha a): Yn e N*, Ing,,; —Inu, < 1 _1

8n  8ln+l

Day [lnu" + SL) gidm nghiém ngat va hoi tu d&n In/, tx do:
7 ) gz

i

¥n € N*, lnu, LI .nghia la: Yre N*, u, > /e 8,
8n
3.2.3 Cho &> 0c8dinh. Téa tai N € N sao cho:

VneN.(n2 N = [Pl ¥n g
Varl ~ ¥y

$€&)

Chop,ne Nsaochop>n> N Tach

|(ﬂn+l - h"ml ) ”(un _'Ivnl s E(vﬂ - vml)
|(up —'va)— (up_] —lvp'_ll s s(vp_l —vp)

tir 46 cong lai: |(up —va)—(u,, -Ivnl L4 g(vn*vp).

Véi n € N (sao cho n > N) <6 dinh, cho p 1ién 164 +oc trong k&t qud trén, ta cé:

|t =] < 9,

"
Bn _j
¥V

Nhu vay chiing ta di chiing mink ducc: ¥e>0,IN e N, ¥ne N2z N = £g),

"

nghiala Ln —_0 .
Y

3.24 a) e Bing mot phép quy nap don gidn, ta duge: Vae N, (i, > 0va v, > 0).

2
e Yne N, vﬁ,{lv—u;‘;ﬂ =_{E.’!4u_") z 0, ds Vane N¥ v, 20,

", ~v
* ey = Dn n
e Yne N* v,  —v,=

< 0,vAy (V) 2 Bldm.



Chi din va tra 18

s¥ne N*u, ., —;a"= JZ (JE- JZ)Z 0, vay () 5, ting.

Vaytaduge: Vn € N u S S0, 51, SV, SV,5.. .5y

N
(u,,)nzl ting va bi chin trén (b&i v) nénhoi ty 161 mdt s8 thuc /.
(v4),5) sidm va bi chan dudi (bdi 1) nén hoi w t6i mot s8 thyc I

u, +v,

Chuyén qua gidi han wong (vn € N, v, = ) tasuyra {" =1

. Uy + vy — 2aftp vy (M‘J’;]z _ {Vn"ﬂn)z
h) Osvui'l'_ufr'i'i - = = 5
2 2 2o + yfun)
Va 20y +un 72 22w ¥ =8+ab .

vy il
o) a) L=t ——0.
8Jab 7

A Ky higu &, =In(v, —u,), a=In{8 Jab ). v6imoi n € N, sao cho 1 > ng
1a c6:

8, 228, -a

Ope] $26, 1~

On12ondTE iy g6 ket hop tait 5, <2706y -(1+2+22+..,+2"“”0“]a,

p,

0+l £ 25?10—&'

Vi —H
nghiala 8, < 277" (5,,0 —a]+ e, Vay v, — i, 5{ o 10 ] 84/ab .

8Jab

3.2.5 Mot phép quy nap don gidn cho thay, v6i moin € N, u,, v,, w, 12 1én tai vi duong

e VnelN, B Vi Weel SHp ¥y W, =... =ilpVg Wy

[ ] VHEN,

2 2 2
Vpe) =l = (v"w") + {wn“n) + (v, )" = fV,,W,,)(W"H") - (wnuu)(unvn) - (I!HV")(VRW") =0
H+ n+ ’
fvﬂ“’n + w"H" + “"vﬂ){u" + vﬂ + wﬂ)

{ xem bai tap 1.2.8 ¢)).

2 2 2
U, v, W, — UV — VW — Wy

Huy + vy + W)

e YneN, Wy -V = “n >0 (ciing nhur trén)

VW =t ) + W (v —2) 0
Vo Wy + Wity + ¥y

« VneN, ) — U, =

(u, —w, ) +{v, —u,)
e« TYneMN w4 —w, = n = Wn) (O ~ U < Q.

3
Nhur vay, (1,), >0 tang v bj chin trén (b&i wg), nén hoi W 6§ mot s8 thue 2> 0, (w,,), » ¢ giam
va bi chan dudi (bdi ug) nén hoi nt 16i mot 36 thye y > 0. Cudi cing:

v.o=3w ., —n —w, — 2y — A4, kyhiéuld 4
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Cho n ti€n 61 + o trong céc cdng thitc dinh nghia trong 48 bai ta suy ra: A - SAv+4v? =0,
trddy suyra(A=v vau = yhoac (A=4dy vau=- 2.

1
V1, g4, ¥ déu> 0 vau,v,w, = igvowg nén ta Kétludn A=z =y= ovowo) 2 -

3.28 a) % Uy -4 = ]

— —— 20, vy (i), tang.
m+1)? +1 o
H 1
o v, —u, = ———2—2 T 0.
Ll n
11 1 1 —(n-1F +3
¢ v — V= (g —iy) + T T = ( ) =0,

n+l n 2(r1+1)2 2n? 2(r:2+2w+2}12(ﬂ+1)2

sau khi tinh todn.

1

bj & u,y—u, = ———— >0, vy (i), tang.
M T e ) (n+ 1) v
1
¢ vty = o e O
n“n!

1 1 1 a

® Vil " Vn = v

= -+ - = .
P U T 2) i CEa VAt 2= (i + 1% (n 1))
trong d6 a, = (n+2n" " = D T S+ Dn(n + D% - @+ DY =) 0.

3.27 a}

1) Gidsit A va B k€ phan. V11t6n tai (do, bo) € A % B sao cho by— gp < 1 nén A va B khéng
réng. Hon nfa, A bi chan trén bl by, va B bi chan dudi béi ap. Tir d6 suy ra A c6 mot bign trén
arva B o6 bign dudi §uong R

» Choae A;Vi(Vb e B.a<b) nén ala mot chan dudi cla B, vy a < B.
Vi(Va € A, a< §)nén fla mot chan trén cliad, viy a< f.

* &os)Ocddinh.To‘nlz_n(a,b)EA><Bsaochob*a<£.Ttrd6,v‘|,BSbva—as—a
nén B - a< & Nhuvldy: (Ye>0, f- @< &, rdé §- a<0. Cubicing: a=f

2) Déo lai, gid sit 12 o= Sup(A) va B = Inf(B) t6n tai va bang nhau:
s Vg, b)AxBasa=4<5h

e Chog >0 c8dinh. Téntai ¢ € A saochoa % > @ ,vatbntai b e B sao cho

b—% < B Tasuyrab-a<e
b}
1) Vichc diy (@), e N2 (Bpyen KE nhau, nén chiing hoi tu d€a ciing mot gidi han /, va:

(VneN,a,sI=h,)
Tadicsd: V(a,b)AxB,ash

Cho &> 0; tn tai N, N; € N sao cho: 1aj.\,1—fl-<—;i vi \sz-—a'.{.%‘

Tuds: by, ~ay, =low, -+l -an) < 5.
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Diéu nay chiing td tang 4 va B 1A shilng b) phan ké nhau cia R,

-1+(-1) 1+(-1y"
—_— by ——.
2 2

¢  Traloi: Khong.

2) Xétvidu: a,=

3.31 Téntai T € N*saocho: Vn e N, =‘uw Cho ny € Nbitky, tacé:

Yk eN, Mo gy SH,

Cho k ti€n t6i + o0, vi (4,) N NOitunéntasuyra: limu, =u

.
oo o

332 eVYneNO< u, < % T)O,vayuz,l —;;—-)0,
n

+(m+1
o YneN,0 < iy m———aﬁ,vﬁyu%“ —-—0.

nn+17 L
Sau d6 &p dung Meénh € 2.

2
3.33 e uy, =upt2p2 2 T-i-oo,vay Uope Tﬂo

* iy = uzzp+l—(2p+l) 2(2p)2—(2p+ 1) Twac,vay Hap TH»oo
K&t luan nhu trong Ménh dé 2.
¢ Traloi: u,—> +o.

el

334 Gia Sl‘.'“gﬂ TI} TR T’lz §“"2 TIB

Thi {"4:«’ o I‘ va {u4n2+4n+] neo ;

2
. ti]d611=12=f3.
7T —, >l U dnil ™ T 053

K&t luan nhesMénh dé 2. .
3.3.5 @) Kyhitu! = lim u,. Cho £> 0; t6n tai N € N sao cho:
nao

YrneN, >N => |¢,-1| s .
Vi f 1a don anh nén tap hop £ (1 0, .., N1} 12 hitu han. Ky higu:

N =Max('{0,....NDeN.
Tact: ¥ne N, (1> N, = (Vi€ (0,... . NL.fin)=i) D fd >N = |ugm-f< &>,
VAY by TI’

b} Ky hitu ! = lim ug,, Cho £ > O; ton tai N € N sao cho Vn € N, (n > N —
o

luf(n)—l’lS.s). Tap hop F ¢4 0, . . . . N} 12 mOt b phén hilu han cha N; k¥ hién
N, = Max(f ({0...., N1)) € N. Cho » € N sao cho n > N). Vi f 12 tran dnh nén tbntaip € N
sao cho ne= f(p); vin > N, nén p ¢ {0.., N} vy p > N. Trdé lu,,—f' = luf(f’) —!I s E.
Cudi cing 1a: u"—”T)l.

c¢) Suy ra mot cdch don gidn tir 4} va bj.
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3.3,6 Lap luan phan ching: gia sir g, ——>+*. Téntai A € ]R:, sao cho:
YNeN3neN (rsNvig,<A).
Do dé t6n tai mot ham trich §: N — N'sao cho Vi € N q50) < A
Nhung [1; A[ ~ I* hitu han, do d6 ton tai mot ham trich r: N— Nsaocho (g D Yien 12
day dimg. K¢ hiéu g 1a s khong d6i do.
Tacé: Vhke N, p rod (k)= ¥ ro8(k) 9 rod(ky —5 M -

Day (9 gob(k) e ewr nhan gié tri trong Z va hoi ty, do dé (xem bai tap 3.1.1) 1a day dimg. Vay

t8n tai ko € Nsaocho Yk e N, (k 2k = p rodk) = X9)-

Vivay: Vke N, (k2ky = pof(k) =X)SUyTax € @, méu thufn.
Diéu d6 chiing t6: g, ———>+©.

VI(Vre N, p,=qu,) vAviy, ——>x € R*, néntasuyra lp,,l — o,

341 Dbatr= -1 ;‘E VA= _1;‘6 1A céc nghiém ciia phuong trinh déc trung. Tén
tai (A, A,) € R’? sa0 cho ¥ & Now, = 47"y + Ay r"y. Tatinh (44, 29) theo 4 ( =1) va g, tit
ds:VYne N u, = ! ((r, - ul)r"l + (U - rir).

r-h

e Néury—u =0, thi, v |r1[ >1> |r§| vir <0, D"y, — =, vi vay céc 6 hang
cha (#,) yery kKhOng phai déu thuoe IR, .
s Néur,-u, =0,thi Vr e N, u, =1 20.

o Tra iz u; = RERIY

2

342

a) Traldi: u,= 2y tug 1"V , 2o
3 3(_2)n—1 o0 3

Y. Y
b} Ted I5i: u,,:i[lTl) —i(l—“-) =2 sm%’-,(un),em hoi tu dén 0.

2 ) Wy

343

‘« Bing phép quy nap don gidn: Ve e N, u,>0.

o Day (v,), e wXfc dinh bdi (¥n € N, v, =1nu,) 12 mot ddy truy héi tuyén tinh c6 hé s& hing
sg:Vne N, v u= lgvﬂﬂ +%vﬂ.

n

Taduge : Vn € N, v, = %(2v0+ 3v1)+%(3v0—3v1)(%)

2, 2" 3 (o

T g ) —1 _
o Tralals u.=ud 5371, 5 s3m




Chi dan va trd \di

3.4.4 a) = Phép quy nap don gian cho thdy, vdi mein € N, i, t0ntai vau, > 0.

= . ) 1 A
o Diy (v,) ey X4c dinh boi (Va e N, v, = _ ythodmin : ¥n € N, v, = %(vn“ + Voh
n

Ta suy ta (Xem bai tap 3.4.2 a)).

vneN, v,=2v,+V +1:'-:—v’—.
L 1 0 3(_2)!1—1

-l
o Tralg w, = | Lo te—t 1oL LMol
moouy (=2 \wp w me Qug iy
b) ¥n € N, 164, 5 = 121, ., - 1(3, +in, )= 120, +3(du,. —3u, )+ u, . trds Vae N,

3 i
Mpi2 = E“nn _Eun -

¢ Traldis u, =1-i+(+iR " —o1-i.

¢) Ta c6 thé hinh dung mOt sy twong ty vl vigo nghién citu cic phareng trinh vi phan tuye'n
tinh c#p hai v6i he s6 hing 56 (xem Tap 2,11.2).

o Tafim day (v,), e n 530 cho: Yo e N v"+2=v,,+l+2v,,+(—l)"+3"”.d5y néycé

dang: Yn € N, v, = (an + H-1)" + 3" *
A 3
Bang phép tinh so cép acd: a =-;—, y = 1 (Fe Ry

e Diy (w,), e n dinh nghia bsi (vn € N, w, =1, —v,) thoa man:
VYne M, w,,a= Wi +2W,
Tir d6 suy ra t6n tai (4, g} € R¥sao cho:
YneN, wy, = A1 +pu27.

s Nhuviy: ¥ne N, », = A(-— 1)" 4+ 2" +%n(— 1)” +%3" . Sir dung (g, #y) ta suy ra (4, 4)
0 Traldi: u, =i(—l)" +2" PRELE
3 4 e

3.4.5 Mot phép quy nap don gidn cho thy, véimei n € Nyu, 12 t6n tai va u, > 0, Céc phép
tinh trén céc s6 hang ddu tién cho thily c6 kha nang 1& #p44 = 4ty g — i - NEU B thic d6
dune thod mén thi:

Uppstinsz =1t Upeatinga =1+ T (T “n)‘4“n+2“n+3 * (1 - “n"n+3)

= Qg qlined — Uniline2 =Wnt2 (@upa3 = wna1)

Tix d6. Uy =gy~ gy
o Vi (i), Hy, Uy, ) €Z nén he thic tho duce trén day chi ra ring (bdng céch quy nap theo n):
vn e N, 4, € Z Cuficing la: Vn € N*, 1, € N*
3.46 a) Tapidthi€tring, v6imoin € N, u, t6n tai va unTl cR
Vi: ¥ € N, sty 44, — 4, +2 =0, tasuyra P — 1+ 2 =0, mau thudin, vi d diy biét thic <0.
¢ Tra l&: (v,), phan kj.

e m e WA

27%
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b} Mot phép quy nap don gian cho thiy, véi moin € N, u, t6n tai va i, > 0.
e Néu HHTL thileR,vavi(¥nelN Qi + 1) - u> —3=0), bing cdch
chuyén qua gidi han, ta suy ra f=1.

-1 -1 1
o YneN, -1 = (2“';" +)12) = 2'“:n+1 |u,,—ll$5|un—1|.tﬁd6:

1
vneN, ju, -1 5—2?|u0 -1.
o Tra Wi w,——1.

¢) Chof: R»R__ .Céc diém bét dong cla fla -3, 1, 2.

X3 {h‘x—ﬁ

Anhxafkhévitrénl?;—{%},vé\?’xem_{%}’f'(x): 7 > 0.

-
AEe
i

-

Cic khoang lién 1iép x4c dinh bdi —0, =3, 1, 2, 400 déu bn dinh d6i véif, vh trong mébi khoang
46 f rang, suy ra (U )uen don digu.
Déu cita {x) — x duge suy 1a dé dang:

X —00 -3 1 2 w0

fx-x + I - I + l -

o Néu g < -3, (), tang va bi chiin trén (bdi -3), va diém bt dong duy nhdt cla ftrong
}oo;-3) 1a 3.

o Néu ug = 3, (1), khong déi.

o N&u -3 < uy< 1, (#,), gidm va bi chan dudi (bl —3), diém bat dong duy nhét clia f trong
[-3up] 12 -3.

e Neung =1, (u,), khong ddi.

» N&u 1 < g < 2. (3#,), 1ang vA bi chan trén (bdi 2) va diém ba dong duy nhét cba f trong
fuags 288 2.

» Néu i =2, (#,), khong aéi.
o Néu tg > 2, (i), gidm va bj chan duti (b&i 2).



Chi din va tra |&i

-3 néu upy <1
& Tré [+ RnT 1 néu Uy =1.

2 nfa uy>1

dj Mot phép quy nap don gidn cho thiy, véi moi # € N, u, t6ntaivau, >0 (biét thife cha tam

thife X2 - X +1 ]a < 0).

Ry
« Ynel, un+l-1=("”—1)—20‘
Hp

1-u,

o YnelN* w1 —-u, = 0.

L

Nhur vay (4,), < n+ £idm va bi chin dudi (b 1), vay hoi tu dén s thyc L. Chuyén qua gidi han

trong: Yn € N, (uy ~ 4, + 1) =1, tasuyrai=1.
¢ TI’& lgi: HnTl.
€) Pt v, =uy, +1,1ac6: VneN, vy =v2, 1 dé: Vae N, v, =+ .
to0 néu (40 < -2 hogc 15> 0)
0 Trd i ty—>10 néu (#p=-2 hoic ug =0}.
-1 nfy -2<uy<0
. 0
f) Chimg minh, bing céch quy nap theo : Vne N, {uz,,el—l, [
Hamil E]l': 2[
0 Trawi: (1), phanky.

g) ¥ne ¥, u,,+l=Ju,,+.J;,,_1+...+J;;;=Jun+u,=J5J1;.

1 i

rY -1
bt v,,=%u,,,tt‘rd6tac6: YaeN*, v =vi.déV¥re N¥ v, =v12" —”;—H.

0 Tra i u,——2.
ot

h) bat F: R—=R .
avs [, f-adt
%—'a néu ae |-=; 0]
Chitng minh: Ya e R, F(a)= az—a+% néu ae[(‘r, 1] visuyraVaeR, F(a)z—;:‘

a-— néu ae[l; +oe[

1
2
Vay: YneN, u,,,zu, +%, réicong lai: Vn e N, u, 2 ug +%.
0 Traléi: a,—r+eo.

L

i) e Mot phép quy napdon gidnchira: Yre N, », € [D; 1].

277
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o Xét [ [0;1]—)[0;1] va g [0;1]—)R

X > sin 2x

Ta suy ra sy bi€n thign clia g-

x flxkx

Anh xa g kha vi 2 14n trén [0; 1] va: Vx € [0; 1] {3 (r)=2c0s2x-1

g"(x) = 4sin2x

X E fos 1
£'x) - -
g TT* o . -
T
glx) 0
| T
; <0

Binh k¥ vé cdc gid tri trung gian va sy don digu nghim ngat ciia g trén {%, 1] cho phép suy ra

sy tén tal va duy nhdt cia sG thye a € [Tﬂi, 1] sao cho g{@) = 0, mot phép tinh s8 cho bift

o

o = 0948 .
¥
1
o
>
S
A

e

h

i) X
{N=3)

s Viéc nghién ciu tudng hop
uy =0 1a don gidn: ta c6 thé gia
thigt g € |0, 1)

Ta ching minh bdng phén ching
ring t6n tai N € IN* sa0 cho

Uy € 3I-c—'l

N 4’ .

Gia st ¥n e N, une}{);g[ . Khi
d6: ¥n € N, upy=flu,)zu,.

Diy (i), = o tang v bi chan trén

i %. Vay n6 hoi t t&i mot 6

thue Ie[ug;-:—} didu khong thé

ducc vi f 1ign toc trén [0; 1] v f chi c6 cdc diém bt dong 1a 0 va &

4

X b
o Ta vira chimg minh ring tén i N e N sao che uy € [—‘,1]‘ Vi

f{[%’ ]D = [sin 5 1] c [% l] .nén ta suy ra: ¥n € N, [n2 Nou, e [%, ID



Chi dan va tra 18i

Trén I:%, l]. £ thugc lop C ' vi: Ve € [E, l}, 1716 = |2co§21| < 20082 .
Sir dung dinh 1f s8 gia hfu han (5.2. 2)) suy ra:

vre [g-, 1}, /() -a) =|£lx) - fla)| < (2cos2) < -],

trds, Ve e N, |u,, —a| = (2cos2)"|u0 —al vavi 0% 2cos2 < 1nén 4, ——G.

0 nfu uy;=0

o Tra l&i: u,——— , trong d6 ¢ 1a s6 thue thude ]0; 1] sao cho
o & néu Uy € }.'},1]

sin2e =a. {(a= 0548).

3.47 e Mot phép quy nap don gian chi ra ring, v6i moi n € N. », 16 tai va u, 2 0.
e Cho /R, - R, ., ddyiamot ham gidm.
6
Xy —

2+x2

) .
Tacs: Vxe R, fo fi) = 3p+x . Bing phép tinh so cfip ta thily:

+x ] +18

VxeR, fo f)~x= (-10=2)Pl) e a6 P =X+ 2X - 6.
2+x°f +18

Trong R,. da thic P c6 mt kKhong diém
duy nh#t, k¢ hiéu a. Nhu v4y, ton tai mot X 0

tam thite T € R[X] sao cho: UP

{X3 +2X - 6=(X - aT(X) e 6 /

vxeR,, Tx)>0 : 1

Tir d6 suy ra dfu ciia f= fx) — x:

X 0 1 x 2 +00
fof(x)—x + l - 1 + l -
Mat khde f o f{x} 12 ham tang, ta c6 bing:
X 0 1 e 2 oo
+o0

fo /() a

219
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Nhur vay, cdc khodng lién tiép x&c dinh bii 0, 1, o, 2, +c0 12 8n dinh d6i v6i fo £ Cusi cong f
gidm va ta c6 bang bign thien:

X 0 | o 2 4o

F @

N

0

Néu up € [ 1], thi:

® (i13,), >0 tAng vi bj chan trén bdi 1, vay n6 hoi ty dén didm bit dong cla fo £ trong
[0:1]. titc 12 hoi ty dén 1.

® (ly,), =0 piam va bi chan dudi bdi 2, vy n6 hoi tu d€n didm bt dong cla [« f trong
[2, + o] , tirc 12 hi 1y dén 2.

¥
3 yEx

2

y=fix)

¢ ugtta | 7] 2 Hy t) X

Chc trudmg hgp khic khio sat tuong tr s, € [1; of, g = @, up € Ja; 2], ug € [2; +x|.
{u ) phan ky nfu uy = a
0 'Trélai:{"” ’

u”—'—rm-"—)a néu Hy=d

trong d6 @ 1a khong diém duy nhidt cla phuong trinh £ +2—6=0, dn 56 lax € R,
a= 1.456.

3.4.8 ¢ Chdang minh béng quy nap:

e e 4 > @
#y = beoS 008 = COS———C0s™ —
Vn e N¢ 227 2 2
' a 8 & 8
v, =hcos—cos— . cos——cos—
2 22 2?1'-1 2?1
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. & .0
sin— Sin—— . .
e YneN* v, =b smﬂg ___%_ zng _ .bsméi9 _ bsind ‘
2sin— 2sin—  2sin— 2" sin — &
2 22 A [
161 sau do: u,, = v, c08———> bsing .
n neo g

b TR (1) 18 (o cing bOita 6 G

3.4.9 « Ching minh bang quy nap ting véi moi n € N, 4, va v, 16n tai va déu thuoc [0; 3]

o Giasirdntai (1,1 e R’ sao cho un———-ﬂ va v,,———-n" Khi dé {
II

P+ -{+1)=0
Suyrd{(+l( ‘“+) vy I=1val =2

e VéimoineN, dita,=ua,~1vab,=v, -2

-5
nat =10 ~1= g
Tacs: ¥ne N, "

aﬂ
By = 440y —2= =

J4—+c;+2

]

lan+1| < {By)

tirdé: VneN, i .
PN
Ky hiéu g, = Max {Ia,,],‘b,,l btace: Va e N,0S S %‘u,, :

Tir 46 nit ra: y,,———)(} sau dé a,,————)O va b, ————)0

o Tralgi: uy,———1va v, ——>2.
e R

C 3.1 1 /) Cho >0 cd dinh; ¥ un————n' nén tén tai N, € N sao cho:
Vne N (a2 Ny = -3,

Chone N‘saochon2N1+l.Tacé:

e ol S Sty 3 bl

k=1 k=1 k=Ny+1

Mot mit, — Z g —1) = lz(n-—Nl}—;-

£
5
b=+l
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Mat khéc, do —Z|uk -*11——)0 nén t6n tai N, e N sao che:
k=1

N
YneN,(n2N, = ‘lz‘uk*ﬂ < %).
L

K¢ higu N = Max(N,, Ny, tac6: ¥neN,(n2N = |v,,—I| <& ) nghrala V,,T-)f .
2) Day (w,),z dinh nghia bdi (Vn € N¥ w, = (-1)) phin ky nhumg v,———0 v
v, =0 n#u n chin

v, = —i néun 1&.

¢ Tra l&i: bidu ddo lai cha tinh chét & /) 13 sai.
Ii 1) Apdung két qua ciial /) vao day (w, —u,},., voi chi ¥ réng:
i)

RS ]
V”EN*‘;Z(“,&‘”H): — (4, —hp)= 22 -2,

k=1 non
2) Ap dung mot cdch thich hop phép ching minh két qua &1 7).
3) Ap dung mot cach thich hop phép chimg minh két qua &1 7).

HI I} @) Ap dung bé dé bac thang (1L 7)) vao day (nv,),»;, n€u ! = 0. Xét riéng trudng hop
=0

n+l
n D

C’;f,lﬁ]) _ {pn+ p) nl{pn - n}l
" (n+l)!(pn+p—n—1)! (pn)*

- (pn+1Xpn+2) (pn+p)
(n+1Xpn n+1Xpﬂ n+2) (pn n+p—].) et (p I)pl'

ﬁ[u%)

b) e

. k=1 1+ 1 s
z 1 n+l no
leif
k=1
. (2fr + 1)) n"n1=(2n+1)(2n+2)n”=2(2n+1) 1 4
A
H
;. P 4
o Tralsi: I.W,L?_

2) a) Phép quy nap don gidn chi ra ring, v6i bat ky » € N, u, 16n tai va u, > 0.



Chi dan va tra 16i

u
Mit khic: ¥ne N, u,,, = “25%--

1+u,

Day (i,) pzo Si4m vh bi chin dudi. vay n6 hoi tu t¢i mot s6 thye fva [ = ! 7 tir 46 suy ra

1+7
I=0
1t a2 2
by ¥neN Upn-Up=——-—5= 2 =2+u;—2.
Upsl Hn Uy e

¢) Theo b dé bic thang %TZ 1 dé — 2 . nghiala o,
H [z}

1 1
u,,J; o 20 .
C 3.2 1 Truéc hét ta ché § tAng, Vi (4,) 420 bi chan nén véi moi n € N, tap hop {up: p 2 n}
bj chan, vi the v, v w,, tn tai.
¥ < Vel < wn

1) veimoine N,y panlc {up; pzn}c {up', pz{);vay {

Wy Z Wnyl 2V0

Vidu

@ liminfx, = hmsup s, =0
MG nac

(I lLminfz,=-1, limsupu, =1
oo e

(OD) liminfu, =-1. limsup u, = 1.
nat . no

2) e Giasir liminfw, = limsup #,.
o o

Vi(¥neN, v, £ u, S w,)nendinhlf kep cho phép két luan ring u, hoi ta va:

lim u,, = liminf #,, = limsupu, .
N neo oo

e Dio lai, gid st u,,—n-qr»leR
Chos>0c6dinh;t6nta_\iNeNsaochoVneN,(nzNz:- lu,,~!]$%)

Chon e Nsaochonz M. Tact:

VpeN,(p z2n=pa2N = |up—!]S% = l—%SupSH-%)‘

tir d6 chuyén qua bien dudi va bien teén: / —% Sy, sw, <l +% .

l~ggv, <l+e
vay: ¥e>0,IN e N, YvneN. ln2N = .

l-gsw,sl+e
va qudi cing: v,———1 va w, ~———>l .
[ =] Lo

3) a) K¢ higu M = limsup 1,

Hac

£
Cho £> 0va N € N; tdn tai n € N sao che: [n 2N va |w,, —M‘ SE)

283
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Theo dinh nghta cha w, = Supbp; P 2}11, tén tai p € N sao cho:
= A 84 <
pzn v wn—E u, < W,

VaytacG:pzNvaM-gSw, - — < u, < w

P

[

M + £ M+e

it

(SRR

f<
2

Diéu niyy ching to ring; Ve> 0, YN e N, JpeN. (pz2 Nva | p —M‘ <), viy M lamdt
gié tri dinh cha (u,) ..

Lap luan tuong tircho liminf #, (hodc con ding 4) a) ).
HeQ

bj) Tén tai mot ham trich & N — IN sao cho Ha(n) 24 -

Vi(¥ne N, vy Sugl,) € Wein)). néD bing céch chuyén qua giti han khi 2 tién i +oo, L

suyra: limint %, <a< limsupu,.
noz oo

4) Sirdung cdc k&t qua clia bai tap 1.2.20.
a) I) vneN, Inf(—ap) =-Supa,.

pan
by I)¥ne N, Inf(ia J=ilfa, néy Az0.
pzn
fyvne N, Inf(a, +b,) = Inf + Inf(d,}.
c} f)n pr;n(ap ) Pgn(ap) pl;n( p}
o Trd iz Vidy (u,),., va (v,)

.~ 12 4-tudn hoan.
{H’O =0.ﬂ1 =1.u2 = 2.“3 =1
Vi

vo=2.vm =y =1y =0

II 2} a) ¥reN, |cn| =

Z“k

b) ChoN,ne Nsaochon>N. Tach:

=_Z“k+_ Zuk va(l—_J Inf uks— Z%S(l—ﬁ) Sup uy,

" p=N+1 k2N+L - N kzN+l

< _Zl"k‘ Sup |“k|-

1¢ N 1 & N
tir do: ;Z“k*‘ 1—-; Varpl S €y S ;Zuk+ 1—; Wnyl -

k=1 k=1
V6i N cf dinh, cho n ti€n t6i +oo, ta suy ra:

vyl = liminfe, < limsupe, £ wyyq,
o ]

réicho A ti€n t@i 4<c: liminfu,, < llmmfc,, £ limsupe,, < limsupu, .
e nec not

2) » Truong hop m = M, khio sat d& dang. vi khi d6 (u,),.,y hoi tu.

s Giasim<M. Tadibigt (xem [ 3)) VA ({“ﬂ)naN_J c [m; M]



Chi d&n va tra I

M-m

Cho N e N*vaip e N saocho p = 3; k¥ hiéu: £= . Xét cac khoang lign ti€p

' =[m-g;m+g]; Iy =[m+(k—1).e;m+ks],v61ke (2...p-1}L 1, =M e Mre]

Ta s& chimg minh réng méi khodng d6 chira it nhét mdt trong céc i, ma n > N.

i I I, I
+—r—r +—I 4 —>
m-—g m m+e m+2e M-2 M-¢ M M+:

Nz N

* Vi g, ———0 néntdntai N° € N sao cho: . .
Vén—a 1 ion fal e {VneN,[n>N'=>0£sn<z:)

) - i . Nl > N
Theo dinh nghia M =I.1r:;upu",nén 60 tai ¥, € N sao cho: {M e <uy, <M+s .
Nz Ny

t6i, ton tai N, € N sao cho: .
: m-g<uy, <m+e

Pat E = {4,; N; < n £ Np}; ta s& chiing minh bang phin ching rang mbi khoang
I, (k€ {I,..., p}) déu giao vei E.

U=fkel.. B LrEzO
et {V={ke{1,...,£}}, I,AE2Q

GidstV =@ t6ntaik e {1,..p}saocho " E=QB. Vi uy, €1, vd uy € 1, . nen ta cé:
2sk<p-1. '

12 nhitng b6 phan b nhau cla (1..... pl.

"
«—

} 4 H—P

HNI HNI

N snsN .

Xét S =ineN:{ ! e . 513 moOt b6 phgn hia han khong rdng cla N (vi Ny € 5),
#, > m+ke

vay c6 mot phan tir 16n nhat, k¥ hitu Np, VIN, € S.tacé: N, SN+ 15 Ns.

Theo dinh nghia clia Ng: iy, 1 Sm+ke.
I
“«—
3 1 ] x >

tuy, mt(k—ile m+ke  my

285
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Nhumg sy, €1k 01 1S = @), v tivgn <m+lk-1)¢.

i “N.,>m+k€
Do dé: Lardé wy - < —g , mau thudn.
uNn+1<m+(k—1)s No+l THN Ay s

. r
o Choa e [n; M],16ntaik € {1....p}sacchod € I (v UI,( ':J[m;M]).réi thntain e N

k=1
sao cho: 1> N va u,, € I (ching minh trén day).
Vay tacé: lun—aisk.
) ) . n>N
Diéu ndy chimg 1o rang: V&> 0, YNeN,IneN, , vy g 1a mot tri dinh cha
]u,,—a]SZe
(uﬂ)n‘
Cusi cling: [ M]< VA () e )-
{4y —# }-u _ u
3) YneN vy —v,= 203 il P Aol S RN I .
17T T e b e )+t " " T L+t )r+ )
Tacﬁ:VneN,Oﬁs,,:——L———l"——s—l—-.
ntl+u, ntu, ntl
(Ta c6 thé &p dung 2)).
€331 Vix,) € (R—{—iﬂx(l{—%f-}], y=ax+b = x=b_dy‘
c < ex+d cy—a

#g #fo
by (),cpq AU XAC dink khi va chi Khi 1 tBn tai VA u, # fol . didu nay quy V& up # 1y

v&i moi n maf, xéc dinh.

2) Vn € N, ityyy(city + )= auy + b, @ 46 chuyén qua giti han khi n ti€n 10i +oo:
Hel +d}=al+b.

3) 0 Traloi: (uy),en Phan Ky, hode {tt)epy ¥DONE 2 dinh i mOt 36 hang nao d6.
Vide O daya=1,b= Le=-1.d=2viyA=(d-a) +4bc=-3<0.
Trong vi du nay (“H)nEN phan k¥.

4} a) Gidsitig= «. ta s& chimg minh bang quy nap rang: Vn eN,u,=a

+b .
NEu u, = @ thi sy _au,th _aa+b g g ring ta+d %0, Vi nfu Khong )
cu, +d ca+d

ca+d=0va aa+b_=0.tl‘.rdéad-bc=0.logi).

-1
by Upnl =ﬁiﬁ_fi=(au,,+b _aﬁ +b}[aun+b _aa+b}

pp - \Ctp+d cf+d [\ cuy+d ca+d

_ca+d (ad -bc) (s —B) _
T cp+d (ad—bc) (u,,—a) =W
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c) Theo b); ¥ne N, U, = MU,

A<l = w,——>f

o Tralsic { |A|>1 = u,——a
Ha

(u,}, phanky voicacgid triug vau, xen ke, néuuy = f8

A=-1 = .
(“")n_,;;,g—)ﬁ néu u; = f

(trudmg hop A = 1 bi loai),

Vidy, a=1,b=0c=1,d=24=1,a=-1, =0, = %.Vay un—-nT),B=0.

5) a) Ciing lap luan nhu & 4) a).

-1
b _ R a-d| _ 2c(cun+d) .
) Uner = line %) [cu,, +d  2c cla + du, +2bc—ad +d”

Vi A=0,1acé 2bc—ad +d’ =%(—(d—a)2—2ad+2'd2)= -cla+d) e, rds:

_ 2eu, + d) - 2, — )+ 2(ca +d) =g+
Upn = {as d)(u,, ~a) {a+ d)(u,, -} u+l,,

véichi ¥ I 2ca+d)=a+d.

¢) Vig#0taco lU,,l—m?%m
6 Traldi u,—a.
o

Vidy a=1,b=0,c=1,d=1,4=0,a=0; ﬂnTO-

- . 1
(V4 Jai ta thay dé dang réng: Yr e N, u, = - ).
H+
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Chi dan va tra 16i
cac bai tap chuong 4

411 Giasitontai (2. b) € R? sao cho ffa) =fih) : taco gta) = gib).
(fla) = f)ga) - g(x)N =0

(f(B) = fRB)-g(xN =0

V1 g(b) = g(a) , bang phép trit ta suy ra (f{a) - fib)) (g(a) ~g(x}) = 0,
tir d6 gix) = gfaj.

Didu nay chimg td ¢ 1 ham hing.

Réi, véimoi x e R : {

4,12 qaj Thay x bdi O, rbi bdi -1, d€ ¢6 mau thudn.
¢ Traldi: @
b) Gidsit f thich hop. Ap dung gi thi€t cho x vacho (1-x) ,suyra
(x2 -x+D)fixj = (x2 -x +112 i fix) = {ac2 -x +1).Kién'!‘ch13‘ngph.‘in dio.

X = xz—x+l

¢ Traleiz [ [R—)R ]
¢) Tac6 lién tigp:

o fO)=0

o« Vy € R,y = fo+y) = fi0) + fiy) = fiy) va fi¥*) —f1y)

o Vy € RO=~+)+¥)=10")+ /)

Cufii ciing fiy) =0

¢ Traldi: (0}

dj Phép d8ibign song anh: R - R? chifng tb ring diéu kién
(5. (xky, x-3)

clia dé bai twong dwong véi: V (X, 1) € R, A0 -f(7)=X -1

bidu kien nay quy vé dsnhxa R - R 12 4nh xa hing.
X b fx)y-x?

& Tra 1i: [R—»R :z‘LeR}

xxt+A

ej Chitng minh lién ti&p:

o fil)= % (bing cdchifyx=y=z=1)
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. 2 % G=z=1)

Anb xa thu duge hi€n nhién thich hop.

¢ Tra ldi: R—-)IR.

x
2

413 D) sag- Nt = f+Sup(g-£.0)=Sup(f +(g - /), f +0) = Sup(g, /)
2)Cho x €X

e Néu fix) Z 0: (" ~f () =fy-0=feyva (™ = f7) (x) = fix) + 0 = fx) = If{x).
o Néu flx) £ 0: (F*=f == (f)=f0) va ¢*—f) () =-fx) = fx).

3) Chox € X tacd fix) < glx), vAy Sup(f(x), D) £ Sup(g(x), 0).

4) sup(f*.f7) = % FHf +-fn= -;- =) =11

5) (f+2)" (x) = Sup(f(x} + g(x), 0) < Sup(fix), 0) + Sup(g(x), 0) = £ *(x} + g* (x).
4.1.4 Ta thu duge df dang cac k&t qua sau doi véi f g

f chin - f1é&
g chin feg chin fe 1&
g1 fe 1& fe chin

415 o Neu fchinvd g bitky thi g o f chin.
e Néu f1éva g chinthi f o g chin.

e« Néu f1éva g 1¢thi fo g lé

418 Kyhitu f: R, oR

X xls+xm

Mot mat, f tang nghiém ngat, mat khac ta thdy (2 ) =2" +2° = 544.
¢ Traldi: (21}

4.1.7 Cho(a, B € R® saocho a < b; gid st fla) <fib).

* Vifoftangnén (f of) (fla)) S (f <) (fid)).

® Vi fof gidm nghiém ngat nen {f of e f)(@} > (f of = NH(b).

Suy ra mau thuln.

bidu nay chimg t6 f gidm.

Vi f o f o f giam nghiém ngit, suy ra f gidm aghiém ngat.
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431 a) Choxae RVIQvaR-Q déu trd mat trong R, nén  lim f(x)=cosxg vi

XX,
. xeQ 0
lim f(x)=sinxg . Tudé suy rala fix) lienwe tai xo khi va chikhi sinx, = cosxg .
T3y
xeR-0Q

0 Tra I8i: f lien tuc tai moi diém w/4 + n = (n € Z) va gifn doan tai moi diém khéc.

b} ® Cho x5 € Q,; i R,— Q, trd mat trong R, nén 16 tai day (v,), € Nuong R,— Q.
YneHN, f(v,)=0
=0

» Mot mat : Ve € R, - @, flw) =0, mat khic, gih s (w,), 12 mot day trong Q, sao

sao cho vﬂ—nﬁxo.Vl{ ,tasuy ra f gidn doantai Xg.

cho u, —=-> Xo. V6imbi n € N, tdn tai (7, 7,) € Nx N* sao cho: = 22 va

n

UCLN (p,, g = 1 - Theo b2i tap 3.3.6, p, ——> 4oV, o TP,

HO

vay flu,)= — 0.
Y patdn ™
0 Tra I3i: flien tuc tai cic diém thuoce R, - @, , va gidn doan tai moi diém thude Q. .

432 a) Gia st f phd hop, ta chiing minh dé dang (bing quy nap theo n):

VeeR VneN, ﬂ(x}:f(%l]

Cho # ti€ntdi +=o v sirdung tinh lién tye ctia f i 0.
Phén do 13 hién nhién.

o Traidi: [f:R"’R; ’“R}.
A

bybit p:RoR vavéimoine N, ¢,=¢p° w0 @ (1 140).
¥ > —E— : '
1+xt

Chox € R, ; chig minh bing quy nap theo 7 :-Yn€ N, fix) = R@,(x))- Mét khdc
9,00 —=—> 0 (nhutrong 3.4.3, Vi dy). Do f lién tyc tai 0, suy ra ) = 0).

Ciing lap luan tuong n d6i v6i tradng hopx < 0.

Phin dio 12 hién nhién.
o Tra ok {f:lk—)]R; "'ER}
A

¢) » Trudc hét chiing minh f 13 ham chin.

1 1 1 L
« ChoxeR.itacs: fi)=-fx?)=flx4) == flx) = L = (-1 L") véi moi
n € N (bing cdch quy nap theo n).
A A
Vi x*" ———> 1va f lientc tai 1, 1a cb: fix"y—> K1)

20-GTT-T1
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Néuf{x) # 0, day ((-1)" £x)), ew Phan k¥, mau thuin. Vay flx) = 0.

* 0) = -f(0"), vay f(0) = 0.

Phin dio 12 hién nhien.

4 Tragi: {0}

4.3.3 Gidsit f phd hop

1) Chiing minh bing quy nap theo n: ¥n € N, Yx € R, flrx) = nfx).
2) Stdung nx + (-n) =0, suyrat 1) Vre Z , ¥x € R, finx) = nfix).

3} Choxe Q;tntai (p,g) € Z x N* saochox= P Theo2)tacs:
q

fip)=fpl)=pf 1)
f(p)=f(q§)=qf(f)

Suyra f(x)= £_.l‘tl) =xf(1).
q

4} Chox € R. Vi Q trd mit trong R nén t8n tai day (u,), < i trong Q sao cho:
U, — > X Vi f lién tuc tai x, suy ra flu, ) > fix).

Nhung theo 3) Vn € N, flue,) = w,f{1). Vay f(u, ) ——> xf(1).

Cufii cdng, ¥x € R, fix) = x 1.

Phén dio 14 hién nhién.
DA
0 Tra ldi: {R »R de R}
X Ax

4.34 Gis f phd hop.

Ly (x=1,y=0).suyra fl0)=0.

1Ay (x=1,y=1),suyra fi0)=a,vaya=0.

Tac6: ¥(x,y) € R, fix9) =) - ).

Lay x =0 ta thly £ 16 T d6: V(x, y) € R®, fix+2) = fix) - fiz) = i) + f@)
va ta trd lai bai tap 4.3.3

¢ Traldi: e & nfua ¥ 0.

. {l::;t.ﬂ.e R} nfua=10.

4.3.5 Phuong phép 1. Vi UCLN (p, g) = 1, ta c6 thé gid thiét, chéng han, p 12,
v fflign tuc nén f= y f¥ ciing lién tuc .

Phuong phap 2. (C6 gid tri, tng phét hon d6i véi £ va g nhan gid i phic)

cho x, € 1.

e Truimg hop 1. fixg) # 0.

Liic nay % (x,) # 0, tir d6 vi £7 lien tuc nén t6n tai @ > 0 sao cho
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Vel (x-x| <a= /=0 = =0
Theo dinh 1¥ Bezout, t8n tai (i, v} € Z* sao chopu+gv=1. Do d6 v&i moi xe T taco :
br-x| <@ = f) = ()" @,
V1 £? va £? déulien we tai Xy tasuy ra f kien tuc taj xg.
o Trugng hop 2. fixg) =0
T6ntai y >0 saocho Vxel, ([x~x0| < q=>1fp(x) —fp{xn)| <&

Tix dé Vxel,(lx—xol L= iﬂx}]"sgp::- |f(x]| = £} Vay fix) lién tyc tai xg

4.3.6 GidsiE= {0}, vachofe E - (0}. Theo gia thi€t, tacs ¥ x € 1, f{x} = 0.

Cho g € E; X8t h = flxg)g — g(xp)f. trong d6 x; € [ 13 mdt phén Ll ndo d6 cf dinh. Ta c6
he Evd hxg}=0.Tod6 h=0vag= %E-{c%f € R f. Tinh ch4t iién tuc khong ding d&n .
X0

437 a) Tralsi: f: RS R

Infux € Q
re {Onéux eR-Q

b)Traldi: & RoHR

0 néu xEQ-{l}
x = 12nfax=]
InfuxeR-Q

4.3.8. Anhxa f: R, >R lién tyc trén R, va c6 it nhat moét gid tri < 0
P e
(ft0) = —1) vA mdt gid tri = 0 (2) >0) . Ap dung dinh I cdc gid tri trung gian.
4.3.9. Cho A € R, ; 4p dyng dinh 1¥ cdc gid tri trung gian vio 4nh xa
or [0;1]—> R
x> ga(x)f(x)-Ae(x) _

4,3.10 Talap luin phin chimg; gid st f#g vA f=—g Khifytdntai(a, b) € P sao cho
Ra) # g(a) va fib) = —g(b).

Suy ra: fla) = ~g(a) = 0, fib) = g(b) # 0, mot trong hai tich f(a) f(b), g(a) g(b) 12 Am.

Cu6i cing 4p dung dinh 1¥ céic gi4 trj trung gian ddi véi fhay g trén [a; b] d& c6 mau thudn.
4311 VieR, [g-ni=fl=xh=flxD)= |fn], mrds (—0) = ¢p® > 0.

Theo bai tap 4.3.10,suyra: (Vx e R, fl-xy =fx) hay (Vx e R, fl-x) = - fix)) nghia 1a f
chin hojc 1é . Nhung fkhong thé 181 f> 0.

4.3.12 Ap dung dinh I§ céc gif tri trung gian vao g: [a', b] -+R li#n tuc trén [a; b]

: X f(x)—x

va thod min g(a) 2 0, g(b) £ 0.

4313 Cho (a.b) € 12, c¢O dinh sac cho a<b, vi(x, ¥} € I saocho x <y. Xét dnh xa
¢ [0; 11 —> R, dinh nghiabdi: ¥t e [0; 1], ¢ (1) = (1 = Ob +1v) — {(1-1) a + 1x), lien
tyc trén [0;1). Ta 6 @ (0) = f(b) - &), ¢ (1) =f(y) - fix).

Néu (f(y) — X)) (f(b) — fla)) < O thi theo dinh 1§ cdc gid tr trung gian , t6n tai T € [0; 1)
sao cho @ (T) = 0, tir dAy suy ra, do f 1a don 4nh : (1 — b - @) = — T(¥ — x), mau thudn.
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Chuong 4 Ham mat bién thuc I8y gid tri thue hosic phite

Vay f(y) - fix) cing dfu nghiém ngat nhu f(b) - f{a), cudi cing 1a f don digu nghiém
ngat.

4314 a) Gidsirtdntai f phit hop: £ «f gidm nghiém ngit, 12 don 4nh va do ds f cfing
14 don &nh. Theo bai tap 4.3.13, ta suy ra [ don digu nghi®ém ngat nhung f of lai ting
nghiém ngit. mau thulin, '

bj Apdungajvéi ¢ (x)=-x
¢ Tral&i: Khong.

4.3.15 Anhxa ¢: [a",b] — R lién tyc trén doan [a; b] va Vxe [a b], ¢ () > 1
X L )
2lx

Theo 4.3.4, Ménh dé, tdn tai g € 11; +eo[ saocho: Vx € (@ 8], 9 () > .
Taldy A=pu-1.
4318 Tontaide K va B e R, sao cho: {:;Z ][;i’i][’ ';(();)) 22 ;E((;)) .
Mat khac f li&n tyc tren doan [4; B] nén t6n tai x, € [A; B] sao cho:
Y x e [4:B], fix) = flxp)
Dacbist A<0<B tac6fi0)= fixg).
Cuticing ¥x e R, flx} 2 flxg).
4,3.17 Lap luan phin chimg: ta gii si¥ moi phén tir cha [0; 1] déu c6 diing 2 difm ngudn.

¥ Truomg hop rieng, ton tai (@, b, ¢, &) € [0; 13"
! \ a0 ch {a<b v flay=f(®)=0
cng: ! .
y=f(x) c<d va fle)=f(d)=1
Néua<b<c<d,tad@la=%(a+b).
o
k= —f(x).
| /o
k Tacé A>0vakcéit nhat3 diém ngudn
AN thudc Ja; @[, 1os BT, 1b; <l
0] a b ¢ d 1 X

Lap ludn twong by trong cac trudmg hop khéc.
4318 I) Giast g¢ R->R hiy ching minh fe g=g o f = Idg

x+Hl nfu xeQ
xH{x—l nfu xeR-Q

(chiy:xeQ e x+1eQ & x-1e€Q,suyra f lisong dnh).

2) Cho x, € R, Sif dung tinh trd mat cia Q va R -~ Q trong R dé ching minh
S o) mote S} /o).
xeQ xcR-Q

4319 Yy el-L1 xR g=fi) o ' +x-y=0).
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R 2
Tit x e ]-1; 1[ suyraringnn y=0 thi x= i—;ﬂ*
y

o Tralsiz yeR. flp= —2—.
1441447
4,3.20 ) f tang nghi®m ngat, lién tuc, Hm f =-= ., lim f = 40 .
b} Che xe R
s Néu floy=f - (x) thi [ oflx) =x; néux < flx) thi fxy < f o flx) = x, mau thuiin. Clng
tuong tu néu x> flx). Vay fix) = x :
ol
e Diolai: fix)=x= {x“f SN f(x)=f'1(x)-
Jx)=x
. ﬂx}:x@f:l < x=1.
¢ Tralgiz {11
4321 o D |fle) -] s e - sy
2) [Gf +2X0) -0 + )] < [ ) - S +e(#) - 80")
1 1 Ig(x")—g(x'j 1
3) |~ (x)——("N= £ —g(x) - g(x"
]g g * lgg ~ ¢? lg) - 56
4} Xem4.1.2.vd 1),2) buen.
b) Cho §>0.Téntgi >0 saocho V(¥ € ¥, (jyyf < 1= |g0)-80") S &
Sau d6 thn tai &> 0 saocho ¥ (X'.x") € XZ, (]x’—x'1~< a= ‘f(x')—f(x")| =M.

Keét qui la ta o6 : V(&' ¥y e X2, ([rx] s a= kge S )X2)-(go S Xa") S &)
4322 1) Gidsir £ phi hop. “

o Cho (2" € R? sa0 cho ¥ Sx”. Cho &> 0 vA > 0 tuong Ung trong gid thi€e. Ta
cHx'—x" S0 vy i) -flam L& diéu nay ching to rang: (Ve >0, fix'y - flx) = £).
Vay, fix’) £ f(x"). Ta da ching minh ring f tang.

e Cho s> 0va 7> O tuong g trang gia thiét. Tach voimoi (X', X7 € R
x-x"sn fxYy-f(x"ise \ "
X-x"lsn= = =|f(x)y- fx")s¢€.
p=xtsn {r"—X'Sn {f(x")—f(x')Ss -1
Diéu nay chimg t& f lien tyc déu.
2) Chitng minh mgnh dé dio .
o  Trd I8z Tap hop cic ham f: R — R téng va lién tue déu.
4323 Anhxa x> 3fx dien tac déu tren [~1; 13 (vi lién tuc trén mot doan, dinh 1§
Heine) va Lipsit trén 1—eo; =11V [1: +ml.

0 Tralgi: f: R-R.
xl—‘)3J;

4324 a) 1) ||f|(xl)—lf|(xz)]Slf(xo—f(rz)lék\x;-xz-l-
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2) [(f +&Xx) - (f + @¥wa)| = [(F () - SCx)) + (&0 - Ce)| S )= S ()
+leGa)-gx) < kixy -+ Bl — x| = R+ #)x - x5
3) [ = (N =4 () = £ < [Akbes =] -
g(n)~ g(xz}l
g g(x)|
5) fx) < Rlx - x|+ f(3) S K - x|+ (Sup(f.g)) (xy) va
g0xy) <klxm — x| +(Sup(/.8)) (%)
Tir d6: (Sup(f, g)(x)) S Alx — xo| + Sup(f, g)(x} .
Viy: (Sup(f, 8))(x)) - (Sup(f, £)(xz) <k|x - xy.
Sir dung vai trd d6i xung cla x, va x, dé k&t luan.

4 P(xl)—l(xz)
g g

k
= lel —le .

Chi ¥ ring khi sit dung cbng thic Sup(f, g) = —;-(f-i-g) +|f —gl duting nhir chi cho mot ket
luan y&€u hom : Sup(f, gj c6 tinh 2k—Lipschitz.
b) | (goSXn)-(go Y} S K/ (n)- fx)|  Kix - x].
4.3.25 Ky hitu K= Max(k, ). Cho (x,, x,) € [a; c]°
* Néu(x),xy) e (& b]2 , thi |h(x1) —h(xz)l = If(.q}—f(xg)i < k!xl - x2| LS lel —;r2| .
o Tuong ty v6i trudmg hop (x;, xy) € [b: €]°
o Ne&u ching han, (x[, x,) € [a; b] x [bi c] , tac6:
) =h(xs) < i)~ o) +[(B) - k() = |f (1) - £ (b) +|2(6) - g(x2)
<k -4+ Kb -z,
< qul.—m‘|8—‘le)= K(b—x + 1y —b) = K(xg—x1) = Klxz — x|
4326 Trildi:f: RoR

J; néuw x =1t
xix n&ulxlsl

—J—_x nfu x £ -1

Ty = flY)




Chi d@n va tra 10i
cdc bai tap chuong 5

5.1.1 f(a+h2)’,1_ fla+h) =hf(a+h:2)—f(a) _f(a+hz—f(a) @

0 TrAldi: —f'(a)

512 ViQvwaR-Q ddutrimatirong R, vavi(vxe R (x+1=3-x & x= 1m
nén trudc het ta thiy f khong lién tuc tai 1.
. fe)-1M) o L=/

x-1 x=1 x-1 1=l
xeQQ xeR-Q

»—1. VAy f khong kha vi tai x =1

51.3 Anbxa h:f —> R, xdcdinh bdi ¥x e 1. h(x) =f{x) ga) - fla) 8(x) kha vi tai &
via h{a)=0.

o  Traldli: f'(ajgla) - fia) g'(a).

4
5.1.4 a) 4p dung cong thic Leibniz vachi ¥ 13 nfuk =2 4th d—4(x3 +x2 D=0
dx

o TR (@ -CGrDE GOrt=5nyx— (n'—4n*+3n-1)e * .

' 5 -1
b) Phantichmanhcacph&ntﬁdmgiin:‘u’xe LA fid= A 5+ A + %
o . {x—1) x-1 x+1

Syt DL GCD"

(I_l)ﬂ+2 . B (x_l)ﬂ'i‘l + (x+1)ﬂ+l

¢ Traldl:

5.1.5 Theo cac dinh 1 v& dao ham clia mt tich va vé dao ham cda ham s6 hap, f,khdvi
v6 han ldn trén J-1; +ec [ .

Quy nap theo 2. Trudmg hop 7 = 1 12 hién nhién.

Néu cong thie ding v6i s6 nguyen n, thi theo cong thic Leibniz :

dn+l
AHRIOE " (2 £ = 2 £V (0 + Chia S0 ()

n

1 -k
=(n-1) — — 4 {n+1)n-1)
(" )xkzgl(nx)"*‘ tn+ bl )£(1+x)k

w —k k n+1
T

+
S 140k Q+k) a+xF
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bing cichphantich x=(x+1)- 1.

" noo1-k n+l -
f§+r"<x)=<n—1>l[2 Y ]

Je=1 1+ I) =2 (1 + x)t

n+l

== 1)1[1+x Z(l+x)* (1+x)“*+1]_ !2(1+x)*

Chu §: néu x = 0 ta c6 thé bign A6i 1i€p ket qua :

-1
(- DTZ 1 _ (D) Q+x)" =(n—1)!((1+x)" -1

Saexf 1=x 1-L X1+ x)"
5.1.6 Vi Arctan kha vi ren R, vd (Vx € R, (Arctan)’ x= L 5 Yvax = kha vi
1+x 1+x?

v6 han 1in trén R, nén ta két luan : Arctan kha vi v6 han EnuwenR,
s Quy nap theo n.

I} Véin=1
1
-t -l"'-“sin(nArdanl)=fvl sin(ArctanL}=?l fz_ =
(1+J.'2)§ . x 1+x? x 1+x2 1.‘_}1E
' ' 1 Arctan)’
“Tex? ( )x
2) &amobngthﬁ‘cdﬁmvdlmondnguyenn Khi dé ta c6:
da+l

dxn+l T tATCtan ) = _(L(Arctanx))

= (=1)"-1{(n— 1)![-5(1 + .tz)“;_'l 21sin(nAfctg -})

M 1
+Hi+x2) 2 mos(mmi-)—-i

1
1+§ |

_atl

=(—l)"n!(1+xz) 2[ A siﬁ[nArctanl]+ ! oos(nArctan—
1+x

n+l

= (-1l + xz)_Tsi.r((n +1)Amanl]
x

X

1 1 1
vi = cos{Arctan—) va = sin{Arctan-)
Jl +x? x 1+x2 X

5.7 a) Ta chimg minh bing quy nap theo n (# € N) tinh chét P, sau day :
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e { khiavi n ldntrén 1-1;1[
P 1
o t6n tai B, € RY] saochoVx € [-kIL/ P @ =0-2) )
7, 12 hidn nhign (P=1)

Gia st £, diing v6i mot n € N ot dinh. The thi f kh.’i vi (n+1) 1dn trén 1-1; 1] v
Vxel-1:1[,

SOV = (Y00 = A=) TP 0= (X -2 2B

—(n+y-1
== I - AP, )+ 2+ D]
K§ hitw: P,,, = (1-XWP", + 2n+1) X P,, , 13 mot da thic thuoe R[X] , tacé :

vxe 110, £ "= “rh-3 P,H,l(x} di6u thist 18p 7,
b @ Vrel-Lil, frw= - -
a-x2ywi-xt 1
B Dazo ham n 14n két qua & b), @), p dung cong thic Leibniz:

Yxe -1;1[.
a- xz)f(""'l}(x)+ﬂ(—2x)f(”)(X) +n(n—2_l}‘(-2)f("_l)(x}— xf(”)(x)—nf("'l)(x) =0 .

sau dé thay £V D bing cdc ham cha P,y , P, . Py theo @)
PPy = @n+1) X Py =n(1- XD P,y = (1- X)) P, theo b) ) va @) -
&) Theo b) B} v6i n—1 thay cho n: P_=(2n-1) X Py, ~(n-1)* (1-X ) P, ,=0.

Theo ) 11 Pay= Py ¥ (1= 1 Ppy =Py = — P,
n n

¢) Thay X bdi O trong két qui ciia b) B, tacé: P (M =—n* P (). V1 Pg=1vaP =X,

ta c6 : Pg{0) = 1, Py(0) = 0, va suy 1a gia trl P,(0) bing cdch phan biét hai trudng hop tuy
theo tinh chin, 1€ cha n.

0 Trawi: VpeN {Blp(°>= (1?22 (py?
P2p+l(0) =0
5.1.8. a) Phdn thuan da r0 rang.
Dao lai, gia sir thu hep clia f trén moi doan [a; b} clia 7 d8u khd vi trén [a; b].
Che x, € I; néu xo khong phii 1a mot mit c6 thé ¢6 cla I thi t6n tai (a; b) € 1¥saochoa <
Xg<bWi f | [ab] kha vi trén [a: b] nén f Khd tai x,. Ciing véi phuong phap nhu vay, xét
trudmg hop X, r6i viio miit cha I
b) Cling lam tuong t nhu a).
51.9. Vi f thuselopC Ptren Ronentacé: YneN, PP0=0"0) = FARIOY

K¢ hién P = Zakxk Q= Zbkxk (trong 46 : N € N, ag ..., Gy, by by € R
k=0 k=0

P%Y0)  o®0)
KK

Tacé: Yke (0,..¥], a= =b ,vlyF=0.
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§5.1.10

y=fylx)

fo thuoc 16p € tren R¥,
va gidn doan tai 0 wi f

N

khéng c6 pidi han tai 0.

AN

h

litgn tuc tren R (v

¥y=5x

X .s—'mll = ]xl —_— 0},
x x—0

thuoe 16p C° tren R*,
nhung khong kha vi tai O vi

}
¢
Vu

{x)

¥y .
¥ =f3
(4 X
<"“’“
x

1
A= 3):25'ml — xcos——3 0
x

LSO - fyion

khong c6 giGi han khi x
ti¥n ti 0

7 lién tuc trén R, kha vi trén R
i SHx)-f200) :
x

= fi (X]—;"_;.;"’O)‘
thuee 16p € P wen R*. Nhung £’
khéng lién tue tai 0, vi vdi moi

1 1
x & R* fz’(x) = 2Xx 8in——cos—

x x
khong c6 gidi han taj 0.

f; thuge 16p € © tren R*. W

va
x x=0
M=f2(x)70' £
X

thuoe 16p €’ trén R.
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5111. ba¢:R— R 12 4nh xa thugci6p C tren R (khdo sat viec
. 0 n&én 20
i, _
t" nfur<0
“ghép nGi” tai 0)-

Vi h=f + Qog, h ciing thute 16p C-.

14
5.1.42. 1) Giast nZ(fk)-_— @ batf = isz thi fe C"4.R) va f>0.
k=1 k=1

Lay u, = g3

f

2) Péo lai, gid sir tén tai ul.;..up € C"(J, R} sao cho iukfk =1
k=1

P
Neu tén tad x € ﬂZ(fk ), tach (Vhke{l.phfln)=0)va iuk(x) =0, Mau thudn.
k=1 k=1

P
vay [ Jefiu) =@
k=1

5.2.1. S dung va diéu chinh cho thich hop phép chiing minh cia dinh 1y Rolle (5.2.1)-

: Xgg < Xpz S <X
5.2.2. Theo gid thi®t tn tai xp 1 . Xog € I spOChO { 01 *702 0k

Vie flouk}flx:)=0
Ap dung dinh 1§ Rolle d6i véi ftréa cdc doan fxg 55 Xo 2] [Foe-13 Xo.4) ta dugc

Xyq < Xg €S X g .
XX p-1<1 saocho{ 11 =2 L1 Lap lai .

Vielk-1}f(xn)=0

Khong didm cla f

Khong diém cla [~

Vidy k=5,1=2

Khoéng diém clia f~

X1 x1.2 x13

5.2.3. Apdung dinhly Rolle d6iv6i ¢ [a: »—>R

- x VO (fib) —fia)) gix) —(8(b} - glaj) fix) .
trén {a; b].
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5.24
¥ YVxela b, f()TU’{a)>0
t6n tai & € 10, b — g saocho:
v ; , .
0 N\ e A x€]a a+a;ﬂx)>0
a+5 3 5| {y Dac biet fla+ 3‘)>0.
Tuong tu, t6n tai B € }0; b —af sao cho

ﬂb—%)qo.

Vi f lién tuc trén khodng [a +£;b —%] , nén dinh I§ cac gi4 tri trung gian ddm béo sy t8n
a

tai mot phén t ¢, € Ja; B sao cho fle,) =0.
Ap dung ti&p theo dinh I¥ Rolle d6i v6i f trén [a; ;] va [cy; b].

525 Xetg: [a5] >R va kg hieu m = g(b) = _f‘b;‘f(“)
- -a
N 7f(xi_:"{a) ndu x#a
() nfs x=a

Trudng hop thit nhat: f'@=f'(B=m

¥y
Y=L bunh iy Rollo 4p dung cho g trén [a; 5] ching
td ring ton tai ¢ € la; b{ sao cho g(c) = G,
nghia la sao cho :
fl)-fKa)y=f(€) (c-a)
0
] c b x

Trudng hop thit hai : f'(a) = f°(B) <m (trudng hop f (@) = f(b) > m cling twong i,
bing cdch thay f béi—f).
v Gik sit ¥x € la; bl. g(x) £ m. Chuyén qua
i gi6i han khi x ti€n 151 @ v€ ben phai, ta suy ra
J(a) = m. Mat Khac:
Yx € la; b, fix)} - f(B)
smx-a+fay-f(B=mix-5)
fo-fv

‘-
Chuyén qua gitsi han khi x ti€n t6i & & phia
trdi, tasuyra f{Hzm.
0 Tudé f'(a)=f"(b) = m , Mau thuia.

Vay: Vx e Ja; b,
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Diéu d6 chiing minh ring t6n tai 4 € 1a; b{ sao che g(d) >m .

Vi g lién tuc trén khodng [a; 4] vA g{a) < m < g(d), nén td8n tai ¢ € ]a; d[ sao cho .g(c) =m.
Cudi ciing 4p dung dinh 1§ Rolle cho g trén [e; ] .

§.26. e Néu g(a) = g(b) thi t6n tai d € ]a; b[ sao cho g'{d) = 0, mau thudn,

vay: g(b) - g(@) # 0
¢ Tac6 thé 4p dung dinh Iy Rolie cho: @ [0, 8] 2 R

x> (f(B)-f(aNg(x)-(g(brglanf(x)
Xem thém bai tap 5.2.3.

5.2.7 Cho g£>0cd dinh. Vi ﬂﬁﬂ—,; , t6n tai @> 0 sao cho:
giet) %
% a] .

L@ _

Viel-{xg), [it—xg[Sa::a g

Cho x € I — (xp} sao cho |x—x0| < & . Theo bai tap 5.2.6 t8n tai C, & I — (xy] sao cho:
lr.'x - x0| < |x - xgl
RORVICYSEACHE
gx)—glxp) gllex)

e -se0 ) _Lreo
Tach: <
e -20x0) | |2

Diéu d6 chimg t ring : 5 > 0,3a > 0,Vx € I - {xo} [‘P%l sa=

[3- (%) _ ,| S;gJ

g(x)-g(x)
nghia i: J(x) - f(x0) o1
g(x)-glxg) * %
Ap dung :
sinx _ siny —sin0 o )
. Pu—— 0 »5in'(0) = cos(0) = 1
x> T-cosx i - 1
. Véi f ; ‘ f"(x)=£x*__)l ta suy ra 1 c;sx 1
EixPx gxy 2x o2 Py
x x
1 - cosr 2sin25 13“‘5
Ta ciing c6 thé chil § ring 2 = = x
2
fix x-sinx . f(xy l-cosx 1 x —sinx 1
Vi . =——— 3 — fasuyra »
’ fn{ gixisx v g'(x} 3x2 6 d P —0 6

" Thue ra, sir dung cée khai trién hitu han (xem t4p 2,8,3) thi téng qudt hon va higu qua hon.
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528 Cho s>0c6dinh.\f1f‘H—+m>I .tfntai A € ]0; +o [ saocho:

Yreloi+o[,(t = A :Lf’(:)—lisfz—)

Cho x € 1A;+ oo[; éip dung dinh 1§ s6 gia hitu han vao f trén [A; x} . ta suy ra su tn tai clia
C, € 1A; x[ saocho M = f1C)-

Ta tim céch gén vigc khao sit f( *) véi wec khdo s4t PACLSAC)] voi bt ki x € JA+wo[,

X X -

f(x) _ S-S, _i]gﬁl

X x-A X

,Viviy, tasuyra:

+%f(x) ra4 Ll (Ai [[Ifl )A+| f(A)l]

x—-A xl

£ _ ,‘ < f@-1A)
| x x-A

Vi %[(M +§)A +|f(A)i)H—+m>0 . nén t6n tai B € JA; +[ sao cho:
Yxel0; +x[, [x>B:> [(l;l ')A+lf(/1)|)<—]

TUdéVxE]O;+uo[,[123:5}&_;55]‘ Vay : L(_x_) 501
x

5.2.9, Cho A 12 mot s6 thuc xédc dinh bdi:
JO0- f-hr =2 R+ 4L )+ 00)- oA
va @ [-h: k] > R 12 4nh xa x4c dinh bdi :
Yx € [h; h], 0(x) = fx) - f-x) - %U'(- x)+4f;(0)+f'{x))+%x5 .

* ¢ thudc 16p C* wen [-h; K] v2 @(0) = ¢(h) = 0. Theo dinh 1§ Rolle 16n tai C; € 10; A
sao cho ¢’(C() =0 vi:

Vie[-hh), pin)= %U'(x)— 2f @+ =0)-Sl -f"(—x))+~1%x4 ‘

s ¢ thudc 16p Cltrén [k Al , va @'(0) = @’(C,) = 0. Theo dinh I Rolle tn tai C,€]0; C,(
sao cho ¢(Cy) =0 va:

vxe ki A @@= S (x)-f"(-x))—%‘f(a’(x) +fO ) 2.

o ¢ thudc lop C? wen [-h; k] , vA @'(0) = ¢"(Cy) = 0. Theo dinh 1§ Rolle, t6n tai
€ ]0; C,[ saocho ¢PN(C) =0 va:

Vie hiAL o= - ‘;‘(f““(x) - fO e %xﬁ :

FOCy -~ fH-Cy)
20,

* Dinh 1¥ s§ gia hftu han, ip dung cho j“” trén [-C,; C,] chimg t& rdng t6n tai
C € 1-Cy, G4l saocho A= f¥c).

Nhueviy: A=
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1 L 1 1 s ) N 1 1
-1 T 1 1 > T T 3 >

c R

5.2.10. Ky hitu a, ..., a, la cdc diém (tdy trudng hop) clia Ja; Al trén 46 f khéng kha vi,
dugc sip theo thif ur: @ < a; <a, <..<a, < h.
Theo dinh 1y s& gia hitu han, 4p dung 1én céc khodng lién ti€p
la; a,), [a;; @3), -, [a,; P, 160 tai
c € la; ay[ saocho fay) ~fla)=f'{c;)ay—a)
3 € layiayl saocho flay )— fla) = {2 Xaz —ay)

Cps1 € b pibl sao cho f(B) - fla,)= f'(cp b - ay)

. a—a dy —a h-a
K¥ hitw: o, = bl—a , “2=%_‘a—1"-----“n+1= b—::

Vie{ L..n+l}g e R,

n+l
f16) ~fa) = (fB) ~fia,) + .. + (Tay) ~fia)) = [Za,-f '(c;)](b -a)
=]

5211. Cho{a, b I ?saocho, ching hz_m, a< b vaf'(@ <f (b vaike If'(ay fB)]

K¢ hitgu 7= i%_-& , U (nrong ving, V) 14 khodng déng ¢6 matla: T vi f'(a) (twong '
—-a

dng: T vaf (b))

Vig: iabl - R litn e trén [a; b) va @la) =(a)
_"___f(x)—f(a) néu x#ag
X X
fla) néfu x=a

@ (b} =t , nén dinh |y cdc gid tri trung gian ching td ring U C @ ([a; b))
Cing vay, VC Ha; b)) vai ¥:[a;b]l & R
flx)-F(h)
i x—b
f(h) néu x=h
Chd ¢ ring |f '(a) £ (/) € Uw V (phan biét 3 trudng hop 1y theo vi tri cia 7 d6i véi

néu x=h

(@) vaf (b)), ta thdy ring, ching han, tén ai ¢ & |a; bl sao cho & =ple) ;ﬂ%{_@

305
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Cu6fi cing, dinh 1§ 6 gia hitu han dp dung vio f trén [4; c] cho thay sy t6n tai cha
dela;ic[ € la bl cIsaocho k=f"(d).

5.2.12. Theo dinh I§ Darboux (bai tap 5.2.11), 16n tai (¢, §) € R* sao cho :

log Bl (a b Ja BL

Giasit o+ —w.

Tacéngay: Vx e Ja; b, f'(x) 2 ¢

Cho ¢ € Ja; b[ va x € )& ¢[ . Theo dinh 1 s6 gia hitw han, t6n tai u € Ja; b[ sao cho:
)~ fle) = (x =€) f (), tir d6: fix) < fie) —(c -x] a

Nhung diéu nay mau thudn v6i fix) —

Nhu vy ta di chimg minh, & = —w , cdng cach 14p ludn ta c6 =4

Cudicong F'(ladbly=R,

5.2.13. Ap dung dinh 1y s6 gia hitu han cho f rén [a; b], [b: cl, [c; d). ta thiy tén tai
f(by- fla)=(b-a)f'(a)

(o, f.7 )€ la: b % Ib: ¢ x Jo; dl sao cho § f(c)— f(b)= {(c— BB
fd)-fley=d—e)xf'(y;

] -b b—
Vay fie) —fla) = (c —a) k ¥Eik= 2 P+ f (@)
c—a c—=a
w =0 (0; 1] va b'“_:l—c'b . k thuoe doan d6ng, k¢ hitu 1a U, v6i cdc miit 13
c—a c—4a c—a

fla} va f’( B Theo dinh Iy Darboux (bai tap 5.2.11) Ucf([a; b]).
Vay t6n tai u € ] a; B sao cho k = f () nghia & : fic) - fla) = {c - a) f '(u). Lap luan
tuong ty chi ra ring t6n tai v € [B; 8] sao cho fid) - fib) = (d - B) f(v).

Nhrvaytacbu < v
N&u # = v thi fa chimg minh duge k=v= F va:
fley-fla) _ floy-fb) _ fid)-f(b) —(B=f@=
c-a c—b d-b
Vay ta c6 thé thay (s v) bdi (@, T)théamin a < ¥

f(xij{y)1 < s(|x‘y|)?x—"0 .nén f khd vi tai 0 va
frw=0.

§32 Vif"z0 nen f’ tang Gidsktdntai c € R, saocho f'(£}>0.

V6 moi  x € ] ¢; +00f, theo dinh 1§ sO gia hifu han, t6n tai u € ] c; x { sao cho
J(x)y- fe)=(x-ec)f'(1).

Khids: ¥xelei+o[ . fix} 2 IO+ (®R—-c)f(c) = +»

Xy

531 Choxe Rcfidiph. V1

mau thulin v6i gia thi€t [ bichan,
vay: vxeR,, f(x)s0,vadodé f gidm.

533 Quy nap theo n.
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¢ Vé6in =1, phuong trinh cin xét tuong duong v6i Ao + A4, x™"™ =0 ¢6 nhiéu nhat mot
1

nghiém —&Q;:;; néu —-{'9—
e ([ AJ )

“e (i sir tinh ch4t ddng v6i s6 nguyen n thudc N*, va cho ( SBo...fn1) € R**? sa0 cho
Bo << Brat VA (Hgooofipyy) 580 CHO Ly #0

- n+l
K¢ hitu: £: R - R 1 dnh xa xdc dinh b3i: Vxe R, fi)= Y pxf P
k=0
n+l

snhxa f thuoc16p C % tren R', va: Yre R} S(x)= Zﬂk(ﬂk ﬁg}xﬁ* Aot

k=1
Ta c6 thé ap dung gid thist quy nap; phuong trinh f'(x) =0 ma 4n 56 )a x € R’, c6 nhiéy
nh4t »n nghiém, k¢ higu x..., xy ( N < n v2 x;<..< xy ). Theo dinh 1§ Rolle, phuong trinh
F(x)=0, v&i 4n s6 x € R, , chi ¢6 thé c6 nhiéu nhét mét nghiém trén mdi khoang 10; x;].
(%15 X5l 4 ooy ] Xy 3 +0]. Nhuth€ / c6 nhéunhft N +1 khong di€dm, do d6 nhiéu nhat &
n+i khOng diém.

§3.4 Liy ham d6i v6i x hoac / va v6i di v&i y, va suy ra cdc diu kien cdn thi€t. Cubi

cing chitng minh ménh dé ddo bing cich kiém ching lai rang cdc ham thu duge déu thod
min didu kitn ban ddu.

a) N€u f phi hep, thi (14y dao ham d&i voi x) : V(x y) e R? Ly = f () vay
khong déi.
So sdnh véi bai tap 4.3.3

R-o R,
o Tralol : { - AeR}
x> Ax

b) Gia sl f phd hop. Bing cdch dao ham d6i v6i x hodc y:

S+ D=L+ N (x)
S+ FONS =+ 1)
suy ta: Y(xy}e Rz,f'(x+f(y))(f'(x)._['(y}-»1) =0

e Né&u tén tai ypsaocho f ‘(y) =0.thi ¥x € R, f'(x+ f(yoh) =0
Do R—> R 1amotsong4nh néntasuyra f r=0,va f khong d6i.
x>+ x+fQ¥o

o Néukhong, tacé Vye R, f'(y) #0.txdé Yry) e R, f'0f'G)=1.

w:ﬁeRa{

pacbietlaVre R, f'(x) = fltﬂ) va [ codang x > Ax+ 4

o Tealol : {R—)R; ceR}U{R—rR; ,ueR}

X—=c x> x+u
c) Gia st f phid hop:

21-GTT-T1
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2
R* (va thudc ci 1op ¢ tren R%).
¢ Dao ham d6i v6i x va y:
frx+yy+{x+p)f"(x+y)=f{x)
Y(x, R *f, .
(e Ry {f"(x+y)+(x+y)f‘"(x+y)=f'(y)
Tuds Y(x.y)e (R*P,/(x)=F'(»).Vay f* khong déi wren R* .

® Vifkhavihaiidntren Rnén f' lign tuc tai 0, va do d6 f' khong dbi mén R vay f
chdangx > Ax+u

¢ Tralvi: (0}

e Tace: VieRY, /(6 = %{ f[i] + f[iD 22 f[%] , didu chimg t5 f khi vi 4 1n trén

d) Trute hét ch ¥: Y(xp)e 1-1: 112 252 e 115 1¢
1+xy

+ Pao ham 461 v6i xva y, 161 két hop d¢€ suy ra:
V(xyye - 14 -2 '@ =A-) f 'O
bac biet: ¥x € 1-1; 1, f'(x)‘—'&

1~ 22
Viy tdn tai A € R sao cho Vxe -1, 1[, fn= I%hm:-'-—x vi f c6 dang:
-x
xl—-)aln1+x+A |
1-x

# Khio sit menh dé dio.

- 1-L[—»R; aeR
¢ Tralwi: 14x
- x k3 aln

1-x

¢) Tuong tunhu & d) ta suy ra sy tn tai cia (g, A)&R1 sao cho :
VxeR, f(x)=aArctanr+ A.
Sirdyng gid thi€t véix=y=0 tac6 A=0.

Sir dyng gid thi€t voi y=x € ]1; +00[, tac6 Vxe 11;+[, Qf(szf( 2x )

Cho x tifnt16i 40, tasuyraaxr=0
¢ Traloi: {0}

535 Tacithd:

o Kh#o st sy bi€n thién cia mot ham s&, “bing cich chuyén At ca sang phia irdi cha bt
ding thic mong mudn”.

» Doi khi 4p dung dinh 1§ s6 gia hita han.
a) Khido sat subign thiencla f: R, > R

x = xm'l —(n+l)x +n



Lnidanvaira iy J0¥

x 0 i +an,
|
f'x) - IO +
n +o0)
ro | N |
0

b) Ap dung dinh 1¥ s& gia hita han vio t > Ingl+f) trén [0; x] ( n€uvx >0) hay [x; 0]
(néu x < 0), trudmg hop x =014 tAm thutmg,. Tén tai ¢ & gifta O va x sao cho

Infi+x) = "
c

X < X

+x 1+c

Néu D<x thi ; <x.

Néun x > 0 tacd cing k&t quid nhar trén.

1_x_1 1 <lc>4—x<ex—1—x<l@ (d-)x(e" -1 <8(e*-1-x)
2 8 x -1 2 8  xeF-1 2 2e* -1-x) < x(e* -1)

» Chof:10:4+9C[ &> R
b B —1-x)«4 -xjx (' -1

o £ = (x2 - 25+ 4)e* —2x -4
f thuoe 16p C~ trén J0;+0 [, Vxe 10 4, )= +2)e¥ -2
M) = (5P +2x+2)e”

va frO)=0,f10)=0, f(0)=0

Tir d6 ¢6 bing bi€n thién cla f
x 0 +o0
1@ - +
f ”(,t) /
B 0 +
@ /
0 o+
0 //J’
0 +
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Takétludnf 20
Khiosdt tuong e ddivdig: j0; +o[ - R
) x b 2e” —l~x)—x(e¥ - 1)
d)bat ¢t = Zox vaigidsttx e j0, LA xcésx:(i—:)sm;n[f—:)i]{'—t .
2 2 2 2 4
sin ¢

Chéng minh: ¥te 10; i;-[ , 0« <1 (xétsybi€nthiénclat > sinz -t
z T A

Matkhdc vre J0; —[, | —-t s(—] =—
2 2

Cudi ciing, bt ding thic 12 hién nhién néu ¢ € {0,%}

e) Vi sy thay ddi bi€n s§ 8 = Arcsin xtaco:

[Vxe[o:l[,tanxs ol J@(VGG[O;E[.ta.n(sinG)stanﬁ')
vi-x?
Luu ¢ réng (VBe[O;ll,OSsinG £6<%) va tan tang trong khodng [0;-”-
f) Bing cach dat 7 = E , ta quy vé chimg minh rang: V{E]‘O’ [.rcotdnr—rlan r<r.

Cho f:]0; %[ — R, dinh nghia bbi fit) = tcotan t — 1 tan’t —J

2

1 3sin’t
Tacé Vie 10, ={, f(t)=(cotant—tan’) - t +=22 2 <0
4 : Lsin“t cos™t

Vay f gidm nghiem ngat.
N T ¢ 3 tan {
Matkhdc, véimeite ] O —[ : fif)= ———1tan" -1 »0 i »1.
4. tant

Takét lugn : f < 0.

1 1 1 1
3 Th i — vao két. i 535b): —<nf1+—[=—,
5.3.8 a)Thay x bdi P qud bai tap } Tk n[ k] :

tr do : kln(l+%)£l va 15(k+1)ln(1+-}z—].

n 7 ] k+l " 1
b}.zlﬂ(’;:l'k} Z'n(k +k) {[H}k—] ] Zln(k2+k)lnﬁ—*-

k=1
" H
= S (In(k +1)+ Ink)(Infk +1) - Ink) = D" ((ngk +1))? - (InkY) = (In(z + )Y
k=1 k=1
e Lap lusn trong ty d6i véi bt dang thic con lai.

2
5.3.7 a) Khdo st su bién thién cha x — Incosx +% dd suy ra :
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2
Vxe ]—izi[.lncosxs~-x—-
P 2

2
Pé khio s4t su bi€n thién cha £ dinh nghia b3 x — lncosx +% +3x% . ta chuyén vé khio
s4t suf bi&n thign clia g : x — 6x —tan x trén [0; %] chéng han.

C6 th c6 cach pidi khac bing céch khai trién hitu han: x hcos x dén bic 6.
b) Theoa): Yne N, a, S -Inn, S f,, rong d6

n Ll n 2
oS HI’L b~ z[_k_f%]

k=12" k=1\ 2n n
" 3
Tach: a, =_1__n(_nt1_)___’4 va lﬂﬂ —an|=—3—2k2 sgf————m
an 2 ] n4 - ;14 hew
k=1

. n J;: _1
0 3 * 1 —= 4
Tra loi: lim Hcos - e

Lol 25

53.8 a) Do céic vai trd d6i ximg clia x V3 y, 18 ¢6 thé quy vé trudmg hop ¥ > x (bat dang
thiic 12 kién nhien khi x = y). Datt=2 & 11 +ao , tach: '
X

(" 4y <" 4y @ A+M <min 1+ f(H<0

trong 6 f: J1: +00f —> R dinh nghia bdi: (N = rln(l ™ -min+t™

m=1_ n-1
snhxaf khaviva Vee Ji+00[, f'®)= mn (¢t t7 oo
a+t™Qa+t™

Tasuyra f tang nghiém ngat trén 11;+ 901

Cudi cing : f{1) = nln(l+-};)ﬂmln(1+%) _HT_)O
t t

Piéu nay chimg tb: Vie 11, +0[, fi)<0.
b) Ap dung dinh 1y s§ gia hita han vio Arcsin trén [x; ¥)
¢) Dat z = Arcsin y bat dAng thic cdn chimg minh dugc quy vé:

Yre 10; -g-[ . Yze 10: %[ . (sin 2){x-z) € COSZ—CO8X.

s NEu x < z, theo dinh 1§ s& gia hifu han, tén tai u € x, z[ saocho :
cosz—cosx=(z-x)(—sinu)

sind < sinz )
W0<x{u~:z<i;— nentacé{ 0" tix d6 cos z -~ cos x 2 (z —x)(-sin 2)
Z—x>

e Lip luan tuong g néu x > Z.
e Trudng hop x = 2 12 tAm thudng.
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d)-Xétf:]O;%[—)R . fkhdvitren ]0; %{vﬁ:

tan x
X

X+

x(l+ tan® xXy—tanx . g(x)

x? x*

vre 10 21 fr=
trong 46 g : 10; %[—» R dugc dinh nghia bdi g(x) = x{1+x2) — tanx
anh xa g khé vi trén ]0; %[ va Vxejo %[.g’(x)=3x2—tan2x.
Vi ham s6 tan 18i trén ]0; % [ (tan” =2 taﬁ(l + tan?) = 0, xem 5.4) nén ta cé:
vre 10; B[, tanxs< 2x
4 i3

Tasuyrax+3 —tanx >ix—tanx20.lﬂ'ddg‘>0, g tang nghiém ngat
7 ;

tan y
tan x

Tadé fix) <f(y) . nghiala L<
X

'

Hon nfia, vi (Vx e 10; Z [, tanx > x) s taco 1 <fix) < £(3) <t vay 2
4 2 flxy =

nghia la 202 4 ¥
tan x T x

539. x*+36 <13 & 4<% <9 & 2<|xs3

Kyhiew: f:R >R

3 75
A -x +—x
4

do f 18 nén ta chi cAn khio s4t 81 bi€n thién cha f trén (2; 3] .
o Traldi: 142

" ¥x e]~1-1+a)] f(xz f(O+1
.12 .
5.3.10. T6n tai (&, B ] O; 1]° sao cho: { Veelopll  f(x)2 fO)+1

. Sau d6 f lién tuc trén doan [-1 + a;1- 1, f bi chan va dat duge cdc bién trén va dudi. N6i
ritng téntai c € [~1+ail- f ] saocho f(c) = Inf fix)
x e[-l+al-£#1]
ViOe [-l+a5l- 8] tacs f(c) s f(0)
Diéu nay chimg t6 rng : ¥xe]-LI[: fic) < fixp
Vay f c6 mot cyc tidu dia phuong tai c.
Vi f khavitai ¢ v ¢ € 1-1: 1] ta kétluan f'(c) =0.
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a fla) 1
541 |6 f(&y 20 aLf(b)-—f(c))—b(f(a)—f{c))+c(f(a)—f{b))20
¢ filcy 1
c—bf(aJ+b—a

c—a c—4a

« fibys Fe).

¢ -

vabﬁtdfmgtlu’rccudiduqcsuyramlinhldicﬁaf (1# b e[&l],b_a =1-24)
c—a c-a
542 Cho(a;b)e lz.sao choa<bh, Ael0le=da+(1-4) . Tacé:

A ay+ (1 - Db - (fe)e) = A (a)g(a) +{1 -~ A f(bg(b) — fle).ge)

2 Af(@ga) +(1-A)f (g - (A @+ (- f ) Aga@) + (- )g®))

= A1 - A)(f (@) - f(b)gla) - g(bnzo
5.4.3 Cho (x, ¥) € [&s %]2 sao chox < y; tn tai A € [0;1] sao cho y = Ax+(1-AN1-x)
(ix £yS1-%).
Tach: 1-y= AQ-x)+(1-A)x
Vi f 161 { FOSH@+A-DfA-%)

f(l—J’)Sﬂf(l-I)'f(l-l)f(X)
nentrds @) € Ap(x)+(1- ()= ¢x)
5.4.4  Ching minh ring ¢: (&) — R 12 ham 18m tix d5:
x 1> foop 22

o3 )2 @+o)

545 Vi f16itren],f b gi6i han phii tai 2, hiu han hodc +00; vay t6n tai @ € R}
sao cho f bi chin dudi trén (a; @ +c] hay la;a+a] (@ chi mat tedi cha I)

Ciing vy, i6n tai ﬁeRl sap cho f bi chin dudi trtn [b— B b] ha}-? [b— B : bl {b chi mut '
phai chia ). Cusi cing f lién tuc trén doan [a+ a,b- f1,vay y bichdn dudi (A bi chan).

§.4.6 Theo gia thi€t, tontaic € [ sac cho Sup fix) = fic)
xel!

Vxe IN}-wel FAC R A
Tacé ¢
Vx & I+l FIORFAC Y

+
x—-<

{it 6 chuyén qua giGi han khi x tign i ¢

hay ¢*: f'(€) 2 0 vaf (e < 0 (cdc gi6i han d6 ton 13i Vi £ 18i).
Vi f 16i (xem 5.4.2, Meénh dé) nén:
vevye (N)-m;eDatiseD, fw-719 ("::i ©¢r @<, (c)gf_(")_:ilc)-,

v

fd6 11(e)=f/(€) & ¥ (,¥) € (- seDxteisooD. {’;((22 ’;g
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didu nay chimg minh: Vx &/ Jxz fled
Vi f datcan trén ding tai ¢, tasuyra £ khéng ddi.

f()’) f(x) f(b} f(x).:_f ()
47 Véi !
5.47 Véimoi () € la:bY sao chox <yt ed § 7 f(x) f(a) f(x):»f (@)

y-x a-x

a3t k = Max (] FARCIR f',(bj{) tasuy ra f o6 tinh k-lipschitz tren {a; ).

548 Vi fkniviva [8i nén £ wang, do 46 véi mei diém x cdal 16n tai gi6i han hitu
han trai va phai tai xp.
Theo dinh 19 “gidi han clia dao ham” (5.2.2 He qua), ta suy ra

lef = f{x)= f'lxp)= f (In) fi{xg)= L‘mff

vi cudiciing f thuéc l&pC trén [

549 Anhxa g khavihailintrén R va:
1 x _x
g'(x)=—'=2f(e_x)—e 2 e )
vxeR, 1 2 X
g'(¥) = e feFyve 2 M) 20

5.4.10 Anh xa g, khd vi hai l4n én 10; + wof v

“x“flf(x'“)—ax‘ EFACa

g'x=
vxe 10;+997,

=T o 452 (1) 20

54.11 1) Gid sit Inof 16i. Khi d6 véimoi 2 € R ,4nhxa g: IR
x> ax + In(fx)}
12 16i . Ta s& ching minh expo & 141

Tach: (V(nY)E £. viel0; 1], BalAx+(-2)y) < 2:800 5 (1 _,1)33::(."}
= (Vs f) e (RS2 VA (0], A B S Aa+ (1-A)P)

i bat ding thitc cudi nay la hé qué ciia tinh I6ictadnhxa —In (xem 5.4.3,2)

2) Dao lai, gid st véimoi a € R, f,16i. Tacé:

YaeR.V(xy) e 2. YAeOl], fAx+A- M= 268000 £y + (1= DI IF ().

Piat a= M (trutmg hop x =Y thiy ngay) ta suy ra:
x=3

Flax+ G-y s FOEW (FONT* vy tnof 16i.
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5412 a) f hailin khiviten |1; +90] va Vxe Ji;+of F70)= d+lnx 5o

(xlnx)2 -

b) f("‘;y ]S—lz-(f(x)+f(y))
5413 a) f haildnkhdvitren ]0; + 00 vA Vxe 10; +90[ f o= —1-20
x

a -
a+h

b) Ap dung dinh nghia tinh 16 clia f vio céc diém I % véi A=
a

a x by a X b ¥
— = s —— — =
f[a+ba+a+bb) a+bf(a]+a+bf(b)




Chi dé@n va tra 1oi
cac bai tap chuong 6

6.2.1 [;f(l-f)=j;f-j;f2=0, FA~£)y20.F0 —f) lién we trén [0; 1]. Theo

6.2.5, He qui 4, ta suy ra f(l — f) =0, nghia 1a: ¥x € [0; 1], fix} € {0; 1}. V1 flién tyc trén
khoang [0; 1], nén dinh I¥ cdc gia tri trung gian ching t6 rang f= 0 hay f= 1.

6.2.2 Dit f= Z,ﬁ flintyc,f 2 0,f =0, vy [ f>0. ufyu—IL.
izl

6.2.3 ajAnhxae: [m;M]—)R thuge lap c' wen {m; M] va:
res L2
M ot

2
t° —mM
Yie [m M), ¢'()= -
Mt

Tir 46 suy ra bing bién thién clia ¢

4 ” mM M
o - o +
|
1422 1+
M M
o) N e
5 |1
M
PRICIN m 5 .
14—, tirdé b tich hin, ta thu-
Vay ta ¢6: Vxe [a; b], 2,/— M M f(x) v, dng tich pl

duge k&€t qui mong mudn.
b) 1 Ap dung bat ding thirc Cauchy-Schwarz:

[fff](f:%}[lf(«ff-#)]z -,
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1
2 L
2) Chu ¥ rang [I:}']z—.‘}mM“:%)z 2z(l,talsl.l:.zl"a\:
- 1 1
2dmM (b Y2f b 1Y2 1 b5 . b1 m
T[jaf] [}‘GFJ syjaf+mj‘a75[l+g)(b—a) (xem a)),

1 1
T d6: [j:sz[j': %JZ < ;J;_g(b—a).

6.2.4 Talsp luan phan chimg: gid sif ton tai x, € 10; 1[ sao cho f{xy) # O, ching han
flx)>0.

- 0;1
Vi f lien tuc tai x, nén t6n tai 7> 0 sao cho : (%0 — %0 + 7] <10:1(
Vol (X — mxp + 1l f{x)zif(xo)

K¢ hieu e: [0; 1] — R 12 &nh xa bac thang x4c dinh hoi:

0 nfu Ofx<xg-1n
efxy = 11 nfu xg-RExSxg+7
¢ néu p+np<xsl

Khi 46 ta c6 : I;fez(2q)[%f(xo)] > 0.

¥y - Nhung mit khéc, tén tai g, b : [0; 1] >R
““““““““““ ——— 14 4nh xa béc thang, ting sac cho e =g — A,
N Ching han, ta c6 thd chon :

Oné 0Sx<xy~7
gixes
1n&n xp-n<xs1

A Onén 0sx<x+9
X
I nfu xp+np<xsl

O|x-M xp X+ N 1 *

. . 1 1 1 B
Theo gia thiét: jofg_fofh_o,audo jofe-(],mau thudin.
Didu d6 chimg 16 ring (¥x € 10; 1[, fixgl = 0), 16i f= 0¥ [ litn tyc trén [0; 1]
. . T T i
8.2.5. Véik € {0.....4}, dat], = IO f(x)coskrdx va Jy= ]0 f(x)cos® xdx

Vay I, = j:f(x)(Zcoszx—l)dx =2, - Iy

clingtuong tr I3 =4J, - 3, , L,=8J,- 80 +Jy
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Suyra: Jo=1,J,=-3, J3=3, Jh=—4, J=

I:f(x)(l +c082x — cos4x)dx =Jg+dy-dy=0

va (Vxe[0;7], i+c052x—cos4x=1+c052xsin2x21>0)

Apdung 6.2.5,Hé qui 4,

6.2.6. J‘ > Pox _ Xox it
x (lnr} (n(x>)?  9nx)? e

0 Tralsl: +o
6.2.7 Toén tai mot phan hoach (ap,....a,) cba [o; #] sao cho véi médi i e {0,.., n-1}. Thu
hep cia f trén ) a;; a;,4[ <6 thic trién lign tyc 1a f, trén [ a; a1

Theo hé thitc Chasles : O_J' f= Z J‘“:“

Do(Vie{0,.,n-1}, amfz(]).tasuyra: vie{0,.,n-1} aMf:O
i i
nghiala viefo,., -1}, [ £, =
al

Ta o6 thé 4p dung 6.2.5, He qué 4 cho f; va thu duge: Vie {0,.,n-1}, f; = 0. Didu nay
chiing t& f bing khoéng, c6 thé trix ra tai cdc diém ;.

6.2.8
1)
¥4
f Véimgi ke (l,.. n-1} dudng cong bifu dién f tren
[ k+1] & phfa duwéi day cung. Do dé:
k+1 |
X 531 ®+ £+ D)
0 kK k+l x

n=1l
Tir d6: -I-lnfz.{;j: fsz (f(k)+f(k+l))——f(l)+f(2)+ A flr-1)+— f{n)

319
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2)
le
f ,
V6i moi k € {1, ..., n—1} duong cong biéu dién f tren
[k: k+1] & phia tén céc nira ti€p tuyén tai k va k+1.
Tix 46 c6:

O k k+l *
fooz fy+x—-k)f'k)

Yke {1,...,n - 1},Vx € [k‘.k +1], {f(x) > [ +1) +(x ~E-Df R +1)

Suy rating voi mei k € (1, .., n-1}:

k+l
k+1 2 k+l kel k4l
[r=[r+ 7] tuwea-nrones | D Gok-Df s
k % k+l k kg
2

2 k+1
[(L_Eziji FiE+1)

1

L 2 k+5
Cinl)) } FE S IE+D+
k+i

1
=3/ ‘”*{*2—
k
=-1*'f(k)+-1—f'(k)+—!-f(k+1)—lf'(k+1) (xem 6.4)
2 8 2 8

Cong lai, ta suy ra bift ding thitc mong muén.

8.2.90 1) Apdunghiitap6.28vio f:[L +o[ >R
SR (_]

3

12 ham 18i v thudc 16p C', ta c6:
[T/ <Lrmes@s.t s s

SuyTa:
n k ] 2 1 1 Rl x
-l > ~ZfDy+—Ffm)= bt =
Z;(’J J.lf+2f()+2f(n) jl[n] 2a" 2 n
n [1 1 ]1 1. n 1 _ 3n+l
—_——|—t—_——t—=
2 n+l 2 2n+1)

=——+
n+l 2 n+l nn

2) Chimg minh ting: ¥x€[0;]1-x £¢™™ , bing cdch khio sét sy bi€n thien cha

e ¥ 1+x.



Chi dén va trd 18

NN .
T ds: YneN-{0,1},vie{,..n -1},[1 - l) <e, 16i cOng lai v6i moi

neN-{0,1}: i[%]ﬂ zl[l__] SZ‘-’__'-— 1 e

0 .o
k=1 i=0 l—e e-1

z x

© 6.2.10 Talap luin phén ching, giad sif I(}Z S(x)cosxdx = IOZ Sf(x)smxdr =0 .
E . £ x

The thi : 103 Fi{x)sin{e - x)dx =sinm[02 f(x)cosxdx—cosc[oi fix)sinxde =0

Nhimg Vxe [ ;] fix) Sm(c—x) 20 ('Xét cdc t.nn'fmg hopx<e,x2¢)

Cudi cling x > f{x)8in (c— x) lién tuc trén l:();g—] . Ta suy ra (6.2.5, He qua 4) ring:

Vxe [0; %] . f(x)sinfe-x) =0

Viy Vxe [0;%]—- [c} fix)y=0, mau thudn.

In 128 k 2 5 I 2
8211 a)kg{,khn’:;,g,(g);ﬂ = +1dx_[5m(¥2+1)]0

o Tra i %las

H
1 &L el el [k]s 1"(.&]"
B) ke(n 2 +k 49)=— ol I Sl — | a%dx
n“*’lkgl "kz:l n "kz—l n I IO
1 1 1
x;"'l J‘¢:¢+l
= +
L o +1
[H]
& Trawi: 1
n 2n
. 1 T
c) K¢ higu u, = stm? VA eV, = kEY
=H =i
Aoz len 7 1 #
sy, = Zn+f=_ T e jﬂl dr = J'r[ll'lﬂ+.¥)}, =7in2.

321
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n
. Yne N"lu” —vnl < z Sin[%]— ; fn .
- n

=0

3
- Chimg minh ring: Vxe R+,x-% <sinx < x (ching han bing céch khio sat sy bi€n thign

3
. o . X
cha x k> sinx—x vacha x |—>smx—x+?)

3
Viytacs: VxER+,|sinx—x|S%,tin6:

vn——b;rln2
Ta di ching minh rang :, , tr day suy ra két luan.
Hy —Vpy——— pvs —0
¢ Tra l&i; zln2.
i 2
dj V&ine N* datuy = Z n+k ; tach: VrneN*
3 k3
=11 +

f

_.
=
% |
Fle

n (kf
.Xétv.,:Z n_— v6in e N* Khid6:
.k=11+i%)3

2
it
—_ I
+ +
3 | 1

1 1
dx= 145 -
L °1+x [3In(+ )] 3
1
| 1
] l“n"'"n|= Z n < }0.
"'Jc—11+(ﬁ)3 "
0 Tra 13i: %mz
2n-1 1 1 n—1 1

e ko - VA v =
e) V6ine N* ky hitn u, = 22k+1 2 +2ntl o Z;‘)21+2n

n-1 n-1 [
v, = Z ! _1——1- —1+—>1 —=—[lnl+x)})—-—ln2
2+2n 2nf=1+L me o 201+
=0 I=0"" n 0

n-1
1 ]
—v.|= < —0
© el El(znznxznznn) man+1) o

6 Tra 18i: %lnz.
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- 2

, , 1 <h -
* = — "‘
f Vé&ine N* k¢ hiu i, = g 2 (k" +ak+b)" va vy = Z‘H, 2

n b1 2a+l i
1
. v, = lE £ _—)I xzadx'z ud = i
neon mo 40 2a+1 o 2a+1

. Vne N*v, 2,

s Choce N*c8dinh,tact:

2c2
VkEN*,{k2+ak+b$(k+c)2 & ke +ct zak+b <={ ;2‘;)
<

K hieu: C = E[Max[%,ﬁ)]ﬂ 1ac6:

Vke N* (k+c)f 2k +ak +b

T dé: Yne N*,u, S0’ v6i

1 n 2 ) e (4 2a
@y =~y 2K +O) =;;ZH
I=c+l]

n

e

n )
g Ky bitu: u,.=n’[]‘[k"] " tach: lnu,,-Zlnn-—Zklnk
k=1 “ k=1

1 nec [
Cubsi chng. @y vy = :Z [ ] ,Z[
=p+]

o Tralui:

::sl--

2a+1

Anhxa f: [li+o[ >R tang, véy Vke N-{pl}

3 xnx

[ resmsf s

cong lai ©
n
¥ne N-{,1} ]’ :xlnxdx < Y klnk < j':“xmxdx
k=2

Phép tinh nguyén ham (xem 6.4.4) cho ta:

2 x?
lenxdx = —]nx»—— .
2 4

" .
Suyra: YneN%v, < Zklnk £ w, mi
k=2
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2 2 2 2
v, =—n—lnn—£—+l=——lnn—~—+o(n2)
: 2 P
+12 2 2 2
@, =(—n-—)ln(n+l)—£ﬂ)—-21n2+l=£J—2—rﬂ(Mn+o(1))-”——+a(n2)

2 4 T2 2
ﬁ‘lnn——+o(n2)
2

2
Ta suy ra: Zk]nk-—lnn——+0(n ) 1di
=l 2 4
2 2
= A e 2y =
Inu, = 2lnn (2 Inn 3 +0(n ))-]+0(1}Tl

nt

GTralei: e
' pA

k) Ching minh rang : Vxe R0 <e*-1-x% %—ex'

no 1
Ky higu u,= [Ze"‘*]—n vl ne N* tacd:
' k=1
-
" 1 L i 1 n 1 1
. vn e Niu, — = gﬂ*'k -1- < en-o-k
" £"+k kz=1[ "+k} g%wkﬁ
- B
<n ! 2e”+‘v———)0
An+k) oo
Mat khéc:
21 1 1 1 dx !
Y= T 0-—=[ln(1+x)] =In2
o +k ”kal“'; 1+x o
O Tratdl: In2. -
1 k+1
6.2.12. Véin e N, kyh.wu,,=..z [(] ( ] —Z ,4(] [)
k*U

ekt YA
SR

(xem bai tap 1.2.30)
15 k+1 k
A5 5)-oL2)
k=0
Vi g lign tuc trén doan [0; 1] nén g lién tyc déu.
Cho &> O t6n tai i > 0 sao cho:




Chidinvatraloi 325

Yix',x" el 1]2,( |x'— x"| in= |g(x‘)—g{x")l £ 82)

ChoN:E(l].Tacé,vé‘imoi n thude N
H

nzN= [Vk [ {0,.‘,n —l},

o2 b
ST

" k=0
Pién ndy chimg minh : u, —vy, —mT)O

o [T

€.4.1. Truwée hét chid ¥ ring % duge xdc dinh trén 10 +oo. [vi Vxe ]0;+0[G(x) >0

FG- fG'

Anhxgﬁm\dm]mm[.va .
G G/ @&

Ta cd, voi moi x thude 10, +m[

fx), f@)
(F'G - FG'Y0) =fo) [ gtorde - 8(")I fode= f g“) & )[g() £0)

néu i 12 ham ting ( <0 néu —[- gidm) .
g £

6.4.2
AnhxaG: B — R xéc dinh bdi X —w0 0 +00

2
Gw[ﬁf} buge lop C'ieen B G'(2) \

va G’ = 2g. Tit d6 1a cd bang bien thién
cla G. ViGix) > 0 va G{0) =0 nén ta

X
suy ra G =0, r6i (Vxe]R,I fF=0)vh
0

cudicing f=0.
Gx)
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6.4.3

o=@ | 1
vxela; b a;, =Vxela bl 2f(x) =
f(x)=f(h>—j f

X

x 1 b
< | flay+ fBy |+ L1f’l+ [ Iri=lr@ sl jalf'l-

o

Fl@y+ fih+ j - jbf\

6.4.4 Anhxa g:[0; +of — R thude lop C‘ tén | Oy 44t

X b e'*“ﬁf

vh Vxe |0 +oof ,g’(x)=e—”[f(x>—kj;f]so

viy g giim, vi g(0), tasuyrag <0
Matkhécgzﬂv‘lfzo.

X
Vay g =0,suyra(Vvxe 10; +=f, jof=0),cu6‘1cﬁngf=0.

2x
6.4.5 Giisirf phi hop; vi f lién tuc va (Vxe R, f(x) = )+ j' ) ta suy ra f thudc
X

16p ¢! tren R , réi bing mot phép quy nap don gidn, chimg 19 ring f thuge 1gp Ceo trén R .
Dao ham d6i véi x: vix, ek, f'x)= 2A2x+y) _flx+2y), 61 noi riéng khi dao ham deéi

véiy: Wy e R? fre+y)=Flx+ 23 ihay xbd 2ych YyeR Fr A=, Pbiéu
nay chi ra ring f Khong 481, Vay fcé dang :

R—-R (A,,‘ur)eR2

¥ o dx+p

. Bao llai‘ cho (A, u) € R% va f: R—> R lahamlién tuc. Ta c6 v&i moi (x3y) ¢ 70

X o Ax+p
2y+y
2x+y 11 31
_[ f=[L+uf] =222 -y + plx = 3
x+2y 2 42y 2
fxy=f(»=A4x-y
Vay:
2 2x+y 3 34
Vi eREF- )= | 1 || vane R e eu-d (x-y=0
x+2y
3
& 'i_=0 S A=pu=0
pu—A=0

o Tra I&1: {0).
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6.4.6 KyhieuAd:[0; +o[ —> R ladnh xaxdc dinh bdi: Vxe [0+ [, A(x)= J' fe
0

Tachd: ¥xe [ +wo], MS {x)
: C+ A(x)
fix)glx) _ _A'(x)

Nhung: ¥xe [0;+00],
C+A(x) C+A(x)

TordovdimeoiXe [0+

X ¥ flx)g(x) X _
Io glx)de 2 o mdx = [ln(C+ A(x))]o =n{C + AX)-InC

N X
Ta suy ra, véi moi Xthude [0 +o [ AXISC+AX) < elnC+[D €

6.4.7  a)Déibign: y= %—x

o s
sm(z+x] CDS{Z—XJ
b) Vxe{(},ﬂ,lﬂanx: =2

T X
cos Z COSX co

N $ _ s 1 {7z 3.
tir dé ; -[0 In(1 + tan x)dx = JU [21112+ln(00:{4 xD ln(cosx)de

=Zn2+ jzln cos(f—x) dx — Izln{cosx)dx=£1n2 theo a)
8 0 4 ¢ 8

0 Tralai: %mz.

6.4.8 Bingcich ddibitn:y=a-x:

a 1 __0__1 =a i J=alazaf(y)d
.[01+f(x)dx_ Ll-ﬁ-f(a—y}dy .[o1+f(a-y)“” Io ¥ Iol_+f(y}y

1+

Fo»

LS| S ¢ fix) e .

i d6 - LI & dx do= | dx=a

Twds: 2 ) T Iol+f(x) i P Jo “
oTralsl .
2

6.4.9 Bing céch i bign: y= —
7

[ et
1Jr12+x3 _;ZJRZ(H}’B) n}é _1; 1+

"

b




il Sl 1L Ry M TRAT Pt

I:‘;]J:y IJ:), .Edy:l

"o dn 3
Tix dé: VnEN*,OSI —_—— s
1 \In2+x3 H%

6.4.40 aJAnhxaF: [0; i >R thugclop C' trén [051] va:

x > j:f
Yxe[OLFi{x)=f(x)>0
Nhu vay F ting nghiém ngat va lien tuc trén (0;1], do dé 12 mot song anh tir [0; 1] va [0; A]
1
i higu A =
v6i k¢ hieu J'O f
Chone N *va (X, ..., %) € [0; 1™, v6i moi & thude {0, ..., n-1}", tacO:

Teel

1 1
f =lj' f e Flag,)-Flg)=—A
nJ0 n

¥o =0
He phuong trinh {Vk € 0,...n— 1}y - ¥ = 1 aldns61a g ... v,) € R, c6 mot
n
yp=4A

nghiem duy ohdt: Vk € 0. ihyy = 2,
H

Tix 46 t6n tai va duy nht (x,, ..., x,) trong { 0; 1 1™ sao cho

Veep.n-1) [f _L f

%o =0y =1
Tacs: Vke{0,..n}, x5 =F" (%J
Hon nifa , ta cé x, < % < ... <X, viF ' tang nghiem ngat trén (0; A].
b) -Zf(m— —Z(f oF ‘)[ J—»—j’ for!
Nho phép dBi bien 1= F7(x) :
A 1 1
HICRECOUE = roroa <[ oyt

1 2
L(f“‘” dx

¢ Traldi: n
[ feox



Chi dan va tra 19

6.4.11. @ Traldi:P=X-a)(f-X)+1
i i
b) Vi [Vk € N,I uxk SO = 0] “Ta suy ra, do tuyén tinh, ¥4 € R[X] IOA(x) Flxde =0,

) Lap luin bang phin chimg: Gid st f = 0. Tén tai C € [0; 1] sao cho f(c) = 0. Tac6 thé
gi thigt 12 fle) > 0 ( néu khong thi thay foin —f). !

Vi f lién tyc tai C, nén ton tai (a,ﬂ) € [0; 11° sao cho :

afcs p a<fi
vxelap] fz2r0

Vi f lién e tén [0; 1], nén f bi chan; ky hieu M = I£jle . ta <6, v6i mei # ciia N:

ljﬁ{P(x))"f(x)da{ < M [ (P

Chiing minh rang 16n tai A > 0 sao cho ¥x & [0 a Pz

n+l

Tuds: ¥ne N, ] :(P(x))”dx < IIJ :(p(x))ﬂ P'(x)dx = j1{_[(:%:) +1 ]"
0

1
An+1)

1 n+l
(1.(1 aff) )S;L(r3+l)'

wy [P @E——0.

Tuong ty: I:B(P(x))" FRdr——0

Cu6i clng: jﬁ (P()" f(x)dx 2 ]' B o 2 Lig-a)se
o 4 2

1 .
Ta suy ra: IO(P(x))” F(x)dx KhOng ti€n 161 0 khi ' tién 161 +0, Méu thulln.

6.4.12 Ky hitu v, (tuong ¥mg;: v,) 1a md rgng trong 16p C* chav] [a; f (tUOmg ing :
v|,.s) 18n [a: €] ( twong ung: e B] ). Thi :

I :u'v = I :“'v+ I :u'v =I :u'vl +I :u'vz = [uvlﬁ -j :“"3"’[“"23 - I :W'2

= (u(b}vz(b)—utam(a))—U :“"'l“'].f“"".z)+“(¢)(Vl(f)”"2{0))-

Taco:
o vi(@)=v(a), vy(by = WD),

4
. JC w' = I uw vi v’y vaw triing nhau trén [4; [
a a
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b b
* I “"'z=_[ uw cling vay
14 c

s )= li?}v . valedy = li?v

f
6.4.13 Bing cich 1y tich phan timg phén: ]’f ¢ Intat =e"mx~j: f’-;d.t

!

x ot
L e Intdt
Réi :

1 x
-1 = I L ars
eXlnx Slnxl ¢t o

8.4.14. Bing cach déi bién u = £ 18i tich phan timg phdn, 1a c6, v6i mei x >0 :

2
o p Xl =5 (xH) g el e+l x+1)°
5 sj sin(tz)dr=x (x+1) sing X I: cosu] _lj( ) cost .
x

2 32 T 2 [V |2 22 %

5[ —cos u (x+D) 1 2
> [ J; ] = ——(cos{x“) - 1305((1'*‘1) )"‘—’0

»2 2x5 x+ x—rdoo

7€ £ (e+1)? cosu
2 3
4 x )

(r+1)? du _ 1 . 0
i 2 (x4l X

¢ Traidi: 0

6.4.15 Ap dung cong thic Taylor v8i s6 du dang tich phan vao ¢ > &' trén [0; x] hoac
[x; 0] dén cfp m, taduge:

*_ % o+ ex (x-1)f
-4 =kz=:0-k'!—+l.o T !

n+1x
o NEox20 thi:0 S jx (- ‘) [ (="t = +T).

e Néux €0 thi:
n n _an+l _ it X
[F =D cr+j°(r—x) dars 1[0 1o nyra e CF 0™
! nlix

6 n! x n! (n+1) (n+1)

6.4.16 Diéu kien duge xét din dén: Y € (0, .., S}, aa™+b"+c") = ]’;'ws” 949

s Vi n =0, he thic trén tuong duong v6i a=%
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. Thaynb&il.Z.S‘Tacéza+b+c-'0.a2+b2+cz=%.a3+b3+c3=0 suy ra abe= 0.

V3 V3

Tact a =_T b=0,c= - (nfu khong thi chon hodn vj thich hop ciia a, b, ¢)

®  Thirlai la he thic vin ding véin=4van=35.

8.4.17 Def(f)=R*
Do dfi bién u=—1+

2y p 2 2
VxeR* f(-x)= —f*'{'“—i'—d‘ = ‘_‘- ¥ 2 - du = - f(x)
=% t“+sin“t ¥ u+sin‘uy
Vay f 12 ham 1&.
e  Theo6.4.1, H& qui 2, f thudc 16p C’ trén R’ vi:
2 2 2,42 R 20 2
. 8x x x2(4x2 +8sin? x - sin%2x
vxe Ry, fi(®)= _xX )

4x2 +sin?2x %% +sinZx (4x2 +5in? 2::)(x2 + sinzx)
X 0 +oo
Tabi€tring V r € R, |sinz |<|¢|
S ) +

TXd6: Vx e Ry .4%-sin"2x 20.

Viy: VIER_:_,f’(x)>0 f(x) ) /
Khéo s4t tai 0. . .

* Vxe RS, |f(x)|sjix dt = x. VAy f(x) ——=—>0. Ta b6 xung cho f lién tyc

tai O bang cich “dat” f0) =0
x2(432 +83in2 x- sin2 2x) .1

(4x2 +sin? 2xKx® +sinlx) *P0+ 2

e VreR.[W=

i . 1
Vay f kha vi phai tai 0. va 7,(0) = %;vif Etasuyra f kb vitaiOvaf (0) = 3
Khio sat tai +0. ¥y . B
Vxe& Ry flx)-x=

J'zx f —1|ar
% | 2 4sin?t

2

1
(Cy

f

Zx  sin
_! 52 & o £
X * +sn”y

Vay: Vx € R:_ Sk x

2x  sin?: d}qlhﬁ——l—- ' o
2: t 2x X—r+

VxER;--lf(x}"‘{=Ix (2 +sin x
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Diéu do6 chi ra ring duding cong (C,) biéu dién f nhan dutmg phan gidc thit nhat B, lam tiém
can, va (C;) & phia duéi B, (véix>0).

6.4.18  a)Ky hieuA,=X"(1-%" - (-1)"4" , chi § ring A,(i) = A,(-i) = 0
(_l)ﬂ—l ‘i x4ﬂ(1 1§ x)4ﬂ £ (_1)”’4H

b)¥ne N, a, = dx
g 41 Jo 1+Jc2
4n

(1)_1 j‘ ks ,]x 4J'

4" 1+x2 0 1+x2
Vi 01+x2_[Ammn]° ,vachi¥ring (Vx e [0;1],0 £ x(1-x) < )1ac0

1 (x(1-x))" LN & Y mae

VneN, |7-a,|= _1_[ F—dr _1{— I T TS T

4" 1> 41 4) Joqy,2 45174 7 gom

6.4.19 a)Anhxa A: [0;a] = R xéc dinh bai:

yy Vx € [0; a], A(x) = j'f J'f() —xf(x)

f(@!

thuéc 16p ¢! trén [0; a] va: Vx € [0; a],
f® o A’(x) = foof ' (fO)f  ()-(fl)+x 7 (x)) = 0

R
) ! > fta Viay A khong déi, hon nita A(0) = 0.
b
0 X d %
b)
v Choxe[0;a];énhxa B,:[0; fla) ]> R
£ )I xéc dinh boi :
x b,
3 k Vye(0:f@], BO)= [ S+ [f1-xy
Jy -y 0 0
0! thude 16p C1 trén [ 0; f(a) ] va :
g Vye [0 @], B)' )= () —x.
o Jof Tir dé ta cé bang bién thién cta B,
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Y 0 fix) Ra)
By - 0 +
B, ~a el

Vay: Vy € [0; fld)]; Bi(y) 2 B{fix)) = 0. (xem a).
6.4.20 Yy e [0; fl@)], g = (YT ON) 270, 1 86

x x X ¥ -1
j0f+jogzjof+‘|-0f 2.
6.4.21 Theo bai tap 6.4.19 a) ¥x € [0; +o], ]' ({ =) £l = xf(x)- f Ox £ . Pidu kien duge
xét din dén; Vx € [0; +oof , (X)) =(a+ 1) J:f, réi d&n: Vx € [0; +oof , f’ (x) = af(x).

Sirdung :10; +of &> R , ching minh ring diéu kién teén twong duong vdi:
x > x 2 f(x)

IC e R, ¥x € )0; +of, fix)=Cx"

0 Tralii| [0+ >R CeRy
xl—)Cxa
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caa L5 <24
R, 4
pln (4), pba (A), Max (4), Min (4), 3

Max (a1, .... @) Maxa;, 5
@ n isisn @

Min (a1, - an) Ming;, 3

1<ign
Supg (A), Infg (A), Sup (4). Inf (4), 6

R, R_R . R, RC,6
[at;b],[a;!:'[,]a;b],la;bL7
]ﬂwm],]—w;a[.[a'.+w[.]a'.+w[,7
Joo; + oof, 7 ]

- o0
Ir.7
x| 8

d, d{x, y), 9

1

Ya,a", Ja ,16
E(x), Eat(), ix}, [ %]+ 19
ﬁ. —oo, +a0, 22
+, ., C, 26

*
i, € ,26
7,27

Ré(z), Im(2), 28
Arg(2). 32

&, U, 37
Wi, 41
Uy j 42

Uy ()n € N 49

limu,, Lm 4, u, 1, uy
o n—rH Fros]

50

- 1,
R

limy, =+%, U, ~>+, 51
na . e
limu, =—%, 4 >=%, 51
e ne

H,, 65
e, 69
D, 69

(Ues(m)IneN » 7

P, 18
liminf 1, , limsupu,, 88
L nw

VA((un)n EN)’ 89

Kx»f+ g fe. AL 93

l. —f-,94,95
g &

|fl, RES, Im £, 95

< g Sup (f, g), Inf (£, 8), 96

f<eff.97

Py.Ix. f.98

E(a, b), 102

Sup f(x), Inf f(x), Supf, Ioff., 105
xeX X X

xeX

BX; R, . 107

lim f(x), lim f, fxy > 1, -1,
X=1 a Xl a
109

lim f(x), f(x) —)_I. fa™), 110

X-rq

O K, 121

} , P, By, 130

£(@), (D)@ %(a), 139
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Fpl@, f;(a), 140

, df

L] D [ Y
Dy, m 147
@, 151

_dﬂf n} dﬂf t opm

s P, == f" ", 15

dx” @ f{ dr" 't

. ¢ 1K), 154
d.f, dx, df, 157
7, 174

A(ay, .., ap), Glay, ..., ay), 179
S, ps5), F =<, v, A, 183,

b b

je. Ie(x)dx , 185
a [}

CM, 188

b g

L
a
b

-

a

f, If(x)dx. 192, 205

q

f véia=2b), 200

1 J.f(x)dx.[gi(x)]ﬁ ,211
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A

Archimede (tinh chét -)

Archimde (thé -)

Acgumen

Afin (ddy — truy héi c4p 1 hé s6 khong ddi)
Anh (- clia mot s6 phiic)

Ao (phén -)

Ao (thudn )

Béng (- bién thién)

Bao déng (- cha mot khodng)
Bac thang (b8 dé vé -)

Bjc thang (4nh xa -)

Bét dong (diém -)

Bat déing thc (- 165)

Bic cdu (quan hé -)

Bé (phén tir — nhit)

Bi chan (4nh xa -)

Bi chin trén (4nh xa =)

Bi chan (b6 phén -)

Bi chan trén (b0 phén -)

Bi chén (day )

Bi chan trén (ddy -)

Bién thién (tj s6 -)

Bién thién (— cha f tira dén b)
Biét thie (~ clia tam thic thuc)
Biet thic (- chia tam thie phic)
" Bolzano — Weierstrass (dinh 1§ -)
Bude

19

19
32

74
33
28
28

166

87
101

81
179

105
104

51
30
139
211
16
39

73
183
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| Can (- bac n cla mot s6 thuc = 0)

Can (- bac n cia mot s6 phirc)

Can deing (can du6i ding)

Cin diing (can trén ding)

Can rén ding (tien dé - trong R)
Cauchy - Schwarz (bit ding thitc -)
Césaro (trung binh —)

Chan (ham -)

Chan trén (- clia mot bo phan cia R)
Chin trén (- ciia mot diy thyc)
Chasles (hé thic —)

Chinh tic (dang — cia mot tam thic)
Chinh tic (dang -)

Chuyén qua (- gidi han)

Chuky

Co (4nh xa -)

Cong sai (— cia c4p s6 cong)

Cong boi (— clia c4p s6 nhéan)

Co 58 (— cla logarit Népe)

Cong — Nhan (trung binh -)

Cong (trung binh )

Cong (day -)

Cuc (— cha mot phép nghich dio)
Cyc dai (- dia phuong)

Cyc dai (- dia phuong ngat)

Cuc tiéu (- dia phuong)

Cuc tiéu (- dia phuong ngat)

D, P

Diay con

D4u (him -)
Dimg (day -)
Duéi (gidi han -)

16
38

14
10, 197
&7
98

50
200
16, 39
26
52
99
135
60
60
69
68
23
60
47
169
169
169
169

71
209
50
88



Pa thiic (4nh xa -)

Pao ham

Pao him (- légarit)

Dao ham (- cdp cao)

Darboux (dinh 1§ -)

Pic trung (phuong trinh -)

Pdy (diém bat dong -)

Pém duoc (tap hop -)

Péu (anh xa lién tuc -)

Dyadic

Piéu hoa (diy —)

Déng (khodng —)

D6i (phén 1 -)

P6i xing (3nh xa -)

P6i ximg (bg phan cia R — déi vai 0)
Béng phoi |

Pon diéu (4nh xa —-)

Don digu (4nh xa — nghiem ngat)
Pon diéu (ddy )

Pon digu (ddy — nghiém ngat)

EFG

Bpi — d6 thi

Fibonacei (d3y —)

Gi4 tri (- tuyét d6i cla mot s thirc)
Gi4 tri (- tuyét ddi cba mot ham)
Gié tri (- dinh clia mot day)

Gid trj (- trung binh)

Gidn doan (ham -)

Gian doan (- loai 1)

Gi4n doan (- loai 2)

Gidm (day —)

Gidm (ham -)

23-GTT-T1

102
139
151
151
163
76
83
23
133
20
19, 65

10
93
132
103
103
65
65

172
18,78

95
89
195
120
121
121
65
103

339



Gidm (diy — nghiém ngat) 65

Giam (ham — nghiém ngat) 103
Giao hodn (luat hop thanh trong -) 4
Gidi han(— ctia him s6) ' 108, 109
Gi6i han (- cha day s6) 50
Giéi han (— bén phai) 110
Gi6i han (- bén tréi) 110
Gi6i han (- hitu han) 108
Gi6i han (dinh 1§ — ca dao ham) 160
Gée (diém -) - 141
Gronwall (b6 dé -) 212
H
Ham mii (- bién s6 thuin &o) 37
Heine (dinh ly -) 134
Hinh binh hanh (hing dang thitc -) 30
Hinh chif nhét (phuong phap —) 220
Hinh thang (phuong phép -) 221
Hlawka (hing ding thic —) 32
Hoi tu (day s6 ) 49
Holder (bdt ding thic -) | 180
Hat (diém bt dong -) | 83
Hitu ty (4nh xa -) 103
LJ,K
Jensen (bdt ding thitc ) 174
Kep (dinh 1y ) 52,112
Kép (nghi¢m -) 39
Ké nhau (diy -) | 68
Ké& nhau (b0 phan ca R -) 71
Két hop 4
Khodng cdch (— giita hai s6 thuc) 9
Khoang cdch (- thudng ding trén R) 9
Khoing cach 9



Lan can (tai — cla)

L& (ham -)

Lebesgue (b8 dé -)
Leibniz (cong thic —)
L'Hospital (quy téc -)
Lién hop (phic )
Lién tyc

Lién tuc (— timg khic)
Lipschitz (dnh xa -}
Lipschitz (4nh xa k -)
L6m (ham -)

L4i (ham -)

L&i (b0 phan -)

Léng (dinh 1y v& cdc doan — nhau)
Lén (phén tir — nhat)
Lép (- %
Lop-C)

Lép (- C" timg khiic)
Lugng gidc (dang -)

Mat phing (- phifc)
Minkowski (bat ding thic -)
Moivre (cong thide —)

Mon dun (- cua s& phiic)
M6 dun (— cia mot phan hoach)
M¢ (khoang -)

M@ rong (dudng thing s6 )
Nguyeén (mién -)

Nguyén ham

Nhan (trung binh -}

Nhan (ddy -)

Nita déng (khoang —)

107

98
215
152
163

27
120

122
135
135
172
172
172

70

154
154

155
32

33
180
37
29
183

22
94
210

23,179

60

341



342

Nirta m& (khoang -)

Phén d6i xing

Phan xa {quan hé -)

Phan hoach

Phan hoach (- cia mdt doan)
Phan hoach (- déu)

Phin k¥ (day -)

Phin (tich phan timg -)

Phdn (}4y nguyén ham ting —)
Phin (- nguyén)

Phén trong (— mot doan)
Phén tir d6i

Phép nghich dio

Phép déi bién

Phige (s6 -)

Phic (diy -)

Riemann (18ng -)

Rolle (dinh 1 -)

Sieu viét (s6 —)

S6 (day -)

S8 gia hitu han (dinh 1y -)

0,P,Q

R,S

S6 gia hitu han suy rong (dinh 1§ -)

S$6 hang (- thit n cha mot day s6)

Tam gidc (bt ding thic -)
Tam thic

Taylor (cong thiic — v6i phdn du tich phan)
Taylor — Lagrange (bt dang thic -)

Tang (4nh xa -)
Tang (4nh xa — nghiém ngat)

183
183
150

49
214
214

19

47
213
25
49

201
158
69
49
160
163
49

10
16
216
217
103
103



Tang (ddy -)
Tang (ddy — nghiém ngat)

Tchebychev (da thitc -)

Thé (- giao hoén)

Tht wr

Thue

Thyc (phdn -)

Thue (day —)

Tich phan (- cia dnh xa bic thang)

Tich phan (- céa 4nh xa lién tuc timg khvic trén mot doan)
Tién t6i (day thuc — + oo, —0)

Toa vj (- clia mot diém trong mit phing phirc)
Toa vi (- cia mot vecto trong mat phing phitc)
Toan phin (quan hé -)

Trén (gi6i han -)

Trich ¢tham -)

Tru mét (b9 phan — trong R)

Trung gian (dinh 1§ c4c gi4 trj )

Trung lap (phdn tir -)

Tudn hoan (ham -)

Tudn hodn (ham T -)

Tuong thich (phan hoach )

Ty s6 (- cha phép nghich dio)

Ty 36 (— gia)

Ty s6 (- kép)

UV,WX, Y

UGc (- cha 0)

Vi phén

Vi phoi (C" )

V6 dinh (dang -)

Voty

Wallis (tich phan -)
X4p xi (- thap phan)
Young (bt dang thitc )

39
59

43

wh

28
49
209
191
51
33
34

89
71
20
125

99
99
184
47
139
37

94
157
167

59

21
215

69
218



Chiu trach nhiém xudt bdn :
Chi tich HDQT kiem Téng Gidm doc NGO TRAN Al
Phé Téng Gidm d6c kiem Tdng bién tap NGUYEN QUY THAQ

Bién tdp va sita bdn in :
NGUYEN HUY DOAN
Bién tgp tdi bdn ;
PHAM PHU
Ché' bdn :
NGUYEN HOA ANH



GIAO TRINH TOAN TAP 1 (GIAI TiCH 1)

In 1.500 cudn khé 16cm x 24¢m. Tai CONG TY CO PHAN IN ANH VIET
Gidy phép xudt ban : 194 - 2006/CXB/] - 323/GD.
In xong va nop Iuu chiéu Quy I1 nam 2006,



GIAITICH 1
Gido trinh va 300 bai thp 0 Lof g
Gido trinh Todn - Tép 1

Muc tiéu cua bo giao trinh Toan nay la cung cap cho sinh vién

nhimg nam dau cua cac truong dai hoc khoa hoc va ky thuat

mot tai liéu hoc tap, tra ciu thong dung va co hiéu qua. Voi

nhiéu bai tap co loi giai, da dang, bao quat moi khia canh cua

ly thuyét, cu6n sach con nham gitp cho nguoi hoc rén luyén 4980740
nang luc van dung ly thuyét duoc hoc.

. ean-Mare Moniet

Tap 1 dé cap viéc nghién cuu s6 thuc va s6 phuc, day s6 va cac ham s6 mét bién
s6.thuc ( tinh lién tuc, dao ham va tich phan ), ung véi phan dau cua mon Giai
tich nam thu nhat.

Tap 2 dé cap viéc khao sat cac ham s6 thong dung, viéc so sanh cuc bo cac ham s6, nguyén
ham, cac ham kha tich, phuong trinh vi phan, cac ham s6 hai bién va bo sung vé phép tinh
tich phan, ung voi phan hai ctia mén Giai tich nam thit nhat. ( P N

2 Gid : 34.000d
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